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PREFACE TO THE SECOND EDITION, 


In its present form this book deals thoroughly’ with: all -those 
portions of the subject which can be satisfactorily treated without 
the use of higher analytical methods. A knowledge of the 
elements of Trigonometry has been assumed, and Graphs are used 
in the treatment of Variable Velocities and Work. 

In each chapter will be found a certain number of typical 
problems fully solved. These are intended to show the student 
the various methods of work at his disposal ; but at the same 
time it is advisable that the student should attempt the problem 
for himself before reading the solution in the book. The 
Examples for practice are very numerous and vary considerably 
in difficulty ; but a sufficient course of work for the average 
student is indicated by the list of “Selected Problems” given at 
the head of each set of Examples. This course avoids the most 
difficult problems, and selects from the rest a sufficient number 
to give the necessary amount of practice. Where, however, the 
student finds a difficulty in any type of problem it will be 
advisable for him to work others of that type which are not 
included in the selected list. The harder problems will give 
excellent practice to the more ambitious. 

Two sizes of type are used, all the important bookwork being 
printed in the larger type, while hints, explanations, examples, 
alternative proofs, and a few of the less important theorems are 
printed in smaller type. The more fundamental proprositions— 
such as the Parallelogram of Velocities—have their nwmbers as well 
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as their headings printed in the dark type (thus 161). These the 
student should be able to reproduce from memory. 

The “Summaries of Results” at the end of each chapter are 
intended to facilitate a final revision of the whole subject, but 
they must only be used when the text has been thoroughly 
mastered. 

Where results are given as corollaries, it is not in most cases 
sufficient in proving them to quote the result of the proposition 
on which they depend; the student will do well to write out 
complete proofs, employing, as far as desirable, the same methods 
of proof as are used for the propositions themselves. 

In the letterpress letters which denote points in figures are 
printed thus—P, Q, so that PQ will denote a line and PQA an 
angle or triangle. Letters denoting algebraic magnitude, such 
as forces, are printed in ordinary italics thus—P, Q, so that PQ 
and PYR denote products of two and three algebraic quantities 
respectively. In some paragraphs, however, P is used to denote a 
moving point and P its position at some given instant. 

It is hoped that this book will be found especially suitable to 
students preparing for London University Examinations, as (with- 
out using either Analytical Geometry or the Calculus) it deals 
with all the Subjects required at the Intermediate Science and 
Final B.A, Examinations. 

The alterations and substantial additions effected in this 
edition are the work of Mr. A. G. Cracknell, M.A., B.Sc., 
F.C.P., Science Director of University Correspondence College. 
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UNITS. 


1. Mechanics defined.—Branches of Mechanics.— 
The name Mechanics was originally used to designate 
the science of making machines. It is now, however, 
very generally applied to the whole theory which deals 
with motion and with bodies acted on by forces. 

The subject Mechanics* is generally divided into two 
parts— 

(1) Dynamics, which treats of moving bodies ; 
(2) Staties, which treats of bodies kept at rest 
under the action of forces. 


2. By force is meant “any cause which changes or 
tends to change a body’s state of rest or motion.” In 
other words, whatever is capable of setting things in 
motion or stopping them when they are in motion, or 
altering the way in which they are moving, is called 
“force.” 

Noting that force is defined by means of motion, it is 
necessary, before considering the properties of forces, to 
consider the properties of motion itself. This branch of 
the subject is called Kinematics. 

We then investigate the properties of force as deduced 
from the properties of motion; this branch is called 
Kinetics. 


* There is a little diversity of opinion as to the use of the names Mechanics and 
Dynamics. Some writers include Statics in Dynamics, thus using the name 
Dynamics for what we have called Mechanics. 


DYN, B 


2 {NTRODUOTION. 


Lastly, in Statics, we treat of certain properties of 
forces which do not involve any consideration of motion. 

Tt is thus evident that very little can be said about 
force until Kinematics has been dealt with; and for this 
reason we shall not treat of the measurement of force till 
Chapter VI. 


3. Origin and uses of Mechanics.— Mechanics is one 
of the oldest sciences, for its study originated with the 
first attempts to make contrivances for raising weights. 
But it is only within the last three centuries that a simple 
and consistent theory of the relations of force to matter 
and motion has been developed. The laws of motion were 
first discovered by Galileo (about the year 1600) from a 
series of experiments on falling bodies dropped from the 
top of the leaning tower at Pisa. They were afterwards 
re-stated by Newton in his Principia (1687) in the form 
known as Newton’s Three Laws of Motion, and as 
such they are now universally accepted as the basis of 
Mechanics. Since the time of Newton, no material change 
has been made in these laws, and, though different writers 
have mcdified the wording of them to suit their own 
particular views, the general principles have never been 
altered ; for every experiment by which the truth of the 
laws has been tested has added evidence in their favour. 

In this book we shall chiefly consider how the laws of 
motion may be applied to determine the behaviour of given 
bodies under given forces, not experimentally, but by 
calculation alone. Such applications of Mechanics are of 
the greatest practical use; without their aid none of the 
triumphs of modern engineering skill would have been 
feasible. In building a bridge, for example, it is of the 
utmost importance that we should be able to calculate 
beforehand exactly what pressures have to be sustained 
by the different parts; otherwise we could not be sure of 
the safety of the structure. 

Nor is this the only use of Mechanics. Newton has 
applied his laws of motion to the solar system, and his 
investigations, supplemented by those of later astronomers, 
have shown that these laws are capable of accounting very 
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simply for all the apparently complicated movements of the 
heavenly bodies. Moreover, the principles of Mechanics 
enter prominently into every branch of physical science, 
such as Heat, Sound, Electricity, and Light. 


4, Three fundamental quantities to be measured.— 
In Mechanics we have to deal with three fundamental 
notions, namely, space, time, and matter. It would be 
difficult, if not impossible, to give an exact definition of 
either of these notions, but they are so familiar to us that 
this is hardly necessary. It is much more important to 
show how they can be measured, for in all applications of 
Mechanics exact measurements of all the quantities with 
which we are dealing are of the utmost importance. 

It is easy enough to measure lengths with a foot rule or 
a tape, we thus obtain a measure of space. 

A good watch or clock affords the means of measuring 
time, and it should be observed that in Mechanics we are 
chiefly concerned with measuring intervals of time. 

Thus, in speaking of a ‘‘ time 3 hours,”’ or a ‘‘ time ¢,’”? we shall in 
general mean an interval 3 hours long, or an interval whose measure is 
¢ units of time, and shall not be referring to the instant when a clock 
indicates 3 o’clock or the instant when its indication is denoted by ¢. 

But it is more difficult to specify how quantities of 
matter are to be measured, and before we can do so we 
must clear the way by the following definitions :— 


5. Mass.—Dzrinitions.—Quantity of matter is called 


mass. 

Any limited quantity of matter is called a body. 

Thus a stone, a piece of earth, wood, or metal, a drop of water, the 
whole of the Earth’s globe, the Sun, and the other ‘celestial bodies,”’ 
are all bodies. 


A particle is a body whose size is so small that it may 
be regarded as a quantity of matter or mass collected at 
a single point. 


A particle can only exist in theory, but it is often convenient to 
treat bodies as particles by imagining their mass to be concentrated 


at a single point. 
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Mass is characterized by the following properties :— 
(1) The masses of different portions of the same sub- 
stance under the same conditions are proportional to the 
spaces they occwpy. 
(2) The mass of the same body is always the same, 
and is not altered by changing the size of the body either 
by conpressing or heating it or otherwise. 


6. Measurement of mass.—If we were to take the size 
or bulk occupied by a body as a measure of the quantity 
of matter contained in it, the second of these conditions 
would not be satisfied. 

Thus, we should have no hesitation in saying that two gallons of 
water contiin twice as much matter as one gallon. But it seems 
unreasonable to suppose that a lump of lead represents the same 
quantity of matter as the air which would fill the same space. 

Moreover, we can compress air so as to make tha same quantity of 
air occupy a smaller bulk, and, on the other hand, we may convert 
water into steam by boiling, and it then occupies a far greater bulk 
than before. But this cannot alter the total quantity of material. 
Hence the quantity of matter in a body cannot be measured by its 
volume or bull. 

The usual way of estimating the quantity of matter in 
a body is by weighing it, 1.0. placing it in a pair of scales, 
and balancing it with suitable pieces of metal called 
“weights” placed in the opposite scale-pan. In the course 
of the present book it will be shown that what is commonly 
called the “weight” of a body gives a correct measure of its 
mass. 

It would be impossible to use a pair of scales to weigh large quan- 
tities of matter, such as a mountain, the Earth, the Sun, or the 
Moon. Hence to speak, as many writers do, of the ‘‘ weight of the 
Earth,’’ is misleading.* The word ‘‘ mass’’ is not liable to be mis- 
interpreted, and is always used in books on Mechanics to denote 
“quantity of matter.”’ 


7. Units.—To measure any quantity of length, time, or 
mass, or any other such thing, we must first fix on some 
definite quantity of the same kind, and call this our unit 


* If, however, ‘‘ weight” were defined by means of the wniversal gravitation 
which exists between all bodies, it would be correct to speak of the “weight of 
the Earth.” 
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of measurement. Having selected this unit, any other 
quantity will be measured by the nwmber of units it 
contains. 


The measurement of quantities in terms of some unit is familiar in 
every-day life, but the use of the word ‘‘ unit’? in this connection is 
not so familiar. A few illustrations will make the matter clear. If 
we speak of a sum of money as (say) five pounds, we imply that, 
taking a pound as the unit of money, the number of such units in the 
sum is 6. Smilarly, in speaking of six yards of calico, the unit of 
length is a yard, and the number of such units is 6. And by ten 
pounds of sugar we mean that, if the unit of mass is a pound, the 
number of such units in the specified quantity of sugar is 10. Notice 
that the measure 10 pounds specifies the mass of the sugar. 

The unit of measurement must always be something of the same 
kind as the quantity to be measured. Jor measuring a length, we 
must take some /ength for the unit; for measuring a quantity of 
matter, we must take some mass as our unit. The choice of a unit is, 
to a certain extent, arbitrary. Certain definite units are very generally 
adopted, and to these different names have been given. 

The number which measures any definite quantity depends on what 
unit is taken. Thus, 24 pence and 2 shillings represent the same sum 
of money ; when a penny is taken as the unit, the number measuring 
it is 24, and when a shilling is taken as the unit, the same sum is 
measured by 2. On the other hand, 2 shillings is not the same as 
2 pence. Hence, in specifying a definite quantity of anything (¢.g., 
2 shillings), we must give two data :— 

(1) The name of the unit chosen (in this case shillings). 
(2) The nwmber of units in the quantity measured 
(in this case 2). 

If we left out the word ‘‘shillings’’ and said simply ‘“‘ 2,’ we should 
leave it quite vague whether we meant 2 shillings, 2 pence, or 
2 pounds. 

By change of units is meant the same thing as ‘‘reduction”’ in 
Arithmetic. When we reduce from yards to feet, we are given that 
a length contains (say) 2 yards, and we have to find its measure in 
feet (viz. 6). This process we shall call changing the unit of length 
Jrom a yard to a foot. 


8. The foot-pound-second system; or English 
system.—The most convenient unit of length in common 
use in England is the foot (ft.). A foot is one-third of a 
yard, the yard leing defined as the distance between two 
marks on a certain bar of bronze kept at the offices of the 
Exchequer in London at a temperature of 62° Fahr. 
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Smaller lengths may be measured in inches, or twelfths of 
a foot; larger lengths in miles (mile = 5280 ft.) ; but in 
Mechanics it is better, as a general rule, to measure 
lengths in feet. 

For measuring areas, such as the size of a plot of ground, 
we may take as unit a square foot, or the square whose 
length and breadth are each a foot; while for measuring 
volumes, as, for example, measuring the capacity of a 
tank, or a volume of water, the unit will be a cubic foot, or 
the capacity of a cube whose length, breadth, and depth 
are each one foot. 

The unit of time is the mean solar second, the 
duration of which is derived from the average length of 
the solar day (1 day = 24x 60 x 60 seconds). We may, of 
course, measure long intervals of time in minutes, hours, or 
days, but for the sake of uniformity it is usually better to 
use the second in Mechanics. 

The English unit of mass is the pound avoirdupois 
(Ib.), and is the mass of a piece of platinum which is 
preserved in the Exchequer offices.* The mass of any 
other body is one pound if that body will balance the 
standard mass when placed in a pair of scales. In this 
way the standard pound is easily copied, and the mass of 
a body of moderate size can then be measured in pounds 
by finding how many pound masses are required to balance 
it in a pair of scales. 

Although the pound is the most convenient unit of 
mass for general use in Mechanics, its multiple the ton 
(= 2240 lbs.) is often used to measure large masses, and 
its sub-multiple the owace (= ;1b.) to measure small 
masses, 

A cubic foot of water contains 1000 ounces. 

The system of units based on taking the foot, pound, 
and second, as units of length, mass, and time, respec- 
tively, will be spoken of as the foot-pound-second or 
F. P.S. system. 


* In the Weights and Measures Act, the pound is defined as the legal standard of 
weight, because the term “weight” is commonly used to denote what measures 
“mass,” and masses are commonly compared by ‘‘ weighing” them. 
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9. The Metric and C.G.S. systems.—The system 
of weights and measures in common use in France and 
certain other countries is called the metric system. 

The metric unit of length is the metre. It was 
originally defined as the ten-millionth part of the length 
of a quadrant of the Harth’s circumference measured from 
the North Pole to the Equator. Thus the whole circum- 
ference of the Harth is 40,000,000 or 4x10’ metres. 

The submultiple and multiple units of length are formed 
by repeatedly dividing or multiplying the metre by 10, as 
follows, the most important being printed in dark type :— 


A metre = 1000 millimetres (mm.). 


% = 100 centimetres (cm.). 
. = 10 decimetres. 
10 metres = l decametre. 
100] |; = 1 hectometre. 
OOO. = 1 kilometre (km.). 
10,000 _,, a 1 myriametre. 


For scientific purposes the unit of length generally 
adopted is the centimetre, or hundredth of a metre. 


The unit of mass is the gramme, or gram (gm.), and 
was originally defined as the mass of a cubic centimetre 
of distilled water at the temperature 4° Centigrade. 


Thus, if a small cubical box be made, having its length, 
breadth, and depth (inside measurement) each one centi- 
metre, and if this box be filled with water at the right 
temperature, previously distilled to render it pure, the 
mass of this quantity of water is a gramme.* 


* Since the introduction of the Metric System, the Earth’s circumference and 
the weight of a cubic centimetre of water have been more accurately determined. 
But the original standard metre and gramme huve been retained; hence the 
Earth’s circumference is not exactly 40,000,000 metres, nor is the mass of a cubic 
centimetre of water exactly one gramme. The difference is, however usually 
neglected. 
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The submultiple and multiple units derived from the 
gramme by dividing or multiplying by ten are indicated 
by the same prefixes as in the case of the metre; thus :— 


A gramme = 1000 milligrammes (mgr.). 


4 = 100 centigrammes. 
* = 10 dectgrammes. 
10 graromes = 1 decagramme. 
100. 72-0} . 1 hectogramme. 
1000 re om 1 kilogramme (kilog. or kgr.). 
10,000 5 = ] myriagramme, 


The units of time are the same in France as in England. 
The system of units based on the centimetre as unit of 
length, the gramme as unit of mass, and the second as 
unit of time, is called the centimetre-gramme-second 
system, or the C.G.S. system, and is used extensively in 
all countries for mechanical, physical, and electrical 
measurements. 


10. Advantages of the Metric System.—From the 
above description it will be seen that the metric system 
possesses the following advantages :— 


G.) Hach unit is exactly ten times the next smaller unit 
of the same kind, and therefore in changing the unit 
there is not the tedious multiplication or division required 
to reduce from one unit to another in the English system 
—e.g., from feet to inches or from ounces to pounds. 


(ii.) The units of length, volume, and mass are con- 
veniently related. Thus we can write down at once the 
volume of a quantity of water in cubic centimetres if we 
know its mass in grammes, and vice versd. 
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TABLES, 


1. Metric Units or Leneru. 
1 centimetre = 0°3937079 inches. 
1 metre = 39°37079 PA 
a 3°2808991 feet. 
l kilometre = 3280-8991 ¥ 
= 1093°6330 yards 
= 0°6213 miles, 


2. Merric Units or Mass, 
1 milligramme = 0154323488 grains. 
1 gramme = 15°4323488 3 
0352739 oz. 
1 kilogramme = 2°20462 lbs. 


38. VELOCITIES. 
Velocity of sound in air = 1,120 feet per second. 
56 light = 186,330 miles per second. 
= 299,860 kilometres per sec. 
Ay Martini-Henri rifle bullet = 1,330 feet per second. 


4, InrEensiTY oF GRAVITY. 


(The numbers represent, in feet and centimetres, twice the distance 
dropped by a falling body during the first second of its motion, at 
different places at the sea-level.) 


Place. I't. per sec. per sec. Om. per sec. per sec 
The Equator 82°091 978°10 
London 32°19] 981:17 
Edinburgh 32°203 981°54 
The North Pole 32°255 983°11 


5. DENSITIES (APPROXIMATE). 
Mass of cubic foot inoz. Mass of cubic em. in gins, 


Water 1000 1-0 

Atmospheric air il “001 

Mercury 13568 13°568 
6. Power, 


One horse power = 550 foot-pounds per second 
7,460,000,000 ergs per second (roughly). 
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Length of side, Onr DrEcIMETRE 


CuBic DECIMETRE. 
=I OOOKERC 


Capacity = LITRE. 


a aia 


Holds 1 KILOGRAMME of Water 
(= 1,000 grammes) at temp. 4°C. 


Scale of CentTIMETRES. 
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1l. Diagram of the Metric System.— Useful facts. 
—The opposite diagram represents a cube whose side 
is one decimetre, the lengths on its front face being 
drawn to scale. The large cube would hold a kilogramme 
of water, while the small cube at the left-hand top corner 
would hold a gramme of water. For, the sides of the two 
cubes being in the proportion of 10: 1, their volumes are 
an 0". 1, or. 1000 * 1: 

The following rough relations connecting the metric 
system with other measures will also be found useful for 
reference. More exact relations are given on page 9. 


25 millimetres = 1 inch. 
30 centimetres = I foot. 

981 centimetres = 32°2 feet (double the height 
dropped by a falling body in 
one second), 

1 decimetre = 4 inches. 
1 metre = 3 feet 33 inches. 
8 kilometres = 5 miles. 
65 milligrammes = 1 grain. 
282 grammes = | ounce. 
453 grammes = | pound. 
1 kilogramme = 2 lbs. 3} oz. 
10 kilogrammes = 22 lbs. 


1000 kilogrammes 


(the French “ tonne’’) il tons 


The diameter of a halfpenny = 1 inch. 


. _ » penny = 3 centimetres. 
The mass of a penny = } ounce. 
nays Sovereign = 8 grammes. 
1 metre = 39'3708 inches. 


1 kilogramme = 2'204 lbs. 
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CHAPTER TI. 


VELOCITY. 


12. By Kinematics is meant the study of motion as 
motion only. Considerations of what is moving or what 
produces the motion do not enter this branch of the 
subject. 

When a body continues to occupy the same position for 
any length of time, it is said to be at rest. When its 
position varies, it is said to be in motion.* 

Darinivion.— Velocity is rate of change of position. 

When a body is continually changing its position, the 
distance it moves depends on the length of time that it 
is in motion. But if several bodies are moving for the 
same length of time, the fastest one is that which gets 
over the grcatest distance in the time. 

Thus if one railway train travels 60 miles in an hour and another 


only goes 30 miles in an hour, we say that the former travels twice as 
fast as the latter. 


* Although we shall always speak of the velocity of a lody, yet the idea of 
velocity is not always necessarily associated with bodies. Thus sound travels with 
a certain velocity (about 1120 feet per second). It would be more general to speak 
of the velocity of a ‘‘ moving point,” but motion is far more easy to realize when it 
is some body that moves. 
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This shows that two velocities may be compared by 
comparing the distances traversed in the same interval 
of time. 

We know from common experience that a moving body 
may continue to travel at the same rate for a considerable 
time, or it may move faster at certain times than at others, 

-and in considering how velocity is to be measured it is 
necessary to examine whether the motion continues at the 
same rate; if it does we say that the velocity is wnzform. 


If, for example, a railway train is observed to travel for a number 
of successive miles, taking exactly one minute over each mile, we 
might naturally infer that the trainis moving with a uniform velocity 
of one mile in a minute. We should however have a better test of 
whether the motion is really uniform or not if we could observe 
whether the distances travelled in each second of time were equal. 

But if there were a number of stopping stations at equal distances 
of 40 miles apart, and a train were to go from cach station to 
the next in an hour, we could not assert that the train was moving 
with a uniform velocity of 40 miles an hour. For if were to measure 
the distances passed over in smaller intervals of time, say, in each 
minute, we should find them to be far from equal; the train would 
be going much faster when midway between two stations than just 
before stopping at a station or just after starting. 


We are now in a position to give the following defi- 
nitions :— 


13. Uniform and variable velocity.— Darinitions.— 
The velocity of a moving point or body is said to be 
uniform when the distances which it traverses in equal 
intervals of time are equal, however short these equal 
intervals may be. 

In other cases the velocity is said to be variable. 

When velocity is uniform, it is measured by the distance 
traversed in a unit of time. 

The word “ per” is used in speaking of a rate. Thus 
we may restate the above definition of the measure of 
velocity in the following form, which, as we shall show 
later on, is also applicable to variable velocities :— 


Velocity is measured by the distance traversed per unit time. 
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The unit of velocity is the velocity of a body which 
moves over a unit of length per unit of time. 

The F.P.S. unit of velocity is a velocity of one foot 
per second. 

The €.G.S. unit of velocity is a velocity of one 
centimetre per second. 


14. To find the distance traversed in any interval 
of time by a body moving uniformly. 

Let v be the velocity of the body; then, by definition, v 
is the distance traversed in each successive unit of time. 

So, in 2 units of time the total distance traversed is 2v, 

in 3 units of time it is 3v, and so on; 

and in ¢ units of time it is tv. 

Hence, if s denote the distance traversed in the interval 
of time whose measure is ft, we have 


Si Ul eee Raber ares Are Ys 
or distance traversed = (velocity) x (time). 


Hxamples.—(1) If the velocity is 88 feet per second, the distance 
traversed in 25 seconds = 88 x 20 = 2200 feet. 

(2) If the velocity is 500 centimetres per second, the distance 
traversed in a,minute (60 seconds) is 60 x 500 or 30,000 centimetres. 

(3) To find the number of miles travelled in five minutes with a 
velocity of 88 feet per second. We cannot put v = 88 and ¢ = 6 and 
say ‘8 = vt = 88x 5,” for the velocity 88 is measured in feet per 
second and the time 5 is measured in minutes. The formulas = vt is 
not true unless everything is reduced to one system of units. If we 
use the foot-second system we must take the time ¢ not as 5 minutes 
but as 300 seconds. We then have 

distance traversed = 88 x 300 = 26,400 feet, 
because we have taken a foot as our unit of length. Reducing this 
to miles, we find distance traversed = 5 miles. 

(4) To find the number of metres described in an hour if the velocity 
be one centimetre per second. 

Since a centimetre and a second are the units employed in defining 
the velocity, we must reduce the time (1 h.) to seconds. We then 
have t = 3600 sec., v = 1 cm. per sec. ; 

ae s = 1 x 3600 centimetres 
= 36 metres. 
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15, OpsErvations. — Examples (2) and (4) should be carefully 
studied, as they illustrate the following important points. 


In working problems in Mechanics, it is necessary to begin by 
fixing on some system of units and reducing everything to these units. 
The answer must always be found in terms of these units in the first 
place, but it may afterwards be reduced to any other unitsif required. 
(Thus in Ex. 2 we reduced the final answer from feet to miles.) 

In stating the answer the unit adopted must be mentioned, other- 
wise the answer might mean anything (vide § 7). 

It should also be borne in mind that algebraical formule, as 
8 = vt, are only convenient abbreviations of facts, and for this reason 
they should generally be remembered in words as well as in symbols, 
and where formulz are employed the full meaning of the symbols 
should be distinctly kept in mind. 


16. From (1) we have by division 
a 3 
t 
hence the velocity of a body may be found by dividing the 
distance traversed by the time taken in traversing it. 


Examples. — A cyclist rides from one milestone to the next in 
41 minutes. ‘To find his velocity in feet per second. 

The distance traversed is one mile or 5280 feet, and the time taken 
is 4} x 60 or 270 seconds; therefore in one second the distance traversed 
in feet = 5280+ 270 = 19-5; 

required velocity = 19-5 feet per second. 


17. Change of anits. — When a given velocity is 
expressed in terms of any given units of length and time, 
the same velocity may be referred to any other system of 
anits by using the method illustrated in the following 
examples :— 

Examples.—(1) To express a velocity of (2) one mile per hour, (4) 60 
miles per hour, in feet per second. 

(a) A mile contains 5280 feet and an hour contains 3600 seconds. 


Hence with velocity of one mile per hour 
in 3600 seconds the distance traversed is 5280 feet; 
-. im 1 second x >» 99 $289 feet. 
Therefore the velocity is represented in feet per second by $289, i.e. $2. 
(4) A velocity of 60 miles an hour is 60 times as great, and it is 
therefore represented in feet per second by 32 x 60 or 88. 
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(2) When a foot and a second are the units of length and 
time, the measure of a certain velocity is 27. What is its measure 
when a yard and a minute are the units ? 


With a velocity of 27 ft. per sec., 27 {t. are passed over in a second, 
and, therefore, 27 x 60 ft. are passed over in a minute ; 
i.e., 27 x 20 yards are passed over in a minute ; : 
.. a velocity of 27 ft. per sec. = a velocity of 540 yards per minute ; 


+. the measure of the velocity is 540 when estimated in terms of the 
new units. 


OssprvATION. — The student will find it useful to 
remember the relation 


60 miles an hour = 88 feet per second ... (2). 


18. On positive and negative displacements, and 
positive and negative velocities. 

Derinit1on.—Displacement is change of position. (Dis- 
tinguish this from velocity, which is rate of change of 
position.) 


Thus to give a body a “displacement of 3 feet to the 
north” is to move the body 3 feet in a northerly direction. 

Tf we move a body 5 feet to the north and again 3 feet 
to the north, the final position of the body is 8 feet to the 
north of its first position; hence we may say that two 
northerly displacements of 5 feet and 3 feet are equivalent 
to a single northerly displacement of 8 feet. In the same 
way it is obvious that a northerly displacement of 5 feet 
followed by a southerly displacement of 3 feet will be 
equivalent to a single northerly displacement of 2 feet. 


Derrnition.—If a body receives a series of successive 
displacements, the single displacement which would pro- 
duce the same ultimate effect is called the resultant of 
these successive displacements; also these successive 
displacements are called the components of the resultant 
displacement. 

Equal displacements in opposite directions neutralise 
one another; for example, if a body receives a displace- 
ment of 3 feet to the north, and then a displacement of 
3 feet to the south, the resultant displacement is zero. It 
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follows from this that we may apply the algebraic signs 
+ and — to displacements in opposite directions; we may 
apply the positive sign to displacements in any direction, 
provided that we apply the negative sign to displacements 
in the opposite direction. 


Exzample.—A balloon ascends 1900 feet from the ground, then 
descends 300 feet, then ascends 500 feet, then descends 800 feet. 
What, is its final height above the ground? 

Reckoning upward displacements as positive, the resultant dis- 
placement will be 

+1000—300+4500-—800 
which reduces to 400. Answer, 400 feet. 


Thus we see that the vesultant displacement ¢s the 
algebrave sum of the component displacements. 


It is obvious from our definitions that the velocity of a 
body is its rate of displacement. Hence we may apply 
positive and negative signs to velocities also. 

Thus if displacements to the north are reckoned positive, 
a body which is travelling southwards at the rate of 3 feet 
per second has a displacement of —3 feet in each second, 
and hence may be said to have a velocity of — 3 ft./sec. 

Moreover this convention of signs may be used with the 
equation s = vt. For v represents the distance travelled 
(or the displacement) in unit time; and (whether this be 
positive or negative) if we multiply by ¢ we shall obtain 
the correct value of the distance travelled (or the displace- 
ment) in ¢ units of time, that is to say we shall obtain the 
correct value of s. 


Exampve.—A balloon ascends with a velocity of 20 feet per second 
for half a minute, it then ascends with a velocity of 50 feet per second 
for one minute, it then descends at the rate of 10 feet per second 
for 20 seconds, and at the rate of 15 feet per second for 50 seconds. 
To find its final height above the ground. 

If we regard the velocity of the balloon as positive when it is 
ascending, the velocity will bo negative when descending. Hence 
the velocities during the four intervals, in feet per second, are repre- 
sented algebraically by 


+ 20, +50, —10, — 15 respectively. 
Also the intervals of time are 
30, 60, 20, 50 seconds respectively. 
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Therefore the distances through which the balloon rises are repre- 

sented algebraically by 
20x80, 60x60, —10x20, —15~x 50 feet respectively. 

The whole height to which the balloon has risen is the algebraical 
sum of the heights risen by the balloon in the several intervals (each 
taken with its proper sign), and is therefore 

= 600 + 3000—200—750 = 2650 feet. 

OpseRVATION.—In this example the minus sign before the velocity may be simply 
regarded asa convenient way of representing the fact that ‘‘the height of the 
balloon is becoming less.” Of course we could dispense with the use of signs by 
stating the same fact in words, and distinguishing the various distances as the 
heights “risen” and ‘“‘fallen” respectively. This would not make the work much 


more laborious in the above example, but in more complicated problems the use 
of signs to denote directions greatly simplifies the formule and calculations. 


19. Representation of direction by the order of 
letters.—I{ we have a series of points A, B,C, D...in 
a straight line (not necessarily occurring in this order— 
see Figs. 2, 3), we indicate the direction of a displacement 
from one point te another by the order in which the letters 
are quoted. Thus the displacement AB will mean a 
displacement frem A to B, while the displacement BA will 


« 


A B C D A C D B 


Fig. 2. Fig. 3. 


mean a displacement from B to A. Obviously the re- 
sultant of these two displacements is zero; @.¢. 
AB+BA = 0. 

Also the resultant of displacements AB, BC, and CA 
will be zero, in whatever order the points A, B, C occur 
on the line; for a point undergoing these successive 
displacements would start at A and come back to A; @.e. 


AB+BC+CA = 0. 
Also it is easy to see that AB4+BC+CD=AD, and 


so on. 


20. Relative velocity.—Suppose a man is standing on a steamer 
which is travelling due north at the rate of 20 feet per second. The 
man’s position relative to the sea is changing, for he is travelling over 
the sea with a velocity 20 feet per second duc north. But his position 
relative to the steamer is not changing; for if he is 10 feet north of 
the funnel at first, he remains 10 feet north of the funnel. 
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Now suppose that he starts walking along the deck at the rate of 
4 feet per second due north. He is now changing his position relatiye 
to the steamer, as well as his position relative to the sea. In a second 
he moves 4 feet farther from the mast in a northerly direction, and 
he moves 24 feet across the sea in a northerly direction. ‘Thus he has 
a velocity relative to the steamer of 4 feet per second due north, but an 
actual velocity of 24 feet per second due north. 

Similarly if he turns and walks southward at the same rate he has 
a velocity relative to the steamer of 4 feet per second due south, but an 
actual velocity of 16 feet per second duc north. 


21. Derinirion.—The relative velocity of a body B to 
a body A is the rate of change of 8’s position relative to A, 


In the preceding illustration, the motion of the man depends partly 
on that of the steamer. But there is also a relative velocity between 
two bodies whose motions are quite independent. For example, 
suppose we have two steamers, A and 8, both travelling due north, B 
at the rate 20 feet per second and A at the rate of 15 feet per second. 
Then if B isin front, at the end of any second it is 5 feet farther 
north of A than at the beginning of that second; and if 8 is behind, 
at the end of a second it is south of A by 5 feet less than at the 
beginning. In either case B’s position relative to A changes by 5 feet 
in every second in a northerly direction; hence B’s velocity relative to 
A is 5 feet per second due north. Ina similar way it will be easy to 
show that A’s velocity relative to B is 5 feet per second due south. 

As another illustration, let us suppose that A is travelling at the rate 
of 20 ft./sec. due north, and B at the rate of 15 ft./sec. due south. 

Then, when the vessels are approaching one another, at the end of 
any second B is north of A by 35 feet less that at the beginning of 
that second; and when the vessels are separating from one another, at 
the end of a second B is 35 feet farther south of A than at the begin- 
ning of that second. In either case 8’s position relative to A changes 
in each second by 35 feet in a southerly direction ; hence B’s velocity 
relative to A is 35 feet per second due south. 

Notice that we could have obtained both of these results by applying 
the rule (proved in § 22) that 8’s velocity relative to A is algebraically 
equal to 8’s actual velocity —A’s actual velocity. 

For (reckoning northerly velocities as positive), in the first case 
A’s actual velocity = + 16, 
B’s actual velocity = + 20, 
8’s actual velocity —A’s actual velocity = + 5; 
and in the second case 
A’s actual velocity = + 20, 
B’s actual velocity = — 15, 
“. B's actual velocity — A’s actual velocity 
$i 15 (4 D0) S35) 
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Tt should be obvious from tlie definition of relative 
velocity that the velocity of A relative to B is the velocity 
with which A would seem to be moving to a passenger on 
B who was unconscious of his own motion. 


The two following theorems are very important. 


22. If two bodies 4 and B are travelling in the same 
line with uniform velocities wand v respectively, then 
the relative velocity of B to A is (uv — w). 

[| Note that the following argument is algebraic; that is 
to say, it is valid whether the velocities and distances men~- 
tioned are positive or negative. In the figure all quantities 
are represented as positive. | 


0 oe alae e Vig par Oy 
Fig. 4. 


Let OX (which points east and west) be the line of motion, 
and let distances be reckoned positive if measured from 
west to east. 

Consider the motion in a certain unit of time. Suppose 
that in this unit of time A moves from a, to a, and B from 
b, to b, (Fig. 4). 

Then 9, 

is EG, => Up DOs We 

Lat 0a, = h, Ob, == 1h. 

Suppose that at the bi gining of this unit of time B is at 
a distance 7 to the east ot A, and at the end of this unit of 
time B is at a distance s to the east of A. 

Then B’s velocity relative to A 

= rate of change of B’s position relative to 4 
= (s — 7) per unit time due east.......... (a). 

But r= a,b, = 0b,--—0a, = k—h, 

Also s= a,b, = 0b, —Oa, = (& +. v)—(h + u). 

Hence s—r=k+ v—h—u—k +h = v—u, 

Hence, by equation (a), 

B's velocity relative to 4 is (v—w) ..(3). 
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23. If two bodies A and B are moving in the same 
straight line, then by § 22 
actual vel. of B—actual vel. of A = vel. of B rel. to A. 
Hence 
actual vel. of B= vel. of B rel. to A+ actual vel. of A(4). 
Similarly, if we have three bodies A, B, C 
actual vel. of C—actual vel. of B = vel. of @ rel. to B, 
actual vel. of B—actual vel. of A = vel. of B rel. to A. 
Hence, by addition, 
actual vel. of C—actual vel. of Ad = vel. of C rel. to B 
+vel. of B rel. to A; 
that is, 
actual vel. of GC = vel. of C rel. to B 
+ vel. of B rel. to A 
+ actual vel. of A. .... (5). 


A similar equation obviously holds for any number of 
bodies moving in the same line. : 


24. Hxamples.—(1) A train of length 250 feet travelling at 40 milesan 
hour overtakes a train of length 300 feet travelling at 15 miles an hour. 
How long will the first train take to pass the second? 

The relative velocity of the first train to the second is (40 —15) or 25 
miles an hour (§ 22). Thus the time required will be the same as if 
the second train were at rest and the first were travelling at 25 miles 
an hour. 

Assuming the second train at rest in the position CD (Fig. 5), the 
first train (while passing it) moves from the position A,B, to the 
position A,8,. Thus the distance travelled by the first train while 
passing the second is B,B, or 550 feet. 


A, 250! By A, 250! B, 
C 300! D 
Fig. 5. 


Thus we calculate how long it will take a train travelling at 25 
miles an hour to move through 550 feet. Since 25 miles an hour 
= 11° feet per second, the answer is 550 + 15° or 15 seconds. 

(2) How long will the same trains take in passing if they are travel- 
ling in opposite directions ? 

Their relative velocity is now 40—(—15) or 55 miles an hour (§ 22). 
Tlence we may suppose the second train to remain at rest in the 
position CD, while the first travels from the position A,8, to the 
position A,B, at the rate of 65 miles an hour, or 2% feet per second, 

Hence the required time is 550 + *}% or 63°; seconds 
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(3) A man can row at the rate of 5 miles an hour in still water. 
How long will it take him to row 5 miles up stream and back, on a 
river flowing at 1 mile an hour? ; 

When rowing up stream his velocity relative to the water is 5 miles 
an hour, and the’ velocity of the water is 1 mile an hour in the opposite 
direction. Hence, his actual velocity is 5 + (— 1) or 4 miles an hour 
(§ 23). Thus to row the 5 miles he takes 5 + 4 or 1 hours. 

When rowing down stream his velocity relative to the water is 
5 miles an hour, and the velocity of the water is 1 mile an hour in 
the same direction. Hence his actual velocity is 5+ 1 or 6 miles an 
hour (§ 23). Thus to row the 5 miles he takes 5 + 6 or ¢ hour. 

Hence the total time is 14+ @ hours, or 2 hours 5 minutes. 


25. In equations (4) and (5) the velocity on the left side 
of the equation is called the resultant of the velocities on 
the right side; while the velocities on the right side are 
called the components of the velocity on the left. 

The correct definitions of the terms resultant and com- 
ponent must be postponed to a later chapter; but mean- 
while the student should note that when all the velocities 
are in one line the resultant is the algebraic sum of its 
components. 


26. On absolute rest and motion,—lIt is not possible 
for us to determine whether any body is absolutely at 
rest. We can only discern whether a body is changing 
its position relative to surrounding bodies. 

For example, we can determine the velocity of a train 
along the rails, but this is not the actual velocity of the 
train, for the rails and train are carried round by the 
earth as it rotates on its axis; moreover, the earth is 
travelling round the sun, and the sun is itself travelling 
through space. 

The velocity due to the earth’s rotation can be calcu- 
lated, and also the velocity of the earth relative to the 
sun. But we have no means of determining the velocity 
of the sun; and even if we could determine the velocity 
of the sun relative to one of the stars, we should have no 
right to assume this star to be at rest. 

Thus the velocitics which we have hitherto called actual 
velocities are in reality velocities relative to some body 
(usually the earth’s surface) regarded as fixed, 
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27. Average velocity.— Durinirion.— The average 
velocity of a moving body in any given interval of time 
is the velocity with which a body would have to move 
uniformly in order to traverse the same distance in the 
same time. 

If a body traverses a distance s in time ¢ with uniform 
velocity v, then v is the distance passed over in a unit of 
time, and by §§ 14,16, s = vt, 


v= —-e 


If, however, the velocity is variable, the fraction s/¢ does 
not represent the actual velocity but the average velocity 
during the interval. Therefore 
distance traversed 

time 


or distance traversed = (av. vel.) x (time). 


average velocity = ; 


Example.—tit 35 feet is traversed in 24 seconds, the average velocity 
is 35/23 or 14 feet per second. If the motion is uniform, the distance 
actually traversed in each second is 14 feet. Ifthe velocity is variable, 
this is not the case, and it is only in ove particular interval of 24 seconds 
that the body traverses 35 feet. In the next 23 seconds it may traverse 
say 40 feet or 30 feet, and the average velocity will then be different, 


28. Velocity at any instant. — Derinrrion. — The 
velocity of a body at any instant is measured by the 
rate per unit time at which distance is being traversed by 
the body in the immediate neighbourhood of that instant. 

It will be noticed that a body can move over no distance 
in no time, so that we could not find its velocity by 
observing its position at one single instant. To find its 
rate of motion, we must observe the distance traversed 
during some interval of time near the given instant, even 
though we may make this interval as short as we like 
Hence the term velocity at any instant must be regarded 
as a convenient abbreviation for average velocity during 
@ very small interval of time including the given instant, 
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By taking the interval very small, the velocity has no 
time to alter in it, and the interval we consider must be so 
small that the rate of motion cannot change at all. 

Thus the speed of a railway train might vary considerably in 


5 minutes, but in, say, so short an interval as a tenth of a second there 
would not be time for the rate of motion to alter appreciably. 


SuMMARY oF RESULTS. 


For motion with uniform velocity v, or variable velocity 
when v is the average velocity in the interval ¢, 
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60 miles an hour = 88 feet per second ..... Be ica ic (2). 

vel. of Brel. to A = B’s actual vel.—A’s actual vel..... (3). 

B’s actual vel. = vel. of B rel.to A+A’s actual vel. (4). 
C’s actual vel. = vel. of C rel. to B 
+ vel. of B rel. to A 

+ A’s actual vel....... sins oe ae eee 


EXAMPLES I. 
(Selected Problems :—1, 2, 5, 6, 8, 9, 10, 18, 14, 16, 17, 19.) 
1. Find thé:measures of the following velocities, a foot and a second 
being the units of length and time :— 
(i.) Sixty miles per hour ; 
(ii.) Thirty yards per minute; 
(iii.) Four hundred feet in half-an-hour. 
2. Find the measures of the following velocities, a yard and a 
minute being the units :— 
(i.) Sixty feet per second ; 
(ii.) Sixty miles per hour; 
(iii.) Thirty miles per half-hour. 
3. A body has uniform velocity 16 fect per second ; how far will it 


go in a minute ? 


4. A body moves with uniform velocity, whose measure is 180 if a 
yard bé the unit of length and a minute the unit of time. How fax 
will it go in 3 seconds ? 
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5. How far will an express train, travelling uniformly at a rate of 
forty-five miles an hour, go in 6 seconds ? 


6. If the unit of time be a minute and the unit of length be a yard, 
what will be the measure of the velocity of a body which describes, 
at a uniform rate, 14 miles in 8 hours ? 


7. A mile race was run in 4 mins. 35 secs. What was the winner’s 
average velocity in feet per second? 


8. A train 215 yards long, going at the rate of 55 miles an hour, 
takes 10 seconds in passing another train going in the opposite 
direction at the rate of 35 miles an hour. What is the length of the 
second train ? 


9. A train going at the rate of 45 miles an hour takes half a minute 
in passing another train 230 yards long going in the same direction 
at the rate of 15 miles an hour. What is the length of the first train ? 


10. If w be the measure of a velocity in foot-second units, what is 
its measure in yard-minute units ? 


11. What is the measure of the centimetre-second unit of velocity 
(i.) in metres per minute, (ii.) in kilometres per hour, (iii.) when a 
quadrant of the Earth’s circumference and a year are units of length 
and time ? 


12. A train travels 45 kilometres in an hour. What is its velocity 
(i.) in centimetres per second, (ii.) in metres per minute; and how 
many days would it take to travel over a distance equal to the 
Earth’s circumference ? 


13. Find the velocity of a train 200 feet long which passes through 
a station 240 feet long in 10 seconds. 


14. Two racing boats are each 55 feet long. They start side by side 
on a river flowing at 2 miles an hour. If one rows at 8 miles an hour 
and the other at 10 miles an hour, how far will the quicker boat travel 
before it draws clear of the other, if they are rowing with the current? 


15. Find the average velocity of a coach over a journey of 20 miles, 
if it travels the first 10 miles at 8 miles an hour, and the second 10 
miles at 12 miles an hour, 
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16. Find the average velocity of a steamer which travels at 10 miles 
an hour for half-an-hour, and then at 13 miles an hour for an hour. 


17. A train travels a journey of 300 miles at an average velocity of 
50 miles an hour. The first 100 miles was travelled in 23 hours, find 
the average velocity for the remainder of the journey. 


18. On a certain river the current flows at 2 miles an hour in mid 
stream, and at 1 mile an hour near the bank. Find the least time in 
which a crew can row a mile up stream and back, if they could row 
the same distance in still water in 20 minutes. 


19. A stick floating in a river will travel a mile in 40 minutes. A 
launch steaming against the current travels a mile in 8 minutes. 
How long will it take to travel a mile down stream? 
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29. The velocities of which we shall treat in this chapter 
will be variable velocities, and we shall always suppose 
them to be measured by the velocities at different instants 
of time as defined in § 28. 


Suppose that a railway train starting from rest at a 
station acquires a velocity of 10 miles an hour at the end 
of the first minute, a velocity of 20 miles an hour at the end 
of the second minute, a velocity of 30 miles an hour at the 
end of the third minute, and so on. Obviously the speed 
is increasing at the rate of 10 miles an hour in each minute, 
or we can say 

the rate of increase of velocity is 10 miles per hour per 

minute. 


The student must study the last paragraph very carefully, and 
particularly the last sentence. He must note that we cannot describe a 
rate of increase of velocity without mentioning time twice as in “per hour 
per minute.’’? Let us take another illustration ; if the rate of decrease 
in a body’s velocity is 30 feet per second per hour, this means that in 
every hour the velocity diminishes by 30 feet per second—a very slow 
rate of change. ; 


Examples.—(1) What would you mean by a rate of rise in salary of 
‘¢5 shillings per week per year’’? 


This would mean that in each year the salary was 5 shillings a week 
more than in the previous year, 
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(2) Ifa train starts from rest and its speed is increased at the rate of 
10 miles per hour per minute, how long will it take to acquire a spred 
of 45 miles an hour? 

To acquire a speed of 10 miles per hour takes 1 minute, 

1 x 45 


.. to acquire a speed of 45 miles per hour takes Str or4} min 


(3) The brakes are applied to a train running at 60 miles an hour. 
Tf they diminish the speed at the rate of 5 miles per hour per second, 
how long will they take to reduce the speed to 10 miles an hour? 

The speed is to be reduced by 50 miles an hour. 

To reduce the speed by 5 miles an hour takes 1 second, 

.. to reduce the speed by 50 miles an hour takes 10 seconds. 


30. In quoting a rate of increase or decrease of speed it 
is more convenient as a rule to use the same unit of time in 
both cases. Thus a velocity of 10 miles an hour reduces to 
143 feet per second; hence instead of ‘‘a rate of increase of 
velocity of 10 miles per hour per second,” we usually prefer 
to say ‘‘a rate of increase of velocity of 143 feet per second 
per second.” 


Examples.—(1) A bicyclist travelling at the rate of 20 feet per second 
comes to the top of an incline, which causes an increase in his speed at 
the rate of 2 feet per second per second. | What will be his velocity 7 
seconds later ? : 


Tn 1 secortd the increase of velocity is 2 feet per second, 
*. in 7 seconds the increase of velocity is 14 feet per second ; 
but the initial velocity was 20 feet per second, hence the final velocity 
is 20 + 14 or 34 feet per second. 


(2) A bullet is shot from arifle at the rate of 1,500 feet per second. 
At the end of three seconds it is travelling at the rate of 1050 feet per 
second. Find the average rate of decrease of speed. 

The decrease of speed in 8 seconds is 

1500—1050 or 450 feet per second ; 
hence the average decrease in 1 second is 
450 + 3 or 150 feet per second. 


Answer.—150 feet per second per second. 


31. We are now ina position to understand the alge braic 
treatment of this subject, 
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Derinirion.—Acceleration is rate of change of velocity.* 

When the velocity of the body is changing, its motion 
is said to be accelerated. 

Uniform and variable acceleration.— Dsrimitions.— 
Acceleration is said to be uniform when the velocity 
always increases or decreases by equal amounts in equal 


intervals of time, In other cases acceleration is said to be 
variable. 


Uniform acceleration is measured by the amount by 
which the velocity increases per unit of time. 

Units of acceleration.—Derinirion.—The unit of 
acceleration is the acceleration of a body which moves so 
that the measure of its velocity increases by unity in a 
unit of time. 


In the F. P.S. system of units, the unit of acceleration 
is one foot per second per second. 


Similarly, in the C.G.S. system the unit of accelera- 
tion is one centimetre per second per second. 


32. Having given the acceleration (supposed uni-. 
form), to find the velucity at any given instant. 


Let f be the given acceleration, and let it be required 
to find the velocity acquired after ¢ units of time have 
elapsed. 


(i.) Suppose that the moving body starts from rest. 
Then, since the acceleration = f, 
the velocity acquired in 1 unit of time = f. 
In the next unit of time the velocity increases by f; 
.. the velocity acquired in 2 units of time = 2f, 
similarly, the velocity acquired in 3 units of time = 3) 
and the velocity acquired in ¢ units of time = fi. 


% Note that strictly the word acceleration means imcrease of speed, but that in 
Mechanics it is always used to denote rate of change of velocity ; that 
is to say it is applied both to increasing and decreasing velocities (with the usual 
convention of signs), andit does not denote the change of velocity, but the rate of 
change of velocity. 
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Hence, if v denote the required velocity, 


BI. ce eee Oe 


(ii.) Suppose that the body starts with initial velocity w. 
Then, as before, the amount by which the velocity 
increases in the interval ¢t = ft. 
But the velocity at the beginning of the interval = w; 
the velocity at the end of the interval = u+/ft; 
. in this case OS ESE a cades ate eas 
or v—u = fl. 
In words, 
(increase of velocity) = (acceleration) x (time). 


Onsrrvation.—As in § 15, it should be noticed that the above 
formula only holds good provided that all the quantities are expressed 
in terms of the same units of length and time. 


Examples.—(1) A train acquires a velocity of 60 miles an hour in 
two minutes. To find its acceleration in F.P.S, units. 


In 2 min. (= 120 secs.) the velocity increases by 60 miles per hour 
= 88 feet per second ; 


*, in one second the velocity i mer esas -88, feet per second. 


Therefore the given acceleration is 88, or *73 feet per sec. per sec. 


(2) If the acceleration is 32 feet per second per second, and the 
body starts with the velocity 100 feet per second, the velucity after 


ten seconds = 100+382x 10 = 420 feet per second. 


83. Change of units.—When an acceleration is ex- 
pressed in terms of one system of units, we may reduce it 
to any other system of units, by adopting the method 
illustrated in the following examples :— 


Example.—(1) To express an acceleration of 32 feet per second per 
second in yards per minute per minute. 


Here we are given that the increase of velocity in one second is 
32 feet per second. In order to change to the new units we must 
(1) find the increase of velocity in one minute ; 
(2) express this increase of velocity in yards per minute. 
We accordingly proceed as follows :— 
In 1 sec. total increase of velocity = 32 feet per second ; 
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-*. in 1 minute (60 secs.) the total increase of velocity 
= 32x 60 = 1920 feet per second 
= 1920 x 60 feet per minute 
1920 x 60 
Pare 


yards per minute 


= 38400 yards per minute. 
Therefore the given acceleration is 38400 yards per minute per 
minute. 


Notr.—The change of the time unit from a second to a minute is 
performed twice; for the time unit occurs twice in quoting any 
acceleration. : 

ABBREVIATIONS.—The accepted abbreviation for ‘‘ feet per second °’ 
is ‘ft./sec.,’’ and for ‘‘ feet per second per second”? is “ ft./sec.?.”’ 

Exaunple.—(2) A body is moving with an acceleration of 64000 miles 
per hour per hour. Express this in feet per second per second. 


A velocity of 54000 miles per hr. = a vel. of 


=a vel. of 1800 x 41 ft. per sec. 

This velocity is gained every hour; 
-. the gain per second is peel sete 
60 x 60 
therefore an acceleration of 54000 miles per hour per hour 


= an acceleration of 22 ft. per sec. per sec. 


ft. per sec. = 22 ft. per sec. ; 


34. Positive and negative accelerations.—In § 18 
we explained how the velocities of bodies moving in 
opposite directions are distinguished by prefixing the signs 
+ and — to the numbers which measure them. 

Now accelerations are measured by the velocities added 
per unit time; hence an acceleration must be considered 
positive if this added velocity is positive, and negative if 
the added velocity is negative, and this will depend on the 
direction in which the change of motion is taking place. 
When the velocity of a body is uniform the acceleration is zero, 
for no increase takes place in the velocity. 

Exampies.—(1) If the velocities at intervals of a second are —9, —6, 
—3, 0, 3, §, ... feet per second respectively, the acceleration is uniform 
and is +38 feet per sec. per sec., for each velocity is obtained by 
adding 3 to the previous velocity. It will be noticed that the speed 
diminishes when the velocity is negative and increases when the velocity 
is positive. 
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(2) If the velocities at successive seconds are 7, 4,1, —2, —4,..., 
. the acceleration is — 38; here the speed diminishes as long as the 
velocity is positive, but increases again when the velocity has changed 
sign and become negative. The effect is therefore the reverse of that 
in Ex. 1. 


35. Retardation.—When the speed of a body is de- 
creasing, the motion is said to be retarded. In the above 
examples it will be found that the motion is always 
retarded when the acceleration is in the opposite direction 
(of opposite sign) to the velocity, and we can easily see 
that this property is perfectly general. 

Thus the acceleration of a body is positive— 

(i.) If the velocity is positive and the speed is increasing ; 
(ii.) If the velocity is negative and the speed is decreasing. 

Similarly, the acceleration of a body is negative— 

(i.) If the velocity is positive and the speed decreasing ; 
(ii.) If the velocity is negative and the speed increasing. 


36. Osservation.— When signs are used to denote 
direction, no alteration should on any account be made in 
the form of the fundamental equations of motion. Thus (2) 
§ 82 is always to be written v=u+fl, never v = u—ft, 
even if the motion is retarded. If a body moving in the 
positive direction is being retarded, the number f measuring 
the retardation is to be regarded as a negative quantity. 

Examples.—(1) A body starts with velocity 144 feet per second, and 
is subject to a retardation of 32 feet per second per second. ‘To find 
its velocity after 4 seconds. 

Here w= 144, f= -—32, ¢=5; whence, substituting in the 
formula v = w+ ft, we have 

P= 144 (89) 5-5 4s ed erie 

Hence the body is moving with speed 16 feet per second in the 

opposite direction to that in which it started, 


(2) If a railway train moving at 60 miles an hour (88 feet per 
second) is brought to rest in one minute (60 secs.), and we consider the 
original velocity positive, the acceleration = (v—w) +¢ 

= (0—88) +60 = —88/60 = — 22/15 feet per sec. per sec., 
and is negative. If this acceleration were continued for another 
minute, the train would acquire a velocity of — 88 feet per second, that 
is its original velocity would be exactly reversed. 
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37. Relative acceleration.—*Derinition.—The ac- 
céleration of any body B relative to another body A is the 
rate of increase of the velocity of B relative to A. It is 
therefore measured by the amount by which this relative 
velocity increases per unit time, and is subject to the 
usual conventions as regards algebraic signs. 

Since always vel. of B rel. to A = vel. of B — vel. of A, 
the same relation connects the amounts by which these 
velocities increase in ‘any interval, sayin a unit of time; 

accel. of B rel. to A = accel. of B — accel. of A. 


38. Derinition.—The average acceleration of a body 
in any given interval of time is that uniform acceleration 
which. would increase the velocity of the body from its 
initial value to its final value in the same time. 

But the uniform acceleration f which would increase the 
velocity from w to v, in the time ¢, can be derived from the 


formula 


yv=utfe. 
This gives 
v—u 
ae 
- Hence the average acceleration is given by the formula 
v—U 
oe 


40. Derinition.—The acceleration at a given in- 
stant of time is measured by the rate per unit time at 
which the velocity is increasing in the immediate netgh- 
bourhood of the given instant, or the average acceleration 
in a small interval of time, including the given instant. 

As in the case of velocity, the acceleration at an instant 
could only be estimated by observing the increase of 
velocity in a small interval of time, including the given 
instant, and if the interval be taken sufficiently small, the 
acceleration will not have time to change appreciably in it. 


* OBSERVATION.—The reader is urged to apply the following principles to some 
simple illustrative examples, e.g. to find the relative acceleration of two railway 
trains that are starting or being retarded, and are travelling in the same or 
opposite directions. 


DYN. D 
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SumMMARY oF REsuULTs. 


For motion from rest, v= ft ........+. rs ny) 
For motion with initial velocity uv, v=u+ft ...... (2) 


EXAMPLES IL. 
(Selected Problems :—2, 4, 5, 7, 8, 9, 11, 12, 15, 16, 17, 18.) 


i. How is the measure of an ‘acceleration changed if 
Vv (i.) the unit of space be changed from a foot to a yard, 
(ii.) the unit of time be changed from a second to a minute ? 


2. If the measure of the acceleration due to gravity be 32 when a 
foot and a second are taken as units, what will it be when the units 
* of length and time are 

(i.) an inch and a second, 
(ii.) a yard and a minute, 
(iii.) a mile and an hour ? 


3. Taking 72 as the measure of an acceleration when a yard and a 
minute are the units of length and time, find its measure when a 
furlong and an hour are the units. 


4. A body uniformly accelerated is found to be moving, at the end 
of 8 seconds, with a velocity that would carry it through 30 miles in 
the next 10 mjnutes. Find its acceleration. 

5. A body is moving with an acceleration of 1000 yards per minute 
per week. What is the measure of this acceleration when an inch 
and an hour are the units of space and time P 


6. A body uniformly accelerated is found to be moving at the end 
of 8 seconds with a velocity which would carry it through 60 miles in 
the next hour. Find the acceleration. 


7. If the measure of a uniform acceleration be 60 referred to a mile 
* anda minute as units of space and time, what will be its measure 
when the units of space and time are a foot and a second respectively ? 


8. If V and f are the measures of a velocity and an acceleration 
when a foot and a second are the units of length and time, find their 
measures when a yard and a minute are the units of length and time. 
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9. Express the C.G.S. unit of acceleration, and tho acceleration of 
gravity (980 cm. per sec. per sec:), 


(i.) in metres per minute per minute, 


(ii.) in terms of a kilometre and an hour as units. 


10. A body is moving with a velocity sufficient to carry it through 
a distance equal to the Earth’s circumference in 24 hours. Twelve 
hours later it is moving with an equal velocity in the opposite 
direction. Vind the acceleration in C.G.S. units, supposing it 
uniform. 


11. The acceleration of a body is 4 feet per second per second; in 
what time will its velocity increase from 10 miles an hour to 25 miles 
an hour ? 


12. The velocity of a train changes from 50 miles an hour to 20 
miles an hour in half a minute, Express the acceleration in foot- 
second units. 


13. A bicyclist travelling at the rate of 15 miles an hour comes to a 
downward slope which gives him an acceleration of 3 ft./sec.2 In 
what time will his speed increase to 30 miles an hour? 


14. Find the initial velocity of a body which attained a velocity of 
100 ft./sec. in 5 seconds after starting, being accelerated at the rate 
of 7 ft./sec.”. 


15. If a bullet travelling at the rate of 1200 ft./sec. meets with a 
resistance which produces a retardation of 36000 ft./sec.?, in what 
time will it be reduced to rest ? 


16. A bullet, travelling at the rate of 1000 ft./sec., buries itself in 
a mound. If the bullet comes to rest in 345 sec., determine the 
negative acceleration produced by the resistance of the mound. 


17. A bullet fired from a rifle travels the length of the barrel in 
zis second ; if its acceleration along the barrel is 80,000 ft./sec.? with 
what velocity does it leave the muzzle? 


18. A bullet leaves the muzzle of the rifle with a velocity of 1200 
ft./sec. If it travelled the length of the barrel in 735 second, find the 
acceleration produced in the bullet by the explesion, 
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EXAMINATION PAPER 1. 


1. Explain what is meant by the acceleration of a point moving in a 
ttraight line. 


2. How are velocity and acceleration measured (i.) when uniform, 
(ii.) when variable ? 


8. Give an account of the French system of weights and measures, 
and state accurately the connexion between the units of length, 
capacity, and mass. 


4. Express a velocity of a mile an hour in terms of a velocity of 
10 feet a second as unit. 


5. The radius of a circle is half a mile; a horse runs round the 
circumference five times per hour. What is his velocity in feet 
per second ? 


6. The acceleration of a body is 13 feet par second per second. 
What is its measure in C.G.S. units ? 


7. If a mile per minute be the unit of velocity, and 32 fect per 
second per second that of acceleration, find the units of space and 
time. 


8. The velocity of a train is known to have been diminishing 
uniformly ; at 1 o’clock its velocity was 40 miles an hour; at 10 
minutes past 1 its velocity was 10 miles an hour. What was its 
velocity 7 minutes past 1, and when did it come to rest ? 


Cd ath heii 
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40. In this chapter we will show how to determine the 
distance travelled in a given time by a body moving with a 
uniform acceleration. It will be very instructive to treat tho 
problem at first from the arithmetical standpoint. 

ELxample.—(1) A bicyclist is riding down a hill. If his speed 
increases uniformly from 10 ft./sec. to 22{t./sec. in six seconds, how 
far does he travel in that time ? 

We first obtain his average velocity by taking half the sum of the 
initial and final velocities :— 


average velocity =}(10 + 22) or 16 ft./sec. 

We then obtain the distance travelled, by multiplying the average 
velocity by the time (} 27) :— 

Gaeet Us aad e: se a i ! .. distance travelled = 96 feet. 

This is the correct method, and the correct result. But 
we have assumed without proof a rule for finding the 
average velocity. We will give a strict demonstration of 
this rule in § 44. Meanwhile the student may: be content 
to recognise that the rule appears reasonable. For since 
the velocity increases wnzform/y from 10 ft./sec. to 22 ft./sec , 
we should expect the average velocity to lie between these 
two limits, and we should also expect it to be as much 
greater than 10 ft./sec. as it is /ess than 22 ft./sec.; that is 
to say the average velocity is the mean of the initial and 
final velocities, and therefore found by taking half their 
sum. : 

Similar arguments can be applied if the velocity is 
decreasing uniformly. But it is important to notice that if 
the rate of increase or decrease of speed is not uniform, 
this assumption would not be allowable. 
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41. Rure.—If a body is moving with uniform ac- 
celeration or retardation, the average velocity during 
any interval of time is half the sum of the velocities 
at the beginning and end of that interval. 


The following rule is also strictly accurate and very 
useful, and can be justified by similar considerations : — 


Rui:t.—If a body is moving with uniform accelera- 
tion or retardation, the average velocity during any 
interval of time is equal to the actual velocity at the 
middle of that interval. 


Exampies.—(1) A train is running at the rate of 30 miles an hour, 
when the brakes are applied. Jind how far the train will run before 
coming to rest, if the brakes produce a retardation of 4 ft./sec.*. 

The initial velocity = 30 mls./hr. = 44 ft./sec. 

In every second the velocity decreases by 4 ft./sec. Hence the time 
which elapses before the train comes to rest = 44 + 4 or 11 sec. 

Since the final velocity is 0, ay. vel. = 4 (44 + 0) or 22 ft./sec. 

Hence distance travelled = ay. vel. x time = 22 x 11 or 242 feet. 


(2) Find the acceleration of a body whose velocity increases from 
30 to 50 ft./sec. while it travels 160 ft. 
Ayerage velocity = 4 (30 + 50) or 40 ft./sec. 
Time to cover this distance = one = 18° or 4 sec. 
average velocity 
Increase of velocity accomplished in this time 
\ = 50 — 30 or 20 ft./sec. 
Hence acceleration = increase of velocity accomplished in each 
second = 20 + 4 or 6 ft./sec.? 


(3) The barrel of a rifle is 4 feet long, and a bullet travels from the 
breech to the muzzle in 735 sec. with uniform acceleration. Find the 
velocity with which it leaves the rifle. 

The average velocity of the bullet while travelling down the barrel 
= distance + time = + +435 or 400 ft./sec. 

Hence the sum of the initial and final velocities = twice the average 
velocity = 800 ft./sec. 

But the initial velocity is zero; hence the final velocity is 800 ft. / sec. 


42. We will now treat the question algebraically giving 
full proofs. 
We have already (§ 32) proved the formula 


Dial fila weet etek oil SEDARIS 
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To find the distance travelled by a body which 
starts with an initial velocity uw, and which moves for 
¢ units of time with a uniform acceleration /. 


Let us divide the time ¢ into a large number » of small 
intervals of time each equal to 7. 


Then t= nt. 

Let us consider one of these intervals of time, say the 
tenth. We will first calculate the distance travelled during 
this interval on the assumption that the velocity throughout 
the interval is the same as at the beginning of the interval; 
and we will then calculate the distance travelled on the 
assumption that the velocity throughout the interval is the 
same as at the end of the interval. 

Both these results will be incorrect; but the correct result 
will lie between them; moreover they will differ by very 
little as the interval is small, and the velocities at the 
beginning and end of it are nearly equal. 


(a) A time 97 elapses before the beginning of the 10th 
interval ; 
hence by (1) the velocity at the beginning of the 10th 


interval 
=u+t of 
therefore the distance travelled during the 10th interval on 
the first assumption 
= (u+ 9ft) xt [§ 14. 
= wi + Of’. 


(6) A time 107 elapses before the end of the 10th inter- 


val; 
hence the velocity at the end of the 10th interval 
=u+t 10fi 
therefore the distance travelled during the 10th interval on 
the second assumption 
= wit 10f?. 


By making the corresponding calculations for each of 


40 UNIFORMLY ACCELERATED MOTION. 


these small intervals of time we obtain the following 


results :— 
pes [cacti oe air | cei at 
oH om ts om gy a cay ye, 
HS @) Bie 5 a = 9 
Lhe sates tm: 5 
Vale ees u utft | w+2fa | utafe |....... ut (n—1)\fa 
fo} 5 | 
Space travelled 
errs eere wi | wit fi? | wt Of? | m+ 3f?)....... uit (n—1) fi? 
assumption) 
Veolootiy, tem yy rec-HOfy | eeseahe ON! eetba yall Meare iidtass 
Space travelled 
Peat oa] EAE] ib Of | ai af | wip ase] uit nf. 
assumption) 


If we sum the terms given-in the second row we shall 
obtain one estimate of the total distance travelled; if we 
sum the terms given in the fourth row we shall obtain the 
other estimate; the correct result will lie between these 
two estimates. 

- Now in the second row we have » terms in arithmetical 
progression, the first term being w?, and the common dif- 
erence fi”. ‘To find the sum we apply the formula 

S = n/2{2a + (m — 1)d}. 
Thus the required sum 

= gn {Que + (mn — 1) ft? } = unt + 3 fri? — Afni? 

a AP — 2h oss . oss ca ee ce agai Sec) 
since mt = t. 
Similarly the sum of the terms in the fourth row 

= 3m {2 (wi + fo?) + (n — 1) fr?} 
" = bn {Qui + nf? + fi?) = uni + 4 fr? + 4 fni? 

tb te A SO te EH cease ae SL Re (ai) 
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Now if we make » very large and therefore 7 very small, 
each of the results (i) and (ii) is approximately equal to 
ut + 7ft’; also this expression is the only quantity which 
will always be intermediate in value to (i) and (ii) however 
small + may be. Thus ut + 3/ must represent the actual 
distance travelled. 

Thus if we use the letter s to represent the distance 
travelled, we obtain the formula 


s=utt+if?..... SS aniagls eal). 


43. We have already seen that w, v, fmay represent either positive 
or negative quantities. Now it is possible that in the above arith- 
metical progressions some of the terms may be positive and some 
negative (compare Ex. 1, § 36). Let us suppose that the negative 
terms add up to —20, and the positive terms to + 5; the result would 
be —15. This would mean that in one part of the motion the body 
had moved a distance 20 in the negative direction, and in the other 
part a distance 4 in the positive direction; and hence that its ultimate 
distance from the starting point was 15 in the negative direction. It 
is therefore very important to notice that the symbol s does not repre- 
sent the total distance travelled (which in this illustration would be 
25), but the wltimate distance from the starting point; the importance of 
this will be obvious in §{ 62-67. 

If we are to assign negative values to ¢ we must suppose that the 
motion had been going on before the instant when the velocity was «. 
Then if ¢ is positive it denotes an intcrval of time after this instant, 
and if negative an interval of time before this instant. 


44. To find the average velocity in the motion discussed 
in § 42. 

Average velocity = distance travelled ~ time 

=(aé-+tf)—t 
Whence average velocity =u+ tft .......... (3). 
But uw + 2/¢ = velocity after 3 ¢ seconds (§ 32). 
= velocity at the middle of the time. 

Hence, 
average velocity = actual velocity at half time. .(4). 

Again, u+sfe=3(Qu+ fs) = 3 (u+u-+ ft) 

=3(u+v) 

Hence, average Welocity — = 2(G+ 0) nice cual B). 

Equations (4) and (5) are equivalent to the rules quoted 
in § 41. 
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45. Again, distance = average velocity x time, 


and average velocity =4(u+v). 
Hence we obtain the important formula 
s=t(ut+o)t ..0.0.. saa ae ete (6). 


46. Another important formula can now be deduced 
algebraically. 

By equation (6) we have v+u= : 

Also, since v = u+ ft, v—u= ft. 
Multiplying these results, 


tw =2 x fi, 


Ue. vw — uv’ = Ofs, 
or ea yo lfse ee (7). 


Compare formulae (1) and (7). Formula (1) determines the velocity 
v after the body has been travelling for a time ¢; formula (7) deter- 
mines the velocity v after the body has travelled a distance s. 


47. We will now show how to apply these formulae to 
the algebraical solution cof problems. We collect the 
formulae for easy reference, Remember that all the letters 
involved ‘are algebraic, 7.e. may represent either positive 
or negative quantities, with the usual conventions. 

DUA Ie he soe (1) eae) Ce ees (6) 
fee UE tN aoe oak (2) gta ae EO fae es (oar 

Exanples.—(1) A ball rolls down a hill from rest with uniform 


acceleration. Find this acceleration, if it travels 20 feet in the first 5 
seconds, 


The ball starts from rest, .. «= 03 also s = 20 ft., ¢= 5 sec.; and 
we wish to find f. 
By formula (2) s=ut+F fer. 
Substituting the above values of w, s, t, we obtain 
20=04 PF. 


Solving this equation, f = 1°6 ft. /sec.? 
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Nore THE METHOD.—The question gives the value of three of the 
formula letters (viz. w, s, ¢), and requires the value of a fourth (viz. /). 
We use that formula which inyolves these four letters and no others. 


NOTE THE ARITHMETICAL SOLUTION.—Average velocity = 20 + 5 
or 4 ft./sec. Hence, by formula (4), velocity after 2} sec. is 4 ft./sec. 
Also initial velocity = 0. Thus increase of velocity in 23 sec. 
= 4 ft./sec. Therefore increase of velocity in each second = 4 +24 
or 1°6 ft./sec., i.e. acceleration = 1°6 ft./sec.? 


Ti 
z 
4 


(2) A cyclist riding at 15 miles an hour comes to the top of a slope 
of length 242 yards. If he is accelerated at the rate of 1 ft./sec.? with 
what velocity will he reach the foot of the slope? 

We will work in feet and seconds. 15 miles an hour = 22 ft./sec. ; 
242 yards = 726 ft. 

Thus, « = 22 ft./sec:, s = 726 ft., f = 1 ft./sec.?, » is required. 


By formula (7), vo = uw + 27s. 

Substituting the given values, v? = 484 + 1452. 

Selving the equation, v = 44 ft./sec. 
1.0. 30 miles an hour. 


Sce Note on the method of Example (1). 

This problem does not admit of an arithmetical solution. 

(3) A gun projects a shell with a velocity of 2400 ft./sec. How 
long does the shell take to travel from breech to muzzle (a distance 
of 12 feet), if the motion in the gun is one of uniform acceleration. 


u = 0 By (6), s = 4 (w+), 
el ea aa thus 12 = } (0 +2400) ¢, 
s= . 

gee whence ¢ = zp Sec. 


This problem is easily solved by arithmetic. 


(4) A shell travelling at the rate of 2400 ft./sec. strikes an earth 
target. How far will it penetrate if the resistance of the target 
causes a retardation of 1,200,000 ft./sec.? 

Consider the motion of the shell while penetrating. 


2400 ft. /sec. By (7), v® = wv? + 2fs, 

0 * 0 = 24002 — 2,400,000 

— 1,200,000 ft./sec.2 fe tie las 
ais / whence s = 2°4 ft. 


Tn |e 


u 
v 
fi 
8 

Notrr.—This is a case of negative acceleration, but we do noé alter 
the sign of f in the formula. We still quote the formula as 


v? = uv? +2fs; but we assign a negative numerical value to f when 
substituting. 


48. The following examples are more difficult, and 
should be carefully studied. 
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Examples.—\1) The brakes are applied to a train travelling at 72 
kilometres per hour; after passing over 200 metres, its velocity is 
reduced to 36 kilometres per hour. At the same rate of retardation 
how much farther will it go before it is reduced to rest? 


We will work in metres and minutes. 


(a) Determine the retardation produced by the brakes. 
Consider the motion over the 200 metres. 


wu = 72 km./hr. vt = uw? + 2fs, 
= 1200 met./min. 
v = 36 km/hr. 6002 = 1200? + 400f, 
= 600 met./min. 
s = 200 metres. whence 
Si f = — 2700 met./min.? 


(2) We can now determine how much farther it will run, 
Consider the latter part of the motion. 


« = 36 km./hr. vo = u? + 2fs, 
= 690 met./min. 
oa) 0 = 6002 — 5400 s, 


I Il 


66% metres. 


v 
Ub 


Hah 


— 2700 met./min.? | 8 
° 

(2) A body travels 100 feet in two seconds, and 120 feet in the next 
three seconds. How far will it travel in the next four seconds, if the 
acceleration 1s uniform P 

(2) We must first determine w and f (for the initial velocity and the 


acceleration determine the whole subsequent motion). 
Consider the motion during the first two seconds. 


Se —oLOOrGs s=ub+ 3 fe, 
ae oe | thus 100 = 2u + 2f 
i gen OU wel \-af =O) aerate renee FB COKT (eb Gots): 
Consider the motion during the first five seconds. 
s = 100 + 120 = 220ft. s=uwt+ 3 fe, 
= 75 
eat ee thus 220 = 5uw + 2f, 
ee Or §2%-F ra j—=18 8) sae Ris yo co (Allie 
By solving the simultaneous equations (i) and (ii) in the usual 
manner we obtain f= — 4 ft./sec.?, w = 54 ft./sec. 


(d) Consider the motion during the nine seconds. 


u = 54 ft./sec. s = ut + 5 fl, 

f = — 4ft./sec.? se 9S 10 GO 2X 192 
t = 9) sec. 1.é. 6 = 324 ft. 

Sear 


Thus the distance travelled in the last four seconds = 324 — 100 — 120 
or 104 feet. 
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NotE.—In each case we prefer to consider a portion of the motion 
which starts from the beginning ; for the initial velocity is then w in 
each case. ‘The velocity at the beginning of the three seconds would 
be w + 2/f, and at the beginning of the four seconds would be wu + 5/. 
Note the arithmetical solution. 


‘The average velocity for the first two seconds is 100 + 2 or 50 ft. /sec. ; 
this is the actual velocity at the end of one second from the start 
{by formula (4)]. The average velocity for the next three seconds is 
120 + 3 or 40ft./sec.; this 1s the actual velocity at the end of three- 
‘and-a-half seconds from the start [by formula (4)]. The average 
yelocity for the last four seconds is the actual velocity at the end of 
seven seconds from the start. 


Actual velocity at end of 1st second = 50 ft./sec. 


As ” Ae 33 seconds = 40 ft./sec. 
Thus loss of velocity in 24 seconds = 10 ft./sec. 
re 5 »,  Ineach second = 4 ft./sec. 


Hence actual velocity at end of 7th second = 50 — 6 x 4 or 26 ft./sec., 
which gives the average velocity for the last four seconds. 
Hence the distance travel'ed in the last four seconds is 26 x 4 
or 104 feet. 
49. To find the distance traversed in the nth 
second of a body’s motion. 
With the usual notation, taking the second as the unit 
of time, 
velocity at end of m—1 seconds = u+f(n—1), 
velocity at end of n seconds = w+fn; 
. average velocity during nth second 
=} futf(m—]) tutjfn} = uth (2n-1)f; 
and, since the measure of a second is unity, the distance 
traversed in the nth second 
= fu+4 (2n—1) f} x1 = w+ (Qn—1)f. 
It is better, however, to remember the method by which 
this formula is obtained, and not the formula itself, 


50. To find the acceleration of a moving body by 
observation, it is only necessary to observe the distances 
traversed in two snecessive seconds of the motion. 

The distance traversed in the first second measures the 
average velocity per second, and equals the velocity at the 
middle of that second. Similarly, the distance traversed 
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in the next second measures the velocity at the middle of 
that second. But from the middle of one second to the 
middle of the next is exactly one second. Hence the 
difference gives the increase of velocity in one second, and 
this measures the acceleration. 


51.* Graphic representation of variable velocity. — We 
shall now show how motion with variable velocity can be fully repre- 
sented by drawing a curve which serves as a sort of map or diagram 
of the velocity (Fig. 6). 

Take a straight line OX (which we will suppose horizontal), and, 
having selected any point 0 on it, measure a length OM, such that 
the number of units of length in OM is equal to the number of units 
of time (say seconds) that have elapsed since the beginning of the 
motion. ‘Chen the point M will represent a certain instant of time ; 
thus, if OM contains ¢ units of length, the point M will represent the 
time ¢. ‘he points a, 6, c, distant respectively 1, 2, 3 units of length 
from Q, will represent the times 1, 2, 3 seconds after the beginning 
of the motion, respectively. 


Om ae M xX 
Fig. 6. Fig. 7. 


Through M draw a line MP perpendicular to OM, and let the 

number of units of length in MP be equal to the number of units of 
velocity in the velocity of the moving point at the instant represented 
by M. Let similar perpendiculars be erected at every point on OX 
so that (for example) aA, 6B, cC,... are to be taken proportional to 
the velocities at the times 1, 2, 3, ... seconds, respectively. Then the 
extremities of these perpendiculars will all be found to lie along a 
certain straight or curved line ABCP. This line may be called the 
velocity curve of the motion. 
_ For negative velocities, we draw the perpendicular downwards 
instead of upwards, so that the velocity curve is below instead of 
above OX. Every horizontal length such as QM is called an 
abscissa, and every perpendicular MP is called an ordinate, 
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52. When the motion is uniform, the velocity curve is a 
strught line parallel to OX ; for, if the velocity is w, all the “ ordi- 
nates,’’ such as MP, are w units long, and therefore the points on the 
velocity curve are at the same distance from OX. In this case, if ¢ 
be the time OM (Fig. 7), we have (§ 14) 


distance traversed = wt = MP x OM = area of rectangle OP. 


We shall now extend this result to variable velocities by showing 
that— 


53. The distance traversed in any interval of time is 
represented by means of the area contained by the 
velocity curve and the two bounding ordinates. 


Let OM represent the given interval, QP the velocity curve; then 
it is required to show that the areca OQPM measures the distance 
traversed. 

Divide OM into any number of intervals at the points a, 6, ¢, 
and draw the ordinates aA, 68, cC to meet the velocity curve in 
A, B, C, so that 0Q, aA, 6B, cC, MP represent the velocities at the 
instants of time represented by O, a, 6, c, M. 


Tf the velocity during each of the intervals Oa, ab, bc, cM were 
uniform and equal to the actual velocity at the beginning of that 
interval, the velocity curve would consist of the straight lines QD, AE, 
BF, C@ parailel to OX. ‘The distance traversed in the intervals 
would be QY.0a, aA.ab, 6B.bc, &c., and would be represented by the 
measures of the areas of the rectangles Qa, Ab, Bc, &c., and the 
whole distance traversed would be represented by the sum of the 
measures of these rectangles ; that is, by the area of the inscribed 
figure OQDAEBFCGMO. 

In like manner, it the velocity throughout each interval were equal 
to the actual velocity at its end, the velocity curve would consist of 
the lines dA, eB, fC... , and the distance traversed would be repre- 
sented by the area of the circumscribing figure OdAeBfCgPMO. 

Now the distance actually traversed is intermediate between the 
distances describ. d on the two above suppositions; it is, therefore, 
represented by an area intermediate between those of the inscribed 
and circumscribing figures. Now the area of the curve 0QPMO 
is intermediate between the areas of its inscribed and circumscribing 
figures, and is the only area which aways possesses this property, 
however small the subdivisions 0, a, ab, bc, ..... Therefore the actual 
distance traversed must be measured by the areca OOPMO. 

If the velocity is negative, so that the curve descends below the 
horizontal line 0X, the area of this portion is to be considered negative. 


54. To prove graphically the formula for uniformly 
accelerated motion, s=ut+3 fe. 


We shall first show that the velocity curve under uniform accelera- 
tion is a straight line. 
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Let 0Q denote the initial velocity «, and on OX measure any 
number of equal lengths 0a, ab, be,..., representing equal intervals of 
time. Through a, 6, ¢ draw aA, 6B, cC, representing the velocities at 
the instants a, 6, ¢ respectively. Draw QDH, AE, BF, ... parallel to 
OX, and complete the construction as in the figure. 

Then DA, EB, FC represent the 
total increases of velocity in the 
eqnal intervals Oa, ab, 6c. But, 
since the acceleration is uniform, 
these increases are equal; that is, 
DA=EB8=FC. ‘'Vherefore the tri- 
angles QDA, AEB, BFC are equal in all 
respects, and therefore 

LAOD 2B AE CB Fira 
Hence it may be readily seen that the 
points Q, A, B, C lie in a straight line, 
und therefore the velocity curve 
QABCP is a straight line. 

Now, if OM = t, MP represents the 
final velocity «+ ft. Also 

MH =0Q0 = 4, 
and therefore HP = ft; and we have 
distance travelled = area OMPQ = rect. OMHQ + A QHP 
= rect. OMHQ +3 rect. QHPN 
oh OM + 34HP.OM 


J.¢+ i fi.¢ w+ Affe; 


ll 


4 


as was to be proved. 


Example.—A body, starting from rest, travels for 9 seconds along a 
line pointing north and south. The velocities at the end of successive 
seconds are\as follows :—After 1 second, 30 ft./sec. N. ; after 2 secs., 
55 ft./sec. N.; after 3 secs., 65 ft./sec. N.; after 4 secs., 55 ft./sec. N. ; 
after 5 secs., 30 ft./sec. N.; after 6 secs., zero; after 7 secs., 
20 ft./sec.S.; after 8 secs., 30 ft./sec.S.; after 9 secs., 35 ft./sec. S. 
If the change of velocity is at no time abrupt, determine roughly its 
ultimate distance from the starting point. 

[Note that this is not a case of »niform acceleration or retardation. | 

We must first draw the velocity curve ; it will be convenient to use 
squared paper (Fig. 8). 

To obtain a good figure we must be careful in our choice of the 
scales of representation. Distances measured along OX represent 
times; let us take each division of the paper to represent + second. 
Distances measured perpendicular to OX represent velocities ; let us 
{ake each division of the paper to represent 4 ft./sec. 

We can now plot the points 0, A, B, C, D, E, F, G, H, K to represent 
the velocities at the end of 0, 1, 2, 3, etc....seconds. Thus ON 
(= 12 horizontal divisions) represents 4 seconds; ND (= 11 vertical 
divisions) represents 55 {t./sec., which is the velocity after 4 seconds. 
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Velocities to the south are reckoned negative and are therefore 
plotted below OX. If we now draw by hand a curve through these 
points, we may assume that this curve represents fairly accurately 
the successive velocities of the body. [Thus since OM represents 
53 seconds, and MP represents 16 ft./sec., the velocity after 54 seconds 
is probably 16 ft./sec. N.] 

Hence, by § 53, the area OBDF represents the distance travelled 
toward the north in the first six seconds, and the area FGKL 
represents the distance travelled toward the south in the next three 
seconds. 
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We may estimate these areas fairly accurately by counting the 
number of squares which they include. Portions of squares should be 
counted as whole squares when greater than half a square, and 
omitted from the counting when less than half a square; they should 
be counted as halves when they appear to be so. 3 

Counting in this way we estimate the area OBDF as equivalent to 
144 squares, and the area FGKL as equivalent to 42} squares. 

Now each square represents the distance travelled in 4 second 
when the velocity is 5 ft./sec., .e. represents a distance of 3 feet. 
For the horizontal side of the square represents a time of 4 second, 
and the vertical side a velocity of 5 ft./sec. 


DYN. E 
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Hence the 144 squares represent a distance of 144 x % or 240 feet 
to the north, and the 424 squares represent a distance of 423 x % or 
about 71 feet to the south. 

Thus ultimately the body is 240-71 or 169 feet north of the 
starting point. 

Norz.—The curye starts at 0, because the initial velocity is zero. 


Summary or Resvuurs. 


OS Uh ft asics SiGe ° (1) 

gut ie ae erste ee (2) 

average velocity = ++ 4 fl s...ind. sash anh (3) 
= actual velocity at half time (4) 

= 4+ 0)ic8eck Lake (5) 

s=t(ut+ov)ji : PE aie (6) 


v=—wt+ 2 fs a ee GZ) 


EXAMPLES III. 
(Selected Problems :—1*, 3, 4*, 6*, 7, 10, 12, 138*, 14*, 16*, 18, 19, 20, 
99, 23, 25,07) 
1. What is meant by the statement that the acceleration of a 
particle is 32 foot-second units ? With this acceleration, how far will 


the particle move in 10 seconds, and what will be its velocity at tho 
end of that time ? 


2. A slip,carriage is detached from a train and brought to rest 
under the action of a uniform retarding force, the train meanwhile 
proceeding with uniform velocity. Prove that, when the carriage 
stops, the distance of the train in front of it is equal to the distance 
through which the slip carriage has travelled from the instant of 
being detached. 


3. A body starts from rest and moves with uniform acceleration 
18 (foot-seconds). Find the time required by it to traverse the first, 
second, and third foot respectively. 


4. Ifa body moving with uniform acceleration pass over 250 feet 
while its velocity increases from 40 to 60 feet per second, find the 
acceleration and the time of motion. 


5. A particle is observed to describe 7 feet in 3 seconds, and 13 feet 
in the next 8 seconds. Find its acceleration. 


* These problems can be solved by arithmetic, 
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6. A body moves over 30 feet during the 5th second and 42 feet 
during the 7th second of its motion. Find the whole space passed 
over in 10 seconds. 

7. A bedy moving with uniform acceleration has the velocities 1, v 
at two given points; given s, the distance between the points, find 
the time of describing it. 

8. A body passes over a kilometre in 10 seconds-under a uniform 
acceleration of 1000 C.G.S. units. Find its velocities at the beginning, 
middle, and end of the interval of time. 


9. Show that the distance described from rest under a constant 
acceleration in the (y*—y+1)th second is equal to the sum of the 
distances described in the first (y—1) seconds and in the first 
p seconds. 


10. A body A is moving with uniform velocity w in a straight line, 
and another body B moves from rest with given acceleration f along 
the same straight line, being initially at a distance @ behind A. 
Find when and where B will overtake A. 

11. A body starts with initial velocity 20 ft./sec., and is accelerated 
at the rate of 10 ft./sec.2 How far will it go before attaining a velocity 
of 60 ft./sec. P 


12. A train running down a uniform slope travels the first half-mile 
in one minute and the second half-mile in 45 seconds. How long will 
it take to travel the next half-mile ? 


13. A ball rolling up a sloping board travels the first yard in 1 
second and the next yard in 14 seconds. How much farther will it roll 
before it is reduced to rest? 

14. A bullet passes through a wall 9 inches thick, If its velocity 
changes from 1,000 to 600 ft./sec., find the retardation produced by the 
resistance of the wall, and the time occupied in passing through it. 


15. A bullet strikes a mound with a velocity 1,200 ft./sec. and 
penetrates a distance of 4 feet. Find its velocity after penetrating 2 
feet, assuming the retardation to be uniform. 

16. A body moving with uniform retardation travels 20 feet in the 
first second, and 20 feet more in the next two seconds. Find its 
velocity at the end of the first second. 
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17. A body moves from rest with an acceleration of 10,000 ft./sec.?. 
How Jong does it take to travel the first, second, and third feet 
respectively ? 


18. A bicyclist riding at 15 miles an hour beside a railway line passes 
an engine just as it starts to move with an acceleration of 1 ft /sec.? 
Ilow far will he ride before the engine overtakes him? 


19. A ball rolling down a slope with uniform acceleration passes a 
series of posts driven in the ground at intervals of 10 feet. The 
velocities when passing three successive posts are V1, 2, V3. Prove 
that v,? + 03? = 20,7. 


20. The muzzle velocity of a bullet fired from a rifle is 1,200 ft./sec. 
Assuming the acceleration in the barrel to be uniform, with what 
yelocity would the bullet emerge if half the barrel were cut away ? 


21, A bullet fired into a target loses half its velocity after penetrat- 
ing 8 inches. How much farther will it penetrate ? 


22, A train is running with the steam turned off. It travels two 
successive kilometres in 40 and 60 seconds respectively. Find its 
velocity at the end of another kilometre. 


23. The velocities of a train in feet per second observed at intervals 
of a minute are as follows :—30, 46, 49, 45, 88, 29, 19. Using squared 
paper, estimate the distance travelled in the time between the first and 
last canoe 


24. The velocities of a moving body in feet per secona observed at 
intervals of a second are as follows:—0, 10, 17, 20, 17, 10, 0. Using 
squared paper, estimate the distance travelled. 


25. A body is moving in a line pointing east and west. Its velocities 
in feet per second observed at intervals of a second are as follows :— 
12K., 11 ., 9 K., 5 E., 0, 6 W., 20 W. Estimate the final position by 
means of squared paper. 


26. A train travels a distance § starting from rest and finishing at 
rest. ‘The velocity increases uniformly till it reaches a maximum 
velocity V, and then decreases uniformly. Show that the whole time 
of the motion is 28/V. 


Ce ACRE FR Tey. 


GRAVITY.—MOTION OF BODIES FALLING 
VERTICALLY, 


55. The principles proved in the foregoing sections are 
well illustrated by their applications to the motion of 
bodies falling to the ground. 

The acceleration due to gravity is the same for 
all bodies. If we allow a coin and a sheet of paper or 
feather to drop freely from rest, both will be accelerated 
downwards, but the coin will reach the ground quicker 
than the paper; while a balloon will rise in the air instead 
of falling. From this it might be supposed that different 
bodies are differently accelerated by the action of gravity, 
the coin being more accelerated than the paper. But we 
must not forget that air itself has weight, and, moreover, 
a body falling through the air bas to set in motion the 
particles of air which it displaces in its descent. Hence 
a light body of large size has to displace more air, and 
therefore encounters more resistance than a body of 
smaller size, but of the same weight. If the sheet of 
paper be rolled up into a ball, it will fall much quicker 
than before, because it offers less surface to the air and 
therefore has less air to push out of its way as it descends. 

But if different bodies be allowed to fall in a tall jar 
which has been exhausted of air by means of an air-pump, 
they will all reach the bottom at the same instant, thus 
showing that all bodies are equally accelerated by gravity. 
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56. The same thing can be shown more simply without 
an air-pump by the following experiments, which should 
be performed by the student before proceeding further. 


Experiment J.—Take a penny or other large coin and 
cut a round dise of paper slightly smaller than the coin. 
Lay the paper on the top of the coin, and carefully let the 
latter drop. Although the paper is uppermost, it will 
remain on the top of the coin, and both will fall together. 

Here the coin, by going in front of the paper, overcomes 
the resistance of the air, which would otherwise retard the 
motion of the disc. 


Exrertment II.—Take a small tin canister without the 
lid (e.g., a cocoa-tin), and in it place various objects, such 
as a coin, a feather, a piece of thin tissue paper, &c. Drop 
the canister from a height. All the objects will remain 
inside and will reach the ground together, showing that 
all are equally acted on by gravity. 


Experiment I1I.—If a stone be allowed to drop from a 
height of 4 feet, it will reach the ground in half a second. 
Uf it be allowed to fall through 16 feet, it will take 1 second. 
If dropped through 64 feet, it will take 2 seconds. 


Now if f be the acceleration, the formula s = if?, taken 

in conjunction with these observations, gives 
4=3/.(), Wail, 64=4/.2%, 

whence fiat: 

Hence we conclude that a falling body descends with a 
uniform acceleration of about 32 feet per second per second. 

That this acceleration is uniform is proved by the fact 
that each observation gives the same value for f. 


OsseRvATION.—This experiment is, of course, only a very rough 
one, because it is very difficult to estimate times with sufficient 
accuracy. 


57. The Intensity of Gravity.—The above and other 
experiments show that the acceleration of an unresisted 
falling body is uniform, and, since it is the same for 
different bodies, its magnitude at any place must be 
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constant. This constant acceleration is called the intensity 
of gravity, and is invariably denoted by the letter g. Its 
value is not quite the same in different parts of the Harth. 
It is least at the Equator, where it amounts to only 
32°091 F.P.S., or 97810 C.G.S. units; and it is greatest 
at the North and South Poles, where it is estimated to be 
32°255 F.P.S., or 983:11 C.G.S. units. It also depends on 
the altitude; it is greatest at the sea level, and diminishes 
slightly when we go either up to the top of a high moun- 
tain or down a deep mine. At London, at the sea level, 


F.P.S. units. C.G.S. units. 
g = 32°191 ft. per sec. per sec. = 981°17 cm. per sec. per sec. 


(N.B.—The above numbers are not to be committed to memory.] 
For rough purposes it is usual to take 
g = 32 feet per second per second................6... (1), 
gq = 981 centimetres per second per second ...... (2). 


These numbers must be remembered, as they are con- 
stantly required. The more accurate value, g = 32:2 ft. 
per sec. per sec., should also be remembered, although 
it is less often used. 

The vertical at any place nay be defined as the direc- 
tion in which a body falling freely at that place is 
accelerated by gravity. 


Osservation.—It must be carefully borne in mind 
that g is an acceleration, not a velocity. For a body 
falls to the ground with uniform acceleration but with 
ever increasing velocity. 


58. Motion from rest under gravity.—If we neglect 
the resistance of the air, a stone or other body dropped 
from a height will fall freely with a uniform acceleration 
g, or 82 ft. per sec. per sec. If in formulae (1), (2), (6), (7) 
of Chapter III. we putw=0, f=gy, we shall obtain the 
following formulae involving s the distance fallen, v the 
final velocity, and ¢ the time of falling :— 


v=gt, s= tg, s= jot, v7 = 298. 
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The accompanying diagram serves to illustrate the 
motion. ‘The round dots on the vertical line show the 
relative positions of the body at intervals of one second, 
each of the smaller divisions being supposed to represent 
16 feet. The velocities at each second are also stated on 
the diagram. 

Thus in one second a falling body will acquire a velocity of 32 feet 
per second. It will mot have fallen through 32 feet, but only through 
16 feet, because it started with no velocity at all; whereas to have 
gone 32 feet it would have had to have fallen with the full velocity of 
32 feet per second during the whole time. By § 44, the average 
velocity during the second is half of 32, or 16 feet per second, and 
therefore the distance fallen is 16 feet. 

Tf the diagram be held with the line horizontal it will 
represent the motion of a body moving from rest in a 
horizontal line with acceleration f, if the smaller divisions 
be taken to represent each 3f units of length. The 
particulars of the motion are given on the left. 

When a falling body is small and heavy, such as a stone or a 
bullet, its motion will only be slightly affected by the resistance of 
the air, so that the results here obtained will give a fairly accurate 
idea of the actual motion. But the motion of a body which is 
very light for its size—such as a feather or a balloon—will depend 
very largely on the effect of the surrounding air, and will be entirely 
different. 

59. Distance fallen in the nth second. 

Tt will he noticed that the distances traversed in the 
individual seconds are l, 3, 5, 7, 9, 11... times 16 feet 
respectively ; and we should infer that the distance fallen 


in the nth second is 3g (2n—1) or 16 (2n—1) feet. 


This may be shown as in § 49, or as follows :— 

The distance fallen in the nth second is the difference 
of the total distances fallen in n and n—1 seconds respect- 
ively, and is therofore 


zg .m'— 3g (n—1)? 
= 4g {n’—(n—1)*} — 49 (2n—1) eee Sate ne 


OnsERvATIons.—It is better not to remember (3), but to obtain it 
in one or other of the above methods when required. 

We notice that in each second the stone falls 32 more feet than in 
the preceding second. ‘This follows from the fact that in each second 
the velocity increases by 32 feet per second. 


I. UnirorMiy 


ACCELERATED 
Morion. 
SSS 
Se ile 

al Us 
iH ele me ® 
cot 
SSS 
a SS + 
ll tl ll 
o oS 
ke 
om Sn — 

- 

i 
es bo 
Ta ah) 

tle 
op 0 5 
Sy TS 

i 

eH 

eS SS 
a is 

nN 

nore 

Sy a es 
Sy or 


et ae OW a pf Lf we & 


Fig. 9 


II. Morton rrom Rest unDER Gravity. 


Acceleration g = 32 feet per second per sccond. 
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0 secs. ot oO) a Othe v= 82x0= 0 ft. per sec. 
1 sec. Sib Gl Ont, v= 32x1= 32 it. per sec: 


2 secs. $= 582 «27 64-it. = 32 x2 
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3 secs. 6=% 


4 secs. s = 382 x 42 = 256 ibe 


§ = 332 x 5? = 400 ft. 


64 ft. per sec. 


144 ft, v= 32x3= 96 ft. per sec. 


v = 82x4 = 128 ft. per sec. 


»v = 82x 5 = 160 ft. per sec. 
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60. If a stone is dropped from a given height h, 
the time taken in falling and the velocity of striking the 
ground may easily be got by stbs!ituting h for s and g 
for fin formule s= iff, v* = 2fs, 
which thus become 39? = h, v? = 2gh. 
whence i= /> v= /2gh; 


Or, if h be measured in feet, and g = 382, 
£=3/h seconds, v= 8/h ft. per sec. 


It is convenient, though not essential, to remember the formula v2 = 2gh, but it 
is much better to be able to use the fundamental formule, 

It should require but little thought to see that the height from which the stone 
is dropped is the distance it must traverse before it strikes the ground. 

Examples.—(1) To find the depth of a well, when a stone takes 
1} seconds to reach the bottom. 


The distance is given by 
S590 — 16 xe) = somect, 

which is, therefore, the depth of the well. 

(2) If a brick drops off the roof of a chimney 100 feet high, 
in what time will it strike the ground, and with what velocity ? 

Here we have to find ¢ and v, and we have given s = 100, and we 
know f(=g) = 32. 

Now ¢ is connected with s and fby the equation s = }f?, and so 
by substitution we get 100) Gs a2 


\ a 46° 
Similarly, » is connected with fand s by the formula v? = 2 fs ; 
OU x 32% 100) 
DiS L030. 


Therefore the brick will strike the ground in 24 seconds, with a 
velocity of 80 feet per second. 


G1. Bodies projected downwards.— If a body be 
projected downwards with initial velocity w, we merely 
have to write g for fin the formulae of §§ 42, 46 to obtain 
the relations between the time ¢, final velocity », and 
distance fallen s. We thus have 


VS WAGE sgsjane ccstesene soca eee (4), 
sia) t Sint oleae ee Ree Bs 
VW DTS vo cais sna ave tere 


GRAVITY—MOTION OF BODIES FALLING VERTICALLY. 59 


Examples.—(1) To find the velocity of projection, if the body 
descends 2000 feet in 10 seconds. 

Let the required velocity be w feet per second. Putting ¢ = 10, 
a= 2000, g = 32, in the formula 

8 = ul+3gl, 
we have 2000 = 10w+ 1600; 
oc. 10% = 400, w« = 40. 

Hence the body must be projected with a velocity of 40 feet per 
second, 

(2) Ifa body is projected downwards with an initial velocity of 
20 feet per second, to find the time taken to describe 500 feet. 

Let ¢ seconds be the required time. 

Putting « = 20, s = 500, g = 32, in the formula (5), we have 

500 = 20¢+4 1627. 

To find ¢ we have to solve this as a quadratic* equation. We may 
write the equation e+ ere) . 
4 16 
Completing the square on the left-hand side, we have 
oY ( 5 )'- 500 25 2025" 

8 16.64.” “645” 


5 45 
Hs 2 = des 
8 §.? 


—45-5 25 


5 a a 

But the time ¢ cannot be negative. ‘Therefore the required time is 
5 seconds. 

(3) A body is projected downwards with a velocity of 500 centi- 
metres per second ; to find (i.) the velocity acquired, and (ii.) the 
time elapsed, when it has fallen 50 centimctres. 

Let the acquired velocity be v centimetres per second. Then, using 
the C.G.S. units, we have s = 50, w= 500, g = 981; whence the 
formula v? = 4? 4298 
gives v? = (500)?+2. 981.50 = 250000 + 98100 = 348100; 

v = 590 centimetres per second. 
The increase of velocity during the interval is therefore 90 centi- 


metres per second, and this increase = 981¢, where ¢ = time 
taken in falling ; 
required time ¢ = a = a = ‘091 secs. (approximately), 


* This quadratic equation may be avoided by the double method adopted fn the 
next example. The student should do this for practice, finding v = 180, 


60 GRAVITY—MOTION OF BODIES FALLING VERTICALLY. 


62. Bodies projected upwards.—When a body is 
projected with a given upward velocity wu, it is usually con- 
venient to take the upward direction as positive. With this 
convention, s will always represent the height of the body 
above the point of projection (cf. § 48); v will be positive 
when the body is rising and negative when the body is 
falling. Since acceleration due to gravity takes place in a 
downward direction, we must substitute —g for f in our 
formulee, which now become 


WSN 8 OF hs esanle Gs oie endntntae neeeeaee (7), 
s=i(utv)t = ul—tgl? .....000 (8), 
Sa = Digs Meas Sacicehaivn eel ne Bane ee 


Here we consider g to represent the acceleration due to 
gravity, without reference to sign, so that g = 32, and not 
32. 


For the upward motion, w is positive, and v, which is 
equal to w at starting, becomes less and less; for the 
formula v = u—gi shows that v decreases as ¢ increases, 
until gt = wu, when v becomes = 0. At this instant the 
body remains stationary for an instant and then begins its 
downward course, which (as we shall prove in § 66) 
occupies exactly the same time as the ascent. 

When the body returns to the point of projection, s 
vanishes; and if the body goes on below the point of 
projection, s is negative. 


63. To find the time during which the body rises. 


Since the body ceases rising, and begins falling, when 
v=0, it follows from the equation v=u-—dgt, that the 
interval of time is given by 

0=u—gt, 
whence fem): 2 Saaeeece eee LO 
y 


that is, the body rises during the interval bee 
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64. To find the greatest height to which the body 
rises. 


The height is greatest when the body just ceases rising. 
We must therefore put f= —g and t= ~ in 
s=ut+ife; 
and we have, for the greatest height, 
s=u.~ —ly ( zs ) = eZ 3 ue = as sao iahyy. 
y) g g 7 


[We might otherwise find the greatest height from the equation 


vw? = w—29s 
by writing it, first, in the form 


yes 
2gs = w—v, 


2__ 42 
uP — 
and then Re Ua 
27 
Hence s is greatest when w—v? is greatest, that is, when v = 0, 
for then v? is least. Therefore 


greatest height s = J 
Exampies.—(1) A stone is thrown upwards with a velocity of 48 ft. 
per sec. Yo find the greatest height, and the time taken in reaching it. 
When the stone is at its greatest height, its velocity is zero, and 
the time is therefore given by 


0 = 48—gt = 48—32¢; 
. ¢ = 48 = 1} secs. 
The height is therefore given by 
§ = 48¢—lg = 48.3—16. (3)? = 72-36 = 36; 
.. greatest height = 36 feet. 


(2) To find the greatest height attained by a body which is thrown 
vertically upwards with a velocity of 100 ft. per sec. 


The velocity at any height s is given by 
vy? = w?—-2gs = 100?—2.32.s8 = 10000—64s., 
But, when the height is greatest, » = 0, and therefore 
10000— 64s = 0; 


“', greatest height s = a = 156} foct. 
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65. To find the whole time of flight.—After reaching 
its greatest height the body will begin to fall; its height 
will then decrease, and when this height becomes zero 
the body will have returned to the point of projection. 
Hence the time of flight ¢is found by putting f = —g, and 
s=0, in s= uit". 

We therefore have ut—ig’? =0; 

t(w—dgt) = 0; 

whence either f= 0: 
_2u 
7 

The factor ¢=0 only tells us what we started with, 
namely, that the body was at the point of projection at 
the time {=0. Thus the time of flight must be given 


or u=igh, te. ¢ 


by the other factor, and we have 


fime of fight |= — 2 eee 
g 


66. OBsERVATIONS.—Comparing (10) and (12), we see that 
the body rises during half the time of flight. It therefore 
falls during the other half; hence the time taken in rising 
to the highest point is equal to the time taken in returning to 
the point of projection. 

More generally, the time taken by the body in rising 
after passing any given point is equal to the time taken 
in again falling to that point; for, as we are not concerned 
with the body’s motion before it first reaches the given 
point, we may treat that point as the point of projection. 

Hence the diagram of § 59 gives a record of the upward 
as well as the downward motion of such a body, for its 
positions 1, 2, 3, ... seconds respectively before reaching 
the highest point are the same as l, 2, 3, ... seconds 
after reaching the highest point. 

Moreover, the upward velocity at any height when 
rising is numerically equal to the downward velocity at 
the same height when falling. 
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67. To find the time taken to reach a given height. 
First Method.—We may use the equation (8), viz., 
$= ut—igt’, 

where s the given height, w the initial velocity, and g the 
intensity of gravity, are supposed known. We want to 
find the time ¢; accordingly we must regard the equation 
as a quadratic equation in which ¢ is the unknown 
quantity, and solve it to find ¢. 

Now a quadratic equation has in general two solutions, 
and these determine the two instants at which the body is 
at the given height, when it is rising and when falling 
respectively. 

Second Method.—Instead of finding the time at once, 
we may find the velocity v from (9) 

v= w—2gqs; 
and we may then find the time ¢ from (7) 
v=u—gt or ¢=(u—v) +g. 

Examples.—(1) If the velocity of projection is 80 ft. per sec., the 
time of flight is given by the equation 

0=s=ut—igl = 80(—-1. 32.0, 
Rejecting the factor ¢ = 0, this gives 
= §9 — 5 secs. 
(2) A body is projected upwards with a velocity of 96 feet 


per second ; to find when it will be at the heights 80, 144, 160 feet 
above, and 112 feet below, the point of projection, respectively. 


We shall employ the second method; accordingly we have to 

find the velocity v from the equation 
ve = w—2g9s = 962-2. 32.8; 

where the height s = 80, 144, 160, —112 feet, respectively. 

(i.) At height 80 feet, 

vo = 96?—64 x 80 = 962—8? x 42x 6 = 32? x (9—5) = 382?x 4; 
v = 64, or —64, 

according as the body is rising or falling. 

Hence the corresponding times ¢ are given by 


C— al = = = 1second (rising), 
or pe eS Oreo et 18 65 seconds (falling). 


g g 32 
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(ii.) At height 144 feet, we have 
vo = 967—64x 144 = 962-8? x 12? = 0, 
showing that the body is at its greatest height. 
Here there is only one instant at which this height is reached, 
namely, at the time 
964+0 96 


= — — = 8 seconds. 
g 32 
(iii.) At height 160 feet we should have 
v? = 962— 64 x 160 = 9216—10240 = — 1024; 


but this is impossible, for a square cannot be negative. 
This means that the body never rises so high as 160 feet. In fact, 
we have just seen that the greatest height is only 144 feet. 
(iv.) At height —112 feet we have 
v? = 962—64 x (—112) = 9624+ 82x 42x 7 = 322x (947) = 32?x 42, 
v=128 or —128 feet per second. 
Taking v = 128 feet per second, we find 
ST 


i > 
32 


t 


7 
and, taking » = —128, we find 
_ 964128 _ 224 

32 

Since the given point is Jelow the point of projection, the body 
cannot reach it until it has begun to fall, and the required time is 
given by the positive value, viz. 7 seconds. 

The negative value, —1 seconds, may be interpreted as follows :— 
If, instead of being projected with velocity 96 feet per second, the body 
had been thrown upwards from below so as to pass through the point 
of projection with this velocity, it would have been at a depth 
112 feet 1 second before reaching the point of projection. 

[If we had used the first method, we should have found the same 
results, for in the respective cases the equation 

s = ut—}g? = 96(—168 
would give (i.) 80 = 96¢-16#, or #—6¢t+5=0; 
. (¢—5)(¢-1) = 9; .. t= 1 or 6 seconds. 


t = 7 seconds. 


(si.) 144 = 96¢-1607, or #—66+9 = 0; 
-. (€-3)? =0; .. only value is ¢ = 3 seconds. 
(iii.) 160 = 96-1622, or #—6¢+10 =0; 
-. (¢—3)? = —1, and solution is impossible. 
(iv.) —112 = 96t—16#, or #—6¢-7=0; 
(t—7) (t+1) = 0; “. ¢=—-—1 or 7 seconds. 


These results would have to be fully interpreted as before, for an 
algebraic answer to a problem in Mechanics is of no value unless its 
meaning is properly interpreted and explained. ] 
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68. Relative motion of two falling bodies.—Since 
the acceleration of gravity is the same for all bodies, the 
relative acceleration of two bodies under gravity (being the 
difference of their actual accelerations) 7s zero. 

Therefore their relative velocity is constant. 


This principle is of great use in finding when and 
where two bodies projected in the same vertical line will 
meet, or in finding their distance apart at any given 
instant of time. 


Ezxamples.—(1) A stone is dropped from the top of a tower 100 feet 
high, and at the same instant another stone is projected from the foot 
with a velocity of 80 feet per second; find when and where they 
meet. 

Initially the velocities of the two stones are 0 and 80; hence the 
lower one approaches the upper with relative velocity 80 feet per 
second. And, since both have the same acceleration (viz., that due 
to gravity), this relative velocity remains constant.* 

But their original distance apart is 100 fcet. Hence they will be 
together in 19° seconds; that is, in 14 seconds. 

In this time the upper stone will have fallen through a distance 

s = 4.32. (8)? = 25 feet. 


Hence the stones meet 25 feet below the top, and 75 feet above the 
bottom of the tower. 


(2) If a stone is thrown vertically upwards with a velocity of 
64 feet per second, and another stone is thrown up with the same 
velocity one second later, to find when they will meet. 

At the instant that the second stone is projected the velocity of the 
first = 64—32.1 = 32 feet per second, 
and the height through which it has risen 

= 64.1—4, 32.12 = 64-16 = 48 feet. 

The second stone is now projected upwards with velocity 64 feet 
per second. Its velocity upwards, relative to the first stone, is there- 
fore = 64—32 = 32 feet per second. 

But, since both stones are equally accelerated by gravity, their 
relative velocity is constant, and therefore the second continues to 
approach the first at a uniform rate of 32 feet per second. 

But they are initially 48 feet apart. 

Therefore they will meet in 48 or 1} seconds from the instant 


32 
when the second stone was projected. 


* It is advisable to state this principle in solving any numerical example, for a 
correct knowledge of the principles employed is of the greatest importance in 
Mechanics, 


DYN, F 
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69. Bodies dropped from a moving balloon. — If 
bodies be let fall from the car of a balloon in motion, they 
do not start from actual rest but from rest relative to the 
balloon. They therefore have initially the same velocity as 
the balloon. The same thing is true when bodies are 
dropped from a lift or cage which is ascending or descend- 
ing a mine, or indeed from any vehicle in motion, such as 
a railway carriage or steamer. 

If a stone is dropped from a balloon whose motion is 
being accelerated, the subsequent motion of the stone will 
depend only on the velocity and not on the acceleration of the 
balloon at the instant when the stone was let go, for the 
subsequent acceleration of the stone will always be that 
due to gravity. 


Examples.—(1) A stone is dropped from a balloon at a height of 400 
feet above the ground, and it reaches the ground in 6 seconds. To 
find the velocity with which the balloon was rising. 


Let the upward velocity of the balloon be w feet per second. Then 
the stone starts with an upward velocity w, and in 6 seconds it is at a 
distance 400 below the point of projection. ‘Therefore from 


s = ut+3fe, 
—400 = #.6—21.32. 67; 
6u = 576—400 = 176; 
u = 294 feet per second. 


Note that te minus sign is given to g and s in this problem because they are 
measured downwards, and the positive sign to w because it is upward velocity. If 
the answer had come out negative, it would have indicated a downward initial 
velocity of the balloon. 


(2) Ifa balloon be moving with any velocity whatever, but without 
acceleration, and a stone dropped from it reaches the ground in 5 
seconds, to show that at the instant when the stone touches the 
ground the balloon will be at a height of 400 feet. 


Consider the motion of the stone relative to the balloon. The 
acceleration of the stone is g, or 32 feet per second per second, while 
that of the balloon is zero. Therefore the relative acceleration of the 
stone is 32—0, or 32 downwards. 

We do not know the velocity of the balloon, but we know that the 
stone starts from relative rest, so that its initial relative velocity is 
zero. Hence in 6 seconds the stone will have fallen through a space 
4.82.5? or 400 feet relatively to the balloon, and it will therefore bo 
400 feet below the balloon. But at this instant the stone strikes the 
ground, Therefore the balloon is at a height of 400 feet. 
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OpsERVATION,—The argument of the last example shows that if a 
stone is dropped from a balloon that is moving uniformly the depth 
of the stone below the position which the balloon occupies at any 
time ¢ will be 392”, and will be the same as if the balloon were at 
rest. Ifthe motion of the balloon itself were accelerated, this would 
not be the case. 


Summary or REsvtts. 


If g is the acceleration of gravity, 
g = on feebiper sec. Per SCC, ....05 +0 +a;(1) 
(32°2 more accurately) ; 
g = 981 cm. per sec. per sec. ..........5.(2) 3 
distance fallen in the nth second = 39 (2n—1) ...(3). 
For bodies projected downwards, taking the downward 
direction as positive, . 
PaO Ue arene aw sae a stince iene ons ee eines ny 
Fa i Ca) Ma) 2) la Pa (3) or 
Diese UA DOS sete ce asa va Se asauiepngseeh Os 
For bodies projected upwards it is usually more con- 
venient to take the upward direction as positive, and 
then f= —g; hence 


Oia) Wie Gale woeaaomaio® vpaee ss (7); 
SE wt) bs tag icc cceues (8) ; 
GS es ret aiinnnsanean ters tcpesesca tens ©): 
For the time taken in rising, 

(= 7 (10): 

2 
the height BEG a peven ect : GLB); 

: ; ee 

the time of eee sd hacnarenaced © Ly) 


= twice time taken in rising. 
The relative velocity of two falling bodies is constant. 
In the following examples, the value of g is taken to be 32 ft. per 


soc. per sec., unless the more accurate value, 32-2 ft., is expressly 
mentioned, 
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EXAMPLES IV. 
(Selected Problems :—1, 2, 4, 5, ie ee 12, 15, 16, 18, 20,°22, 23, 24, 
265.2. 

1. Find the distances traversed in feet, and the velocities acquired 
in feet per second, by a body falling from rest for (i.) 5 seconds, 
(ii.) half a minute, (iii.) 15 minutes, (iv.) 25 second. 

Obtain the corresponding results in centimetres and centimetres 
per second, taking g = 980. 


2. Find the velocities acquired and the times taken in falling 
freely through (i.) 100 feet, (ii.) 300 yards, (ii1.) 3 inches, (iv.) 1000 
centimetres. 


3. What would the acceleration of gravity become if the unit of 
space were one yard, and the unit of time the time of falling from 
rest down a yard? 


4. A falling particle in the last second of its motion passes through 
224 feet. Find the height from which it fell, the acceleration of 
gravity being 32. 


5. A body falls frecly through 400 feet from rest. With what 
velocity will it reach the ground ? 


6. If, instead of falling from rest, the body (of the last question) be 
projected downwards so as to reach the ground with twice the former 
velocity, find the velocity of projection. 


7. A cricket ball thrown up is caught by the thrower in 7 seconds. 
Draw to scale a figure showing its position at the end of every entire 
second since its start. 


8. A ball thrown up is caught by the thrower 9 seconds afterwards. 
How high did it go, and with what speed was it thrown? Wow far 
below its highest point was it 5 seconds after its start ? 


9. With what velocities must two stones be projected upwards so 
that they may rise to heights of 100 and 121 feet above the ground 
respectively ? 


10. A particle is projected vertically under gravity. Prove that 
it will be at half its greatest height after times whose ratio is 
84+2V72: 1. 
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11. A stone is thrown vertically upward with a velocity of 160 feet 
a second. How high will it rise, and how long will it be before it 
returns to your hand ? 


12. If you let another stone drop downa well at the instant the first 
is within 20 feet of your hand on its return journey, at what distance 
below your hand will the two bodies meet ? (See Example 11.) 


13, Prove that two particles projected simultaneously from the same 
point cannot afterwards collide, whatever be their initial velocities. 


14. From the edge of a cliff two stones are thrown at the same time, 
one vertically downwards with a velocity of 30 feet per second, the 
other vertically upwards with the same velocity. The first stone 
reaches the ground in 74seconds. How much longer will the other 
be in the air? 


15. From a balloon, which is ascending with a velocity of 32 feet 
per second, a stone is let fall, and reaches the ground in 17 seconds. 
How high was the balloon when the stone was dropped ? 


16. A man stands on a platform which is ascending with a uniform 
acceleration of 6 feet per sec. per sec.; and, at the end of four seconds 
after the platform has begun to move, he dropsa stone. Find the 
velocity of the stone after three more seconds. 


17. A and B are two points in the same vertical line. From B, the 
lower of the two points, a heavy particle is projected vertically 
upwards with a velocity which will just carry it to A, and at tho 
same time a heavy particle is dropped from A. Show that when the 
particles meet, their velocities will be equal and opposite, and the 
spaces passed over by the particles will be as 3; 1. 


18, A body is projected upwards from the bottom of a well, whose 
depth below the surface is 8g feet, with a velocity of 5g feet per 
second, Jind the time in which the body, after reaching its greatest 
height, will return to the level of the surface of the earth again. 


19. A heavy body was observed to fall through 500 feet ind seconds; 
how far and for how long had it fallen before it was observed? (Assume 
that it started from rest.) 
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20. A stone is thrown up from the edge of a cliff 192 feet high with 
a velocity of 64 ft./sec. How many seconds elapse before it falls 
back to the foot of the cliff? 


21. Ifa stone thrown up from the edge of a cliff with velocity 32 
ft./sec. falls back to the foot of the cliff with a velocity 120 ft. /sec., 
find the height of the cliff. 


22. A stone is thrown up from the foot of a cliff 100 feet high with 
a velocity of 100 ft./sec. If it drops on to the edge of the cliff, find 
the time of flight. 


23. Two bodies are thrown up from the ground. The ratio of their 
initial velocities is 7: 4; find the ratio of the greatest heights to which 
they rise. 


24. Two bodies are dropped to the ground from different heights. 
If the ratio of these heights is @ : b, find the ratio of the times of falling. 


25. A stone is dropped from the top of a tower 200 feet high, and at 
the same instant another is thrown up from the foot of the tower with 
a velocity of 100 ft./sec. At what height will the stones meet ? 


26, A stone is dropped from a point 100 feet above the edge ofa cliff, 
and at the same instant another stone is thrown up from the edge of 
the cliff with a velocity 32 ft./see. Where will the first stone pass 
the second ? 


27. A stone is dropped from the top of a cliff. The ratio of its 
velocities at the foot of the cliff and 112 feet above the foot of the cliff 
is 4:8. Find the height of the cliff. 


28. A body is projected vertically upwards with given velocity, 
Show that the times occupied in the two halves of its ascent are approxi- 
mately as 41: 100. 
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EXAMINATION PAPER II. 


1. Investigate the formula s = 3fi?, and deduce a corresponding 
expression in the case where the particle has an initial velocity w. 


2. Show that the space passed over in the mth unit of time by a 
body moving with uniform acceleration f is 1f(2n—- 1). 


3. Explain a convenient method of representing geometrically the 
velocity of a body moving according to a fixed law, and the distance 
passed over by it. 


4. Find the acceleration necessary to make a body move from rest 
through 5 feet in 2 seconds. 


5. What is meant by the statement g = 32? What units are 
employed in this equality P 


6. A body is dropped from the top of a tower 145 feet high, and 
strikes the ground with a velocity of 96°6 feet per second. Find the 
value of g. 


7. Prove that the relative velocity of two bodies falling vertically 
downwards is constant, 


8. A ball is thrown up with a velocity of 110 feet per second. 
When will it be moving down with a velocity of 66 feet per sec. P 


9. A stone dropped into a well reaches the water with a velocity of 
80 feet per second, and the sound of its striking the water is heard 
2-7, seconds after it is let fall. Find from these data the velocity of 
sound in air. 


10. A ball is allowed to drop to the ground from a height /, and at 
the same instant another ball is thrown up with sufficient velocity to 
carry it toa height 44. Where and when will the two balls meet? 


CHAP THR ey: 


NEWTON’S FIRST LAW—MASS AND 
MOMENTUM. 


70. Kinetics. — In the first three chapters we have 
considered motion in a straight line from a purely kine- 
matical point of view. In the fourth chapter, we have 
had to assume one experimental fact—namely, that all 
bodies im vacuo fall to the ground with the same constant 
acceleration. 

In the present part we shall consider motion generally 
with referance to (1) what moves, and (2) what causes 
it to move. This portion of the subject is called kinetics, 
in contradistinction to kinematics. ‘To avoid introducing 
geometrical complications, we shall at present only con- 
sider motion in a straight line, a restriction which will be 
removed in Chap. XII. 


71. Newton’s Three Laws of Motion. — As has 
been mentioned in the Introduction, Newton’s Axioms or 
Laws of Motion are accepted as the foundation on which 
the relations between matter, motion, and force are built 
up. These laws were stated by Newton as follows :— 

Lex 1.—Corpus omne perseverare in statu suo quiescendi 
vel movendi uniformiter in directum nist quatenus illud a 
viribus impressis cogitur statum suum mutare. 


NEWTON’S FIRST LAW. 3} 


Lex Il.—Mutationem snotus proportionalem esse vi motrict 
impressx SX fiert secundum lineam rectam qua vis illa 
amprumitur. 

Lex Il. — Actioni contrariam semper § sequalem esse 
reactionem, sive corporwm duoruwm actiones in se mutuo 
semper esse cequales § in partes contrarias dirigt. 

First Law.— That every body perseveres in 
its state of remaining at rest or of moving uni- 
formly in a right line, except in so far as it is 
compelled by impressed forces to change its state. 


Second Law.— That change of motion is pro- 
portional to the impressed motive force, and takes 
place along the right line in which that force is 
impressed. 


Third Law.—That reaction is always opposite 
and equal to action, or that the actions of two 
bodies mutually on one another are always equal, 
and tend in opposite directions. 


72. The First Law furnishes us with the following 


Deriwition.—Force is that which tends to change the 
state of rest or uniform motion of a material body.* (§ 2.) 


Force may manifest itself to our senses in various ways. 
If we push or pull a body, we exert a force on it; and if 
the body is acted on by no other force, we shall set it in 
motion. Again, if we lift a heavy body off the ground, 
we shall have the body exerting a force on our hand, 
owing to its weight; and when we let the body go, this 
weight causes it to begin falling. A magnet placed near 
a bar of iron exerts a force of attraction on the iron. 
All these forces are capable, under suitable circumstances, 
of setting in motion, or changing the motion of, the bodies 
on which they act. 


%* yery such change of state is gradual; even where it appears instantaneous it 
really takes an appreciable time. 
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73. Measurement of time.— The First Law also 
furnishes us with a theoretical means of comparing 
different intervals of time. For it asserts that a body 
under no impressed forces would continue to move with 
uniform velocity; hence, by § 14, the distances traversed 
by such a body in different intervals would be proportional] 
to the times taken, and conversely intervals of time might 
theoretically be compared by comparing the distances 
so traversed. 


74. Evidence in favour of Newton’s First Law.—The fact 
that a body at rest would, if left to itself, remain at rest, will probably 
be regarded as an obvious truism. It is not, however, so obvious 
that a body, if left to itself, would continue to move for ever with 
uniform velocity ina straight line; for common experience affords us 
no examples of bodies moving in this manner. The reason is that it 
is practically impossible to isolate a body from the action of force. 

We have, however, abundant evidence that the more nearly a body 
is isolated from the action of force, the more nearly will it continue 
to move uniformly in a straight line. 

A stone, if projected along a sheet of smooth ice, will continue to 
skid along for a considerable distance, and will move in a straight 
line, and the smoother the ice the longer will it travel. If the ice 
were perfectly smooth, and there were no air to resist the motion, the 
stone would always continue to travel with uniform velocity. But 
no ice is perfectly smooth, for even with the smoothest ice there is a 
small amount of friction. This, together with the resistance of thu 
air, produces a small force on the stone, which gradually stops it, 
changing it&state from a state of motion to a state of rest. When 
the stone has come to rest, these resisting forces cease to exist, and 
hence the stone remains at rest. 

It will be easier, however, to furnish illustrations showing that no 
force is required to maintain a body in uniform motion in a straight line, 
but that force is required to reduce a body from motion to rest, or to 
change its motion, as well as to start a body from rest into motion. 

If a man stand upright in a railway carriage, then, so long as the 
motion of the train is uniform and in a straight line, he will not feel 
that he is being pushed forward in any way. Butif the train suddenly 
stops, the man will fall forwards owing to his tendency to go on 
moving. 

As an instance in which force is expended in changing motion, 
consider a stone whirled rapidly round and round at the end of a 
string. ‘The stone describes a circle, not a straight line; hence 
Newton’s First Law tells us that it must be acted on by some force. 
We shall readily find that such is the case. Unless we hold the end 
of the string firmly, and exert a considerable pull on it, the stone will 
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fly right off. In fact, if it be whirled sufficiently rapidly, the force 
required to continually change its direction of motion may become 
great enough to break the string, and the stone will then fly off in a 
straight line. 

A body may remain at rest when it is acted on by several forces, 
for although each force may have a tendency to set the body in 
motion, these tendencies may be in opposite directions; and, since 
the body cannot move in two different ways at the same time, it will 
remain at rest, if these opposing tendencies balance one another. 
Thus, forces may exist even where there is no change of motion, and 
we must regard force as characterized by its tending to change a body 
from its state of rest or uniform motion, rather than by its actually 
producing any such change. 

Thus, if two teams of equal strength pull at opposite ends of a rope 
in a tug of war, the rope will not move, in spite of the great forces 
which the two teams exert on it. This is because the two forces tend 
to set the rope moving in opposite directions, and these tendencies 
counteract each other. 


75. Evidence derived from celestial phenomena.—Newton’s 
laws of motion are really axioms, for they cannot be proved by purely 
mathematical reasoning. ‘They rest on evidence derived from count- 
less experiments and observations ; in Chapter 1X., we shall describo 
certain experiments by which they may be verified. But the most 
conclusive evidence in their favour lies in the fact that in every case 
in which they have been adopted as the basis of calculations, the 
results derived have been in strict accordance with actual observation. 

As an instance we may mention their applications to the motions 
of the Earth and planets about the Sun, and of the Moon about the 
Earth. The Earth rotates on its axis once in just under 24 hours, 
and this rotation causes a point on the Equator to move at the rate 
of nearly 1000 miles an hour. The Harth also revolves about the 
Sun once in every year, and its speed from this cause amounts to 
about 1000 miles a minute. Yet we do not feel any sensation of 
moving at these enormous speeds, as we should certainly do if mere 
motion implied the existence of even a very small force. And, by 
assuming the Second and Third Laws of Motion, as well as the 
First Law, Newton and other astronomers have shown that all the 
observed complicated motions of the Moon about the Harth, and of 
the Earth and planets about the Sun, are natural consequences of the 
mutual attraction that exists between the different portions of matter 
forming them, and that it is this same attraction which gives rise to 
gravity on our Earth, and to the tides produced by the Moon. Were 
it not for the truth of the laws of motion, it would be impossible to 
account so simply for the motions of the solar system. 


76. Inertia and Mass.—Newton’s First Law is some- 
times called the law of inertia. It states that material 
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bodies are unable of their own accord to change their 
state of rest or motion. 

We know that some bodies are much easier set in motion, 
or stopped when moving, than others. 

It is comparatively easy to set a small cricket-ball rolling along 
the ground with considerable velocity, but to set a large cannon-ball 
rolling even slowly requires a considerable effort. And, while we can 
easily stop the cricket-ball when it is thrown towards us, we should 
find it impossible to stop a cannon-ball travelling at anything like 
the same speed. 

This difference cannot be due to the difference of weight of the 
balls, for, as we do not lift them cff the ground, we do not have to 
overcome their weight in either case. And if the cannon-ball were 
removed to the surtace of the Moon, it could be lifted far more easily 
than off the Earth; but exactly the same effort as before would be 
required to start it rolling along the ground. 

The efforts required to produce the same change of 
velocity in different bodies are proportional to the masses 
of the bodies. 

Thus, if the masses of two bodies are 1 lb. and 2 lbs., respectively, 
and if both are set in motion with the same velocity, the effort exerted 
in starting the second is double that exerted on the first. 

Mass has been defined in § 5 as “quantity of matter.’ 
The. property in virtue of which more or less effort is 
required to change the velocity of a body, is sometimes 
called inertia, so that mass may be said to be a measure 
of inertia, 

The properties of mass and force are so intimately 
connected together that it is impossible to consider them 
separately; accordingly a clearer idea of mass will be 
formed when the next three chapters have been read. 


? 


77. Momentum.—Derini1i0n.—The momentum of a 
body is a quantity measured by the product of its mass 
and its velocity. 

The momentum of a system of bodies is the sum of the 
momenta of its different parts. If the mass be doubled, 
the momentum, with the same velocity, will be doubled, 
and with double that velocity it will be quadrupled 
(Newton). 
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If m denotes the mass, and wv the velocity of the body, 
the momentum = mv ............... (1). 

The unit of momentum is the momentum of a unit 
mass moving with unit velocity. 

In the foot-pound-second system, the unit of 
velocity is a velocity of one foot per second. Hence the 
F.P.S. unit of momentum is the momentum of a pound 
of any substance moving at the rate of one foot per second. 


Examples.—(1) The momentum of a 500-pound cannon-ball, when 
fired with a velocity of 1,000 feet per second, is 


= 500 x 1,000 = 500,000 foot-pound-second units. 
(2) What momentum is produced when a mass of 20 lbs. falls 
through a distance of 81 feet ? 


Using the equation v = 298, 
we have Vi 2X82 85 
os 0 = 72 ft. per sec. ; 
.*. momentum = mv = 20x72 = 1440 ft.-lb.-sec. units. 


The C.G.S. unit of momentum is the momentum of 
a mass of one gramme moving with a velocity of one 
centimetre per second. 


Example.—tlf a cannon-ball of 10,000 grammes is discharged with 
a velocity of 50,000 centimetres per second, its momentum 


= 10,000 x 50,000 = 500,000,000 O.G.S. units. 


Summary or ReEsvuurs. 


Newton’s First Law.—Every body will continue in its 
state of rest or of uniform motion in a straight line, except 
in so far as it is compelled to change that state by 
impressed forces. 

Momenium of mass, m moving with velocity 


SATIN Oe ycaclasvelde ceo tnceaebare des (1). 


CHAPTER VI. 


NEWTON’S SECOND LAW. 


78. The principles which govern calculations upon 
forces and their effects are based upon Newton’s State- 
ment—‘‘ Change of motion is proportional to the im- 
pressed force.” This statement requires very careful 
explanation. 

In the first place we may note that ‘‘change of motion” 
does not mean ‘‘ change of velocity.” Newton explained 
that he measured the ‘‘ quantity of motion” by the 
product of the mass and the velocity ; and this product is now 
called the. momentum of the body. We will therefore 
replace the words ‘‘change of motion”’ by “‘ change of 
momentum.” 

In the second place it is obvious that the effect produced 
by a force depends not only on the magnitude of the 
force but also on the time for which it acts. A force 
acting for two seconds will produce twice as much change 
of momentum as if it acted only for one second. Hence 
we must interpret Newton’s term ‘‘impressed force” as 
referring both to the magnitude of the force and to the 
time. 

Lastly, we note that the change of momentum produced 
by a given force in a given time does mot depend on the 
mass of the body upon which the force acts. For example, 
if a certain force acting for a second on a mass of 6 lbs, 
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produces a change of velocity of 4 ft./sec., then the same 
force acting for a second on a mass of 8 lbs. will produce 
a change of velocity of 8 ft./see.—that is to say, when 
acting on half the mass, the change of velocity produced 
is twice as great. Hence the changes of momentum pro- 
duced in the two cases are equal, viz. 6 x 4 F.P.S. units 
in the first case, and 3 x 8 F.P.S. units in the second case. 
And in general - 

“Equal forces acting for equal times on equal or 
unequal masses produce equal changes of mo- 
mentum.” 


79. We may therefore paraphrase Newton’s statement 
as follows :— 


The change of momentum produced by a force is 
directly proportional to the magnitude of the 
force and to the time for which it acts. 


Example-—A certain force acting for 3 seconds produces a change 
of momentum of 120 F.P.S. units, what change of momentum will 
be produced by a force 5 times as great, acting for 2 seconds ? 


Given force in 3 seconds produces 120 F.P.S. units change of 
momentum, 

therefore 5 times the force in 38 seconds produces 5 x 120 F.P.S. 
units change of momentum, 

therefore 5 times the force in 2 seconds produces # X 5 x 120 F.P.S. 
units change of momentum ; 

i.e. 400 F.P.S. units change of momentum.— Answer. 


80. The student must understand that § 78 in no way constitutes a 
proof of Newton’s Second Law. It is merely an explanation of 
Newton’s meaning, coupled with a demonstration that his assumptions 
are not unreasonable. The Law can only be proved by an appeal to 
facts; that is by showing that calculations based on this Law give 
correct results when tested by experiment. 

Notice also that for the present we are concerned only with forces 
which act in the straight line in which the body is moving—not with 
forces which act obliquely and cause the body to deviate from this 
line, 


81. Units of Force.—In order to measure forces we 
must choose a unit of force. 

Derinition.— Zhe poundal ?s that force which produces tn 
one second a change of momentum of one PPS. unit, (or which, 
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when acting on a mass of one pound, will produce in one 
second a change of velocity of one foot per second). 


It will be shown later that the poundal is roughly equi- 
valent to the weight of half an ounce. 


Derinition.— The dyne 7s that force which produces in one 
second a change of momentum of one C.G.S. unit, (or which, 
when acting on a mass of one gramme, will produce in one 
second a change of velocity of one centimetre per second). 


The dyne is a very small force indeed, being roughly 
sztos of a poundal. For this reason forces are often 
measured in megadynes, the megadyne being one million 
dynes. A megadyne is rather more than the weight of a 
kilogramme, 


82. We will now solve a few problems by arithmetical 
methods, 


Examples.—(1) A man pulling a truck increases its speed from 
1ft./sec. to 3ft./sec. in 5 seconds. If the total mass of the truck 
and its contents is 100lbs., find the force with which the man is 
pulling. 


The change of velocity produced is 2ft./sec. Hence the change of 
momentum produced is 2 ft./sec. x 100 lbs. or 200 F.P.S. units of 
momentum. 

To produce 1 F.P.S, unit of momentum in 1 sec. requires 1 pdl.; 

>. 9 200 F.P.S. units ages tA lsec. ,, 200 pdl.; 

- », 200 F.P.S. units as ees 5 secs. ,, 200+ 5 

or 40 poundals. 


Nore 1.—The method is important. We first calculate the change 
of momentum produced; we can then calculate what force is required 
to produce this change of momentum in the given time. 


Nore 2.—In this calculation we have neglected all resistances. 
Resistances must be regarded as forces working to prevent the motion. 
If the resistances are equivalent to a backward force of 20 poundals, 
to produce the same result the man would have to exert a force of 
60 poundals, viz. 20 poundals to neutralise the resistances, and 40 
poundals extra to produce the required change of momentum. 


(2) A force of 56 dynes acts for 10 seconds on a mass of 20 grammes, 
originally at rest. Jind the velocity produced, if there is no resistance 
to the motion, ‘ 
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1 dyne acting for 1 second produces 1 C.G.S. unit change of momentum; 
d5dynes ,, ,, lsecond produce 50.G.S. units ,, _,, 
S5dynes ,, ,,l0seconds ,, 50C.G.S. units ,,_,, Hs 
Since the original momentum is zero, the final momentum is 50 
C.G.S. units. 
Since the mass is 20 grammes, and the momentum (which is mass x 
velocity) is 50 C.G.S. units, the velccity is 50 + 20 or 2:5 cm./sec. 


(3) A force of 120 dynes diminishes the velocity of a body from 37 
to 22 cm./sec. in four seconds. Find the mass of the body. 

The required force acts as a resistance, that is in the direction opposed 
to motion. 

1 dyne in 1 second produces 10.G.S. unit change of momentum; 
120 dynesin 1 second produce 120 C.G.S. units _,, yy ; 
120 dynesin4 seconds ,, 480 C.G.S. units _,, 

The change of momentum produced is 480 C.G.S. units, ded ihe 
change of velocity produced is 37—22 or 15 cm./sec. Hence the 
mass of the body is 480+15 or 32 grammes. 


”? ; 


(4) A mass of 10 lbs. is travelling with a velocity of 20 ft,/sec. 
A force of 10,000 poundals, acting upon the body in the opposite 
direction to its motion, drives it back with a velocity of 30 ft./sec. 
For what fraction of a second does this force act ? 


The original momentum is 10x20 or 200 F.P.S. units; the final 
momentum is 10 x 30 or 300 F.P.S. units. Thus the given force destroys 
a momentum of 200, and generates a momentum of 300 in the opposite 
direction ; and therefore the total change of momentum is 500 F.P.S, 
units. 

1 F.P.S. unit change of momentum is produced by 1 pdl.in 1 sec., 


1 F.P.S. unit change of momentum is produced by 10,000 pdl. i 
ro$00 second, 


500 F.P.S. units change of momentum 1 is produced by 10,000 poundals 
in +2895 or a5 second. 


83. Derinition.—In any system of units, the absolute or 
dynamical unit of force as that force which produces unit 
change of momentum in unit time. 

It is obvious from § 81 that the poundal and the dyne are 
the absolute (or dynamical) units of force in the F.P.S. and 
C.G.S. systems respectively. 


84. A force P acting on a mass m for a time ¢ 
changes its velocity from w to v; if the force P is 
measured in dynamical units, determine the formula 
which connects these five quantities. 


DYN. G 
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The change of momentum is proportional to the force 
and to the time for which it acts. 
But the dynamical unit of force in unit time produces unit 
change of momentum, 
. P dynamical units of force in unit time produce P units 
change of momentum, 
“, P dynamical units of force in ¢ units of time produce Pé 
units change of momentum. 
Now the momentum changes from mu to mv ; 
hence the change of momentum produced is m (v—w). 
Thus we have 
PEA Pmt) rai oon as pe ee (1) 


From equation (1), Chapter III., we have v—u = ft. 
Hence the above equation gives Pt = mft, or 


85. In these equations the letter P may represent either a positive 
or negative quantity according to the direction in which the force is 
acting. But since a force acting in the positive direction will tend to 
increase a positive velocity.or diminish a negative velocity (and vice 
versa) the above equations hold in all cases, if the usual convention 
of signs be consistently observed. 


86. Equation (2) is easily deduced from the definitions of the 
poundal and dyne. or the second form of the definition of the 
poundal given in § 81 is obviously equivalent to the following :— 

The poungal i is that force which, acting on a mass of 1 lb. , produces 


an acceleration of 1 ft./sec.?. 
Thus, to produce accel. 1 ft./sec.? in mass 1 lb. requires 1 pdl., 
5 spe atkus SCCaS amare 11 gy, a Dales. 
na ot Meets SCC seam uae milbs. ,, mf pdls., 
4.€, P = force required = mf. 


87. In solving problems algebraically we use formula 
(2) together with the formulae of Chapter III, Asa rule 
the acceleration is the first thing to be determined. 

In some cases, however, it is more expeditious to 
employ formula (1). 

Note that if we are working with the poundal as unit of 
force, all other quantities must be expressed in foot-pound- 
second units ; 1f with the dyne, all other quantities must 
be expressed i in centimetre-gramme-second units. 
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Examples.—(1) A force of 20 poundals acts for 3 seconds on a mass 
of 4 lbs. initially at rest. Find the velocity generated. 


P = 20 pdls. Vince: 2 =f, 

m = 4 lbs. « 20= 47, ie. f = 5 ft./sec.* 
u = 0 Since » = w+ ft, 

é = 3 secs | Ura OE eS 

0 =P or 15 ft./sec. 


This problem could also be solved by using only formula (1), 


(2) A mass of 1 kilogramme travelling initially at the rate of 3 
metres per second is acted upon by a resistance of 40 dynes. How 
far will it move before it is reduced to rest ? 


If we assume the direction of the initial velocity as positive, the 
resistance will be a negative force. 


P = — 40 dynes Since P= mf, 
m = 1000 gms. “. —40 = 1000 f, i.e. f = —s cm./sec.? 
wu = 300 cm./sec. Since v? = 2? + 2fs, 
=0 “0 = 300? — 5 
ce Whence s = 1125000 cms. or 11250 metres. 


It is not, however, necessary (in this instance) to trouble about the 
negative sign of P. It will be sufficient to remember that P being a 
resistance produces a retardation; whence the value of f must be 
reckoned negative. 


(3) A force of 100 poundals acts for 4 seconds on a mass of 40 lbs., 
initially at rest, and then ceases. How far does the body travel in 


7 seconds ? 


(a) Consider the motion while the force is acting. 
The force will produce a uniform acceleration; we must determine 
both the distance travelled and the final velocity. 


P = 100 pdls. P= inf, 

m = 40 lbs, “. 100 = 40f, i.e. f = 2°5 ft. /sec.? 
s=ut+3fe, 
ie.s=0xX4+24x 2°5 x 16, or 20 ft. 
vo=ut ft, 

ie.v = 0+ 2°5 x 4, or 10 ft./sec. 


ee Se 
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(4) Consider the motion after the force is withdrawn. 

Under the influence of the force the body has acquired a velocity of 
10 ft./sec. By reason of its inertia it will continue to travel uniformly 
with this velocity (cf. Newton’s First Law). 

Hence, in the next 3 seconds the body will travel 3 x 10 or 30 ft. 

Thus the total distance travelled in the first 7 seconds is 20 + 30 


or 50 ft. 
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(4) A body of mass 100 grammes travelling at the rate of 2 metres 
per second is subjected to a force of 2,000 dynes acting in the direction 
opposed to the motion. Determine the velocity at the end of 15 seconds. 


Reckoning the direction of the initial velocity as the positive direc- 
tion, we have 


P = — 2000 dynes 
m = 100 gms, 

¢ = 15 sec. 

200 cm./sec. 
B) 


Pt=m(v —%), 
“. — 2,000 x 15 = 100 (vw — 200), 
whence — 300 = v — 200 
i.e. v = — 100 cm./sec. 


Ss 
ll ll 


Thus the final velocity is 1 metre per second in the negative direc- 
tion. Hence the force has stopped the body and then started it back 
in the opposite direction. 


(5) A force of 100 poundals moves a body through 18 feet from rest 
in 3 seconds. If this force now ceases to act, what resistance will be 
required to reduce the body to rest in a distance of 2 feet? 


(a) Consider the motion of the body while under the action of the 
force 100 poundals. 

We can determine the acceleration, and then the final velocity and 
the mass. 


P = 100 pdls. s=ut+a fe; 

s = 18 ft. “18 =0+ 27; whence f= 4 ft./sec.? 
t= 3 Sec. v=ut ft; 

us 0 =0+4 X 83 le. v = 12 it./sec. 
Day JARS iy) 2 

a. -. 100 =4m; whence m = 25 Ibs. 


(0) Consider the motion of the body while under the action of the 
resistance. 

The initial velocity for this part of the motion is the velocity 
acquired in the previous part of the motion, viz. 12 ft./sec. 

We can determine the retardation, and then the force required. 


m = 25 lbs. v? = u? + 2fs; 

u = 12 ft./sec “0 = 1444 4f; 

v=0 whence f = — 36 ft./sec.? 

$= 2 it: P=imf = 25 x (— 36) = — 900. 
P=? Hence required resistance = 900 poundals. 


88. Derinition.—The change of momentum produced 
by a force is sometimes called the Impulse of the force. 

Thus by formula (1), if a force P acts for a time ¢, the 
impulse of the force is equal to Pé units of momentum, 


NEWTON’S SECOND LAW. 85 


89. Sudden changes of momentum. — Impulsive 
forces.—Although all forces continue to act for a certain 
length of time, there are many forces which only act 
during a very short interval, and which nevertheless pro- 
duce a considerable change of momentum in that interval. 
Such forces are called impulsive forces or shocks. 


As an illustration, consider the action called into play when a 
billiard ball is struck with a cue. The whole change of momentum 
takes place during the instant that the cue is in contact with the ball. 
The ball rebounds almost immediately, and as soon as contact ceases 
it begins to move uniformly along the table. 


The dynamical unit of shock is the impulsive force 
which produces unit change of momentum; thus a shock 
of 3 units magnitude produces 8 units change of momentum, 
and in general the measure of the shock is equal to the 
measure of the change of momentum produced or 


TVS) ic otigrisinn sci sues): 
where J represents the shock. 


This mode of measurement is adopted for two reasons— 

(i.) Because it is not often necessary to investigate the motion 
which takes place ding the short interval while the impulsive force 
is acting. 

(ii.) Because such forces do not usually remain constant during 
their time of action, and it would be very difficult to estimate their 
intensity at every instant of so short an interval. 


The F.P.S. unit of impulse is named by some writers 
the “bole.” 

Example.—If a cannon-ball of 50 lbs. is shot with a velocity of 
1200 feet per second, the momentum produced is 50 x 1200 or 60,000 
F.P.S. units, and therefore the impulse of the explosive force of the 
powder is 60,000 foot-pound-second units of impulse. 


SumMARY oF RESULTS. 


Change of momentum is directly proportional to the 
magnitude of the force, and to the time for which it acts. 
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When the forces are measured in dynamical units, 
Pt in Oey ee re eee); 
P= Mf oes oe eee 


For the change of motion due to a blow whose measure 
in dynamical units of impulse is J, 


{= m(v—u) = change of momentum.... (3). 


EXAMPLES V., VI. 


(Selected Problems :—1, 3, 4, 7, 11, 12,14, 15, 16, 18, 20, 22, 28, 24, 25. 
Most of the problems in this set can be solved arithmetically.) 


1. What is the momentum acquired by (i) a mass of 1 oz. after 
falling for 2 seconds, (ii) a mass of 1 cwt. after falling through 1 foots 
(iii) a mass of 1 milligramme after falling through 1 metre? 


2. If a force of 15 poundals act upon a mass of 13 pounds, what 
velocity will it generate in 8 seconds? 


3. What force, acting for 6 seconds on a mass of 12 lbs., will 
change its velocity from 200 to 320 feet per second f 


4, What force must be applied for one-tenth of a second to a mass 
of 10 tons in order to produce in it a velocity of 3,840 feet per minute. 
What would be the momentum of the mass so moving ? 

[N.B.—A numerical answer is meaningless unless the unit 
intended is also stated. ] 


5. A railway train whose mass is 100 tons, moving at the rate of a 
mile a minute, is brought to rest in 10 seconds by the action of a 
uniform force. Find how far the train runs during the time for which 
the force is applied. Also determine the force, stating the units 
employed. 


6. A mass of 1 ton is moving at the rate of 60 miles an hour, and 
1 minute later it is moving at the same rate, but in the reverse 
direction. What force (expressed in poundals) must have acted on 
the mass during the interval ? 
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7. A certain force, acting on a mass of 11 Ibs. for 5 seconds gives it 
a velocity of 4 feet per second. Obtain (i) the magnitude of the force 
and (ii) how long an equal force must act on a mass of 4 lbs. to vey 
it through a distance of 274 feet from rest. 


8. A mass of 1 kilogramme starting from rest acquires a velocity of 
1 metre per second in 1 second ; another mass of 1 kilogramme also starts 
from rest and acquires a velocity of 1 metre per second after moving a 
distance of 1 metre. Find the forces acting on the two masses ond 
state the name of the unit of force employed. | 


9. Two bodies initially at rest, whose masses are respectively 
1 gramme and 100 grammes, move towards each other by virtue of an 
attractive force of 0:1 dyne. Find the velocity acquired by each in 
3 seconds. 


10. Equal forces act on two bodies whose masses are M and m; at 
the end of a second the former is moving at the rate of 10 miles an 
hour, and the latter at the rate of 110 feet a second. Find the ratio 
of Mto m. State the physical principle that justifies your answer. 


11. A force P, acting on a body of weight (mass) 10 Ibs., increases 
its velocity in every second by 7 feet a second; another force Q, 
acting on a body whose weight is 25 lbs., increases its velocity in 
every second by 9 feet per second. Compare the forces, 


12. If a constant force will pull a body through 10 feet in a second 
from rest, how far will it pull the body in a minute from rest? How 
fast will the body be moving at the end of the time? 


13. A steam engine moves a train of mass 60 tons on a level road 
from rest, and acquires a speed of 5 miles an hour in 5 minutes. If 
the same engine move another train and give it a speed of 7 miles an 
hour in 10 minutes, find the mass ot the second train. (The mass of 
the engine is included in that of the train, and the forces exerted by it 
are the same in both cases.) 

14. What force is required to move a mass of 20 lbs. through 4 feet 
from restin 5 seconds; (i) if there isno resistance to the motion, (ii) if 
there is a resistance of 30 poundals ? 

15. A force of 20 poundals acts for 3 seconds on a mass of 12 lbs, 
initially at rest. What force will now be required to reduce the mass 
to rest in another 2 seconds ? 
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16. A mass of 50 grammes initially at rest is acted upon by a force 
of 200 dynes-for 12 seconds, and is then subjected to a resistance of 
300 dynes which reduces it torest. Find the total distance travelled. 


17. A bullet of mass 20 grammes strikes a target with a velocity of 
500 metres per second. If the target offers a uniform resistance of 
100,000,000 dynes, how far does the bullet penetrate ? 


18. A force of 40 dynes acts on a mass of 10 grammes (initially at 
rest) for 10 seconds, and then ceases acting. In what time will the 
mass have travelled 10 metres, if there are no resistances ? 


19. What force is required to increase the velocity of a mass 20 lbs. 
from 15 miles an hour to 30 miles an hour in a distance of 110 yards, 
if there is a resistance of 5 poundals to the motion of the body? 


20. A force of 1000 dynes acting on a mass of 100 grammes moves 
it 1 metre against a resistance in 5 seconds from rest. Find the mag- 
nitude of this resistance. 


21. A mass of 2 lbs. is at rest; a sudden jerk is given to a string 
attached to a mass, which produces a velocity of 5 ft./sec. in the mass. 
Find the impulsive force exerted by the string. 


22. A cricket ball weighing 4 oz. is travelling horizontally at the 
rate of 45 miles an hour. What impulse must be given to it so that 
it may start back with a velocity of 35 miles an hour? 


23, A bullet of mass }0z. is projected from a rifle with a velocity of 
1200 ft. /sec. \Find the impulsive force produced by the explosion. 

If this be regarded, not as an instantaneous shock, but as a constant 
force acting for 335 second, find the measure of the force in poundals. 


24, A ball of mass $1b. is dropped to the ground from a height of 
16 ft., and does not rebound. Find the impulse of the resistance 
exerted by the ground. 


25, An elastic ball of mass 4 oz. is dropped from a height of 16 feet, 
and rebounds to a height of 9 feet. Find (i) the velocity with which 
it strikes the ground, (ii) the velocity with which it rebounds, (iii) the 
impulsive force which produces this sudden change of velocity. 


CHAPTER VII. 


NEWTON’S THIRD LAW. 


90. Newton’s Third Law may be stated thus: 

To every action there is an equal and opposite 
reaction 5 

Or, Action and reaction are always equal and 
opposite. 


Ilere action means the force which one body exerts on 
another, and the law states that the second body always 
exerts on the first an equal force in the opposite direction 
in the same straight line. This force is called the 
reaction of the second body on the first. In other words: 

“ Whatever presses ur pulls something else is pressed or 
pulled by tt to the same amount.” —(Newton.) 

OssERVATION.—The law is true whether the bodies are 
at rest or in motion, and whether they press against one 
another through being in contact, or act on each other at 
a distance (like a magnet acts on a bar of iron), provided 
they act directly on one another, 2.e., not through a third 
intermediate body, nor through a system of such bodies 
or machines. 


91. Statical illustrations of action and reaction. 
(1) “If anyone presses a stone with his finger, his finger is 
also pressed by the stone.” —(Newton.) 


(2) “If a horse draws a block of stone tied by a rope, the 
horse is, so to speak, drawn back equally towards the stone,” 
—(Newton.) 
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Of course this reaction of the stone does not actually 
make the horse move backwards towards the stone, but 
only tends to do so; or, what is more correct, tends to 
prevent the horse from moving forward under the action 
exerted by his feet on the ground. If the rope were 
suddenly cut, and the horse continued to exert the same 
effort with his feet as before, he would start so quickly 
into motion that he would probably fall over forwards. 
As Newton puts it, the pull of the rope “impedes the 
progress of the one by the same amount that it promotes 
the progress of the other.” 

(3) Ifa ladder is allowed to lean against a wall, the ladder presses 
against the wall and the wall pushes with an equal force against the 
ladder. ‘The action of the ladder tends to overturn the wall, and will 
actually overturn it if the masonry is weak and gives way. ‘The 
reaction of the wall on the ladder prevents the ladder from falling 
over, as it would at once do if it were placed in the same position 
without such support. 


92. Thrust.—Derinition.—When the action and re- 
action of two bodies tend to keep them apart from one 
another, or to prevent them from moving towards one 
another, they constitute a thrust, or a push. 

The first illustration of § 91 affords an instance of a thrust. The 


finger exerts a thrust on the stone tending to push it away, and the 
stone exerts a thrust which prevents the finger from penetrating it. 


93. Pull.—Derinirion.—When the action and reaction 
of two bodies tend to keep them together or to prevent 
them from separating, they constitute a pull, or tension. 


Thus in the second illustration of § 91 the horse exerts a pull on the 
stone, and the stone exerts an equal and opposite pull on the horse. 


94. Attraction and repulsion.—Derinition.— When 
bodies act on one another at a distance (as a magnet acts 
on a bar of iron), the force between them is called an 
attraction if it tends to bring them together, or a 
repulsion if it tends to separate them. 


Thus the Earth’s attraction causes bodies to fall to the ground with 
tho acceleration 7 (Chap. IV.). 
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95. Friction.—Desrintrioyx.—When the action and re- 
action between two bodies tend to prevent them from 
sliding one along the other, they constitute what is 
known as friction. 

When a book rests on a table, and we try to push it along the 
table, we shall experience a certain resistance. ‘his is due to the 
friction between the table and the book, which tends to prevent the 
Look from slipping. 


96. Applications of the Third Law to locomotion. 


(1) The act of walking affords an excellent example of 
the equality of action and reaction, as well as of the 
properties of friction. In starting off to walk we press 
backwards on the ground with our feet, and the reaction 
of the ground gives us an equal and opposite impulse 
forwards, which sets us in motion. 

This action and reaction are due to friction. If we try 
to walk across a smooth sheet of ice, we shall experience 
some difficulty, because only a very small amount of 
friction can be called into play between our feet and the 
ice. 

(2) Motion of a horse and cart.—When a horse and cart 
are just starting into motion, the horse exerts a forward 
pull on the cart, and this pull sets the cart in motion. 

It follows from Newton’s Third Law that the cart exerts 
an equal and opposite backward pull on the horse. If 
this were the only force acting on the horse, the horse 
would move backwards towards the cart instead of 
forwards, and this we know is not the case. 

But the action of the horse’s feet in the act of walking 
presses backwards on the ground, and therefore the equal 
and opposite reaction of the ground (due to friction) tends 
to push the horse forwards. This reaction exceeds the 
backward drag of the. cart by an amount sufficient to 
produce the acceleration with which the horse starts into 
motion. 

Let the masses of the horse and cart be m and I respectively. 


Let P be the pull between the horse and cart, and #' the horizontal 
force of friction between the horse’s feet and the ground, both 
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expressed in dynamical units of force. Let fbe the common accelera- 
tion of the horse and cart (both of which move together, of course). 
The cart is acted on by the pull P drawing it forwards, and there- 


fore, by § 84, Y PE PID oRaacoateapncctcon ocACIOCCO (i.). 

The horse is acted on by F pushing forwards and the reaction equal 
and opposite to P pulling backwards ; since the latter acts in the nega- 
tive direction, it is represented algebraically by —P. Hence the 
force instrumental in producing changes of motion is F—P. 

Therefore 9 EN ei hl Carer pcopnictin cc Ob eOtOCEAHOG con (ills) je 

Adding (i.) and (ii.), 

T= (CAL A210) yfiteaee ceiactens Sones deneaveseminier tsactiacte se (iii.) 
= (total mass of horse and cart) x (acceleration). 

This shows that the change of motion in the horse and cart when 
considered together as a whole is that due to the force I’ acting on 
their combined mass, as we should expect. 

Eliminating f from (i.) and (ii.) by cross multiplication, we have 

M(£-P)—mP=0; 


M : 
Ro PS oF BPE Re SOODCOSLASECEOOE Secon (73 
M+im (iv), 
giving P (the pull on the cart) in terms of F (the action of the horse’s 
feet). In forming these equations, no account has been taken of 
friction or inertia of the cart-wheels, resistance of the air, &c. 


(3) In a railway engine the action of the steam causes the driving 
wheels to }. ress backwards on the rails, and the reaction of the rails 
not only sets the engine in motion, but also causes it to pull the train 
after it. 

Here again action and reaction are due to friction, and, if the rails 
are greasy and the train heavy, the wheels will sometimes skid round 
instead of impelling the train forwards. 


(4) The propulsion of a bicycle depends on exactly the same principle 
—the propelling force is the reaction of the ground, which is exactly 
equal and opposite to the action of the driving wheel produced by the 
rider pressing on the pedals. 


97. Changes of momentum due to action and 
reaction. 

We have seen in § 78 that equal forces acting for equal 
times on equal or unequal masses produce equal changes of 
momentum. But if one body exerts a force on another, the 
second exerts an equal and opposite force on the first for the 
same time. Therefore the change of momentum produced in 
the one body will be equal in magnitude and opposite in 
direction to that produced in the other body, so long as no 
other forces interfere, 
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Moreover, the result is not affected by any variation in 
the one force; for any such variation is necessarily accom- 
panied by a corresponding variation in the other force. 

“Tf one body impinges on another, and by its action 
changes the momentum of the latter in any way, the first 
body will in its turn undergo an equal change of momen- 
tum in the opposite direction due to the reaction of the 
second (because of the equality of the mutual pressure). 
These actions give rise to equal changes of momentum, not 
of velocity, provided that the bodies are not impeded by 
other forces. And since the changes of momentum are 
equal, the changes of velocity produced in opposite direc- 
tions are inversely proportional to the masses of the 
bodies.” —(Newton.) 


98. The recoil of a gun affords a good illustration of 
this property. The explosion of the powder inside the 
barrel exerts equal and opposite impulses on the shot and 
the gun, and causes them to move in opposite directions 
with equal momenta. Hence, if the speed of the shot be 
given, the speed of recoil can be found. 

Examples.—(1) If a 700-lb. shot be fired from a 75-ton gun, with a 
speed of 1200 feet per second, to find the speed of recoil of the gun. 

Here the momentum of the gun is equal and opposite to that of 
the shot. 

Now, momentum of shot = 700 x 1200 foot-pound-second units, and 
*, momentum of gun is also = 840,000 F.P.S. units. 

But mass of gun = 75 x 2240 = 168000 lbs. ; 
momentum _ 840000 


mass 168000 


(2) Ifa 14-lb. shot leave the muzzle of a 2-ton gun with a relative 
speed of 540 feet per second, to find the speed of recoil. 

Let » feet per second be the required speed of recoil; then, since 
the relative speed of the shot is 540, its actual speed in the direction 
opposite to that of recoil is 540—v. Also the masses of the shot and 
gun are 14 and 4580 lbs. respectively. 

Therefore, since the momenta are equal and opposite, 

14 x (540 —0) = 4480 x0; 
.. 640—v—8200 = 0; 
540 _ 180 


AO = -* = —— = 1°682 feet per second approximately. 
em e21e 107 Wake ial J 


.. velocity of recoil = = 6 feet per second. 
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OpsrryvATIon.—Note that the body of greater mass undergoes the 
smaller change of velocity, and vice versd. ‘Thus the speed of recoil 
of a large gun is very small compared with the speed of projection of 
the bullet. 


99. The propulsion of a rocket depends on the same 
principle. As the contents of the rocket burn away, the 
products of combustion are projected with considerable 
velocity, and the downward impulses which project them 
continually give rise to equal and opposite upward 
impulses on the case of the rocket, causing it to rise in 
the air. 


100. Comparison of masses.—The same principle 
suggests a simple means by which the masses of two 
bodies could theoretically be compared. Suppose the 
bodies A and B to have a small coiled-up spring placed 
between them, and let this spring be suddenly released, 
without jerking the bodies in any way. The spring will 
exert equal and opposite impulses on A and B, and there- 
fore A and B will separate with equal and opposite 
momenta. Hence 


(mass of A) x (speed of A) = (mass of B) x (speed of B) ; 


mass of A _ speed of B 
mass of B_ speed of A 


\ 


Hence, by observing the speeds (or velocities in opposite 
directions) with which the bodies A, B move after leaving 
the spring, the ratio of the masses of A and B could be 
found. 

If one of the masses, say B, be taken as the unit of 
mass, say a pound, the ratio of the speeds will give the 
mass of A in pounds, 7.e., in this case mass of A in pounds 
= (speed of B)/(speed of A). 

To compare the masses of two bodies it is not necessary to 
start them from rest by a spring placed between them. 
If they are ailowed to collide with one another in any 
way, they will undergo equal and opposite changes of 
momentum, and therefore, as remarked by Newton, the 
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changes of velocity will be inversely proportional to the 
masses. 

Thus, if the velocities of two bodies (measured in the 
same direction) are changed from U, u to V, v by a 
collision between them, and if the masses of the bodies 
are M, m, then, since the changes of momentum are equal 
and opposite, IM(V—U) = —m(v—u), 

Moa 
Ae 
OxssERVATION.—This relation may be written 
MV +my = MU +mu; 
or, momentum after the action = momentum before the action. 


or 


101. Quantitative definition of mass. — We are, 
therefore, now in a position to give the following quanti- 
tative definition of mass :— 


The mass of any body is the measure of the quantity of 
matter in the body, defined by the law that the changes of 
velocity produced in two bodies by their mulual reactions are 
inversely proportional to their masses. 


102. The Principle of Conservation of Momentum. 


Since the changes of momenta are equal and opposite, 
the momentum of one body will increase by the same 
amount that the momentum of the other decreases. This 
will always be algebraically true, provided that we make 
the same conventions with regard to sign for momenta as 
for velocities (i.e. we regard the momenta of bodies 
moving in one direction as positive, and the momenta of 
bodies moving in the other direction as negative). The 
only effect of the action and reaction will be to transfer 
momentum from one body to the other, without altering 
the algebraic sum of their momenta. In other words: 


The total momentum of a system of moving bodies in any 
direction ts not altered by the mutual reactions of the several 
bodies. 
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This property is called the Principle of Conservation 
of Momentum. It holds good for any number of bodies. 
It is enunciated and proved by Newton as follows :— 

“The quantity of momentum formed by adding together 
the momenta of those bodies which are moving in one direction, 
and subtracting the momenta of those moving in the reverse 
direction, is not altered by the action of the bodies on one 
another.” 

“For, by Law,III., action and reaction are equal and 
opposite, therefore by Law II. they produce equal changes 
of momentum in opposite directions. Hence, if the bodies 
are moving in the same direction, what is added to the 
momentum of the body in front is subtracted from the 
momentum of the body behind, so that the sum remains 
the same as before. If the bodies are moving in opposite 
directions, an equal amount of momentum will be sub- 
tracted from both, so that the difference of momentum of 
the parts moving in opposite directions will remain the 

” 
same. 

Examples.—(1) A ball of mass 31b., moving with velocity 2 feet 
per second, is struck by a ball of mass 11b., moving in the same 
direction, with a velocity of 10 feet per second. If after the blow 


the smaller ball comes to rest, find the subsequent velocity of the 
larger one. 


Momentum of smaller ball before blow = 1x10 = 10 units, 
oe) ” after ” = 0; 
change of mopnoutaen of smaller ball = 0-10 =—10 units. 
The change of momentum of the larger ball is equal and opposite ; 
and therefore = +10 units. 
But, before the blow, momentum of larger ball = 3x2 = 6 units; 
ros after ‘ A S » =6+410= 16 units; 


and its mass = 3 lbs. ; 
its velocity = 48 = 64 ft. per sec. 
(2) A billiard cue of mass 1 lb., moving with velocity 104 feet per 


second, strikes a ball of 6 oz. at rest. If immediately after “he blow 
the cue and ball move with a common velocity, find this velocity. 


Before the cue strikes the ball, we have 1 lb. moving with 
103 F.P.S. units of velocity, and 5, lb. without any velocity ; 


total momentum = 1 x 103+ 5;x0 = 103 F.P.S. units. 
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After the blow the momentum is the same as before, but the whole 
mass, 1,; lbs., is moving with a common velocity. Hence, if the 
required velocity in feet per second is v, we have 

18;.0 = 103; 
-. velocity v = 22 x16 = 8 feet per second. 
Hence the ball and cue move off with a velocity of 8 feet per second. 


(8) A goods truck of 6 tons, travelling at 3 miles an hour, 
collides with another truck at rest, and both move on together at 
2 miles an hour. To find the mass of the second truck. 

Taking a mile, an hour, and a ton, as units of length, time, and 
mass, the momentum of the first truck is decreased by the collision by 
6 x (3 —2) or 6 units, and therefore 6 units of momentum are imparted 
to the second truck. 

But the velocity acquired by the latter is 2 units; 

hence its mass = $ = 3 units of mass; 
.°. the mass of the second truck is 3 tons. 


Or, as we should more commonly express it, the second truck 
weighs 3 tons. 


103. Inelastic and elastic bodies. — When two bodies (for 
instance, two balls) collide, they sometimes continue to remain 
together and move on with a common velovity. Such bodies are said 
to be inelastic. In other cases the bodies rebound, and separate after 
striking each other, and they are then said to be more or less elastic. 

The laws which govern the rebound of elastic bodies have been 
determined experimentally, and will not be detailed here. 


104. External and internal forces.—When we are dealing 
with the motion of a particular system of bodies, the actions and 
reactions between the different pairs of bodies are called internal 
forces of the system. Forces due to the action of bodies that do not 
belong to the system which we are considering are called external 
forces or impressed forces of the system. 

By the Principle of Conservation of Momentum the total momentum 
of a system is unaltered by the internal forces of the system, but it 
may be altered by external forces. In that case an equal and opposite 
change is produced in the total momentum of the bodies (outside the 
system considered) by whose action the external forces are impressed. 


105. Reaction of motions relative to the Earth.— 
Newton’s Third Law shows that when a man jumps off the 
ground, he communicates to the Karth an amount of 
momentum equal and opposite to that of his own motion. 
But the mass of the Harth is so great—being about 6,067 


DYN. I 
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million billion tons—that the velocity thus imparted to 
the Karth is absolutely imperceptible. 

Moreover, the Earth yields slightly under the man, so 
that, instead of the motion getting transmitted to the 
whole Earth, only a slight vibration is produced in the 
Earth in his immediate neighbourhood. In the case of a 
man jumping, this vibration is imperceptible; but larger 
moving masses, such as traction engines and railway 
trains, as also sudden explosions, often shake the ground 
for a considerable distance. 


Summary oF RESULTS. 


Newton’s Third Law. — Action and reaction are equal 
and opposite. 


The Principle of Conservation of Momentum.—The total 
momentum of a system of bodies is not altered by their 
mutual reactions. 

If the velocities of two masses M, m are changed from 
U, u to V, v by their mutual reactions, 


LS. SiO Vey 
m U-V U-—V’ 
\ 
EXAMPLES VII. 
(Selected Problems :—2, 4, 6, 7, 8, 9, 10, 11, 12.) 


or MV+mv = MU+mu. 


1, Kach of two bodies attracts the other with the same force. If 
allowed to move, show that in any given time they move over dis- 
tances which are inversely proportional to their masses. 


2. Enunciate Newton’s Laws of Motion. A shot weighing 20 Ibs. 
is fired from a gun weighing 5 tons, with a velocity of 1120 feet per 
second. Find the velocity with which the gun recoils. 


3. A 10 Ib. shot is fired from a gun weighing 1 ton, with a velocity 
of 1000 ft. per second, Find the velocity with which the gun 
recoils, 
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4, An 80-ton gun on a smooth horizontal plane projects a bolt of 
5 ewt. horizontally with a velocity of 1200 feet per second. What is 
the velocity of recoil P 


5. A gun weighing 6 tons is charged with a shot weighing 28 lbs. 
If the gun be free to move, with what velocity will it recoil when the 
ball leaves it with a velocity of 100 ft. per second ? 


6. Just as a tramcar reaches a man standing by the tramway it has 
a velocity of 8} feet per second; the man takes hold of and mounts 
the car. What change of velocity takes place, the weights of the car 
and man being 1 ton and 10 stone respectively ? 


7. A shell, moving with a velocity of 50 ft. per second, bursts into 
two parts, which weigh respectively 30 lbs. and 62 lbs. The velocity 
of the larger piece is increased to 80 feet per second. What is the 
velocity of the smaller ? 


8. A ball A, of weight 10 lbs., strikes a body B at rest, weighing 
- 100 lbs., with a velocity of 100 ft. per second. Tind the velocity of 
B, supposing A brought to rest by the impact. 


9. Three goods trucks, weighing respectively 5 tons, 7 tons, and 
8 tons, are placed on the same line of rails. ‘The first is made to 
impinge on the second with a velocity of 60 fect per second without 
rebounding. The first and second together impinge in the same way 
on the third. Find the final velocity. 


10. Two wooden balls, weighing 12 oz. and 16 oz., are connectcd by 
a long coiled-up string. The smaller is projected with a velocity of 
12 ft. per second. With what velocity must the larger be projected 
in order that both may come to rest when the string becomes tight ? 


11. Two balls whose weights are 6 kilog. and 10 kilog., and whose 
velocities are 50 and 20 metres per second, approach in opposite direc- 
tions, and, after impact, move on together. Find their common 


velocity. 


12. Two pieces of magnetizéd iron, subject to their mutual attraction 
and to no other forces, start from rest. If their masses are 5 grammes 
and 2 grammes, and the acceleration of the larger one is 40 cm. per 
sec. per sec., find the acceleration of the smaller, and the force of 
attraction, expressed in dynes. 
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EXAMINATION PAPER III. 


1. State Newton’s Second Law of Motion in forms applicable 
(i.) to finite forces, (ii.) to impulsive forces. 


2. Explain the equation P= Mf. 


3. State the Third Law of Motion, and explain clearly its applica- 
tion to the case of a horse starting a cart into motion. 


4, A 30-ton mass is moving on smooth levcl rails at 20 miles an 
hour; what steady force can stop it (#) in half-a-minnte, (6) in half- 
a-mile ? 


5. Find the acceleration produced, and the momentum acquired in 
one minute when a force of 


(i.) 32 poundals acts on a mass of 1 cwt. ; 


(ii.) 5 dynes acts on a mass of 1 milligramme. 
6. Define momentum. What is inertia? Is it a force? 


7. A. ball of mass 8 lbs. and velocity 60 ft. per second impinges 
directly on another ball of mass 45 lbs. and velocity 45 feet per 
second in the same direction. They move on together after impact. 
What is thejr common velocity ? 


8. When a man in a small boat moves forward, the boat begins to 
go backwards. Why is this? Ifthe man weighs 12 stone, and the 
boat 18 stone, and the boat is 10 feet long, how far will the boat move 
back in the water when the man walks from one end to the other, if 
the resistance of the water be neglected P 


9. What momentum is produced when a mass 10 lbs. falls for 
7 seconds ? 


10. A shell, travelling at the rate of 1000 feet per second, bursts 
into two portions which continue to travel in the original direction 
with velocities 1200 and 700 feet per second respectively. Find the 
ratio of their masses. 


Ces eb aR. Vel 8: 


WEIGHT AND ITS RELATION TO MASS. 
GRAVITATION UNITS OF FORCE. 


106. Weight.—Derinition.—The weight of a body is 
the force with which wt is attracted to the Harth. 


When we lift a body off the ground, we have to exert 
a certain force in order to overcome its weight. If the 
body rests on a table, it presses on the table with a force 
equal to its weight. If the body is unsupported, it will 
fall to the ground; hence Newton’s First Law of Motion 
shows that some force must be acting on it. This force 
is the body’s weight. We shall now show that 


107. The weights of different bodies are pro- 
portional to their masses. 

For in Chapter IV. we saw that all bodies fall to the 
ground with the same acceleration. 

That is to say the weights of two different masses produce 
the same acceleration in these masses. 

But it follows from § 84 that the forces required to produce 
the same acceleration in different masses must be propor- 
tional to those masses. Hence the weights of any two 
bodies are proportional to their masses. 


102 WEIGHT AND ITS RELATION TO MASS. 


108. To express the weight of a given mass in 
dynamical units of force. 


The acceleration of a falling body has been denoted by 
g, and it has been shown in Chapter LV. that 


g = 382 ft. per sec. per sec. 
= 981 cm. per sec. per sec. 

This acceleration is produced by the weight of the body 
acting on its mass. 

(i.) In the foot-pound-second system we have 

ga 32. 

Hence the weight of 1 lb. acting on the mass of 1 lb. 
produces an acceleration whose measure is 32. 

Bat, by the definition of the poundal (§ 81), 
a force of 1 poundal acting on a mass of 1 lb. produces a 
unit of acccleration, z.e. an acceleration whose measure is 1; 

weight of a pound = 32 poundals...... (1). 

Hence also, 

a force of one poundal = ;, weight of one pound 
= weight of half-an-ounce. 

[ More accurately, the weight of a pound is 32:2 poundals. ] 


(ii.) In the C.G.S. system, we have 
p= OB): 

therefore the weight of 1 gramme acting on the mass of 
1 gramme produces an acceleration of 981 C.G.S. units. 

But, by the definition of the dyne (§ 81), 
a force of 1 dyne acting on a mass of 1 gramme produces 
1 C.G.S. unit of acceleration ; 

weight of a gramme = 981 dynes 


Hence also, 


a force of 1 dyne = 51; weight of a gramme. 
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(ili.) Generally, if W denote the weight of the mass m 
measured in dynamical units of force, then, in the equation 


P= mf, 
wheres =‘o,°P = W; 

WES MG Aa ine despsvaresteape CB)» 
or weight (in dynamical units) = (mass) xg. 


In this book, when the weight of a body is measured in 
dynamical units of force, we shall, for brevity and to 
avoid confusion, speak of it as the “absolute weight ” 
of the body. Hence 

absolute weight of mass M = Mg, 
or in words, 


(absolute weight) = (mass) x (accel. of gravity). 


109. Gravitation unit of force.—The forces which 
occur most frequeutly in mechanical problems are those 
due to weight; moreover the weight of a given quantity 
of matter is a force which is easily reproduced as a 
standard of comparison, while a poundal or a dyne is a 
difficult unit to reproduce. For this reason it is con- 
venient, both in engineering work and in all statical 
investigations (where the forces are due to weight, and 
no motion takes place), to measure force in terms of the 
weight of a definite quantity of mattor. 


DeFINiTION.—The gravitation unit of force 1s the 
weight of the unit of mass. 

Where masses are measured in pounds, the gravitation 
unit of force is the weight of one pound. 

If the gramme ts taken as the unit of mass, the gravita- 
tion unit of force is the weight of one granvme. 

The measure of a force in gravitation units is really the 
measure of the mass whose weight is equal to that force. 

By ‘‘a force of 1 lb.” is meant “a force equal to the 
weight of a pound.” 
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Similarly, a force of 10 tons or “a force of 5 oz.” denote 
forces equal to the weight of 10 tons or 5 oz., respectively. 
To avoid confusion, however, it is better always to add 
the word “weight” or its abbreviation “wt.,” and we 
may therefore speak of the above forces as ‘1 1b. wt.,” 
“10 tons wt.,” 5 oz. wt.,” respectively. 

In like manner, by forces of “1 gramme,” “5 kilo- 
grammes,” or “31 milligrammes” are meant forces equal to 
the weights of 1 gramme, 5 kilogrammes, and 31 milli- 
grammes, respectively, and these are more accurately 
spoken of as “1 gm. wt.,” “5 kilog. wt.,” “31 mgr. wt.,” 
respectively. 

Whatever be the system of units adopted, we always 
have, by § 108, 


the gravitation unit of force = g absolute units, 
the absolute unit of force = 1/g gravit. units. 


110. Equations of motion for gravitational units of 
force. 

We have just seen that whether we are using the F.P.S. or the 
C.G.S. system of units, the gravitational unit of force =g x the dynamical 
unit of force. Also the dynamical unit of force in unit time produces 
unit change of momentum; hence the gravitational unit of force in 
unit timé produces y units change of momentum. We can now obtain 
formulae for gravitational units by the following modification of § 84, 


A force P acting on a mass 2 for a time ¢ changes 
its velocity from w to v; if the force P is measured in 


gravitational units, determine the formula which 
connects these five quantities. 


The change of momentum is proportional to the force 
and to the time for which it acts. 
But 
the gravitational unit of force in unit time produces g units 
change of momentum. 
.. P gravitational units of force in unit time produce 
Pg units change of momentum. 
.. P gravitational units of force in ¢ units of time produce 
Pgt units change of momentum. 
Now the momentum changes from mu to mv ; 
hence the change of momentum produced is m(v—w). 
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Thus we have Pot =m(v—u)..... L Saige vate ae) 
From equation (1), Chapter III., we nevi v—u = ft. 


Hence the above equation gives iS mft, or 
Ea Sigs cos ie eA Ns (5). 


Corollary.—In general, if we are using a unit of force which in unit 
time produces / units of momentum, by arguing as before we should 
obtain the equations / Pt = m(v—u), and kP = mf. 


OnsERVATIONS.—These equations might, of course, be applied to 
the solution of problems, and the work would probably be rather 
shorter than by either of the methods given below. But the work 
would not be so instructive, and confusion would be more likely to 
arise. 

The student should spare no pains in becoming familiar with the 
dynamical and gravitational units of force, as well as the difference 
between ‘‘mass’’ and ‘‘ absolute weight.’’ 

To understand these ideas fully may take some time, but the time 
will be well spent if this is done before proceeding further. And in 
working problems the only safeguard against confusion is to specify 
at each step of the work the units in terms of which the 
different quantities are measured—a caution which has already 
been given, but which applies with especial force to problems of the 
present class. 


111. Application to problems.—In solving problems 
relating to the acceleration of masses under the action of 
forces where these forces are given or are required to be 
found in gravitation units, we may employ the formule 
of the last article, or adopt either of the following 
methods of solution. The first of the following methods 
is the safest method, and should be used whenever the 
problem presents any difficulty. 

First method.—(1) Reduce all the forces to dynamical 
units by multiplying their measures by the value of g (ea- 
pressed in terms of the selected units of length and time). 

(2) Work with the equations of motion, using dynamical 
units throughout ; and, if any forces have to be calculated, 
obtain them in dynamical units. 

(3) Finally, reduce the required forces to gravitation units 
by dividing by g. 
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Examples.--(1) If a bucket of water, weighing 20 lbs., is pulled up 
from a well with an acceleration of 8 feet per second per second, to 
find, in lbs. weight, the force which must be applied to the rope. 


Here the weight of the bucket 
= 20 Ibs. wt. = 20 x 32 = 640 poundals. 


The force applied to the rope must not only support the weight of 
the bucket, but must also produce an upwaré acceleration of 8 ¥'.P.S. 
units. 


Now the force required to support weight of bucket = 640 poundals, 
force required to produce anaccel. 8 in 20 lbs. = § x 20 = 160 poundals. 
total upward pull on bucket = 640 + 160 poundals 
= §00 poundals = 800/32 lbs. wt. 
= 26 lbs. wt. 


Therefore the rope must be pulled with a force equal to the weight 
of 25 pounds. 


(2) A force equal to the weight of 5 lbs., acting on a body, produces 
an acceleration of 9600 yards per minute per minute. What is the 
mass of the body ? 


Here P = wt. of 5 lbs. = 5 x 32 poundals, 
Jf = 9600 yds. per min. per min. = 8 ft. per sec. per sec. ; 
6x32 =mx8; 
m = 20 lbs. 


112. Second method.—We know that when any body 
is acted on by a force equal to tts weight, tt moves with 
acceleration g. Lence by the unitary method (or by proportion) 
we can determine the force required to produce any other 
acceleration. 


Tf we wish to find the force which produces an acceleration f 
in a gwen body we have 
required force: weight of body=f:g...... (6). 


Examples.—(1) If a railway train of 120 tons is pulled by the 
engine with a force of 8 tons weight, to find how far it will have to 
travel to acquire a velocity of 60 miles an hour. 

A force equal to the weight of the train, or 120 tons, would start it 
with an acceleration 32 feet per second per second. 

Therefore a force of 3 tons weight produces an acceleration of 32 or 
4 feet per second per second. 

Let s be the required distance in feet. The acquired velocity 
« 88 feet per second, hence the formula for accelerated motion 


v2 = 2fs 
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gives 882 = 2 x4 xs, 
whence s = 440x 11 ft. = 13 of a mile. 
(2) If a 2-0z. bullet, travelling 1600 fect per second, penctrates 


10 inches into a target, to find in lbs. the mean resistance of the 
target. 


Let f be the acceleration of the bullet in feet per second per second : 
then, by the formula »?— 1? = 2/s, we have 


0?— 16002 = 2x19xf; 
whence f = —1600x 960 = — 1536000. 


Now a force of 2 oz. weight acting on the bullet (mass 2 0z.) would 
produce a retardation 32. Hence the force required to produce the 
given retardation 


= 1,536,000 x 2, oz. weight = 96000 oz. weight 
= 6000 lbs. weight. 


113. How mass is found by weighing. — We are 
now in a position to explain why weighing a body in a 
pair of scales determines its mass. 

A common balance consists of a beam or lever which 
can turn about its middle point, and at its ends are 
suspended the two scale-pans. The body to be weighed 
is placed in one scale-pan, and suitable weights are placed 
in the other. Now it will be shown in Statics that if the 
beam remains balanced in a horizontal position, the body 
and weights must press with equal forces on the two 
respective scale-pans. We thus infer that the weight of 
the body is equal to that of the weights employed. 

But weight is proportional to mass. 

Therefore also the mass of the body is equal to the mass 
of the weights used to balance it. If these weights are 
known multiples and sub-multiples of a pound, their 
amount is equal to the number of lbs. wt. in the weiyht of 
the body, or the number of lbs. in the mass of the body. 


Thus the weight of the bedy in pounds weight is 
numerically equal to its mass in pounds. 

Similarly, the weight of a body in grammes weight 
is numerically equal to its mass in grammes. 

When, therefore, we say that ‘a body weighs m lbs.,” 
we imply that 
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(1) The body is drawn towards the carth with 
a force m times as great as that which acts on 
a mass of 11lb.; 

(2) The MASS of the body is mm lbs.; 


and we may draw the corresponding inferences when the 
weight of a body is given in grammes. 

But this process of weighing does not measure the 
absolute weight of the body in poundals or dynes. 


114. Difference between mass and weight. — Al- 
though the weight of a body may thus be measured by 
the same number as its mass, it is important to distinguish 
between the mass and the weight of a body. Mass always 
represents. a quantity of matter in the body, and does not 
depend on gravity ; while weight always means the force with 
which a body is attracted to the ground, 

So long as we only have to compare the weight of one 
body with the weight of another body, aud not to express 
the weight in dynamical units of force, the distinction 
between mass and weight is unimportant. 

It does not matter, for example, whether we regard the weight of a 
packet of sugar or tea as measuring its relative heaviness as compared 
with that of the pound weight belonging to our scales or as measuring 
the quantity of material or mass in it. 

But when weight is considered dynamically, with refer- 
ence to its power of producing changes of momentum, and 
is tee an in dynamical units of force, the distinction 
between mass and weight is at once apparent. In fact, 


weight of mass m= m times weight of unit mass 
=m gravitation units of force 
=mg dynamical units of force. 


115. Variations in the intensity of gravity. —In 
Chapter IV., we stated that g, the intensity of gravity, 
is slightly different at different parts of the Earth, 
being greatest at the Poles and least at the Equator. 
Since the absolute weight of a mass m is mg, it follows that 
the absolute weight of a body is different in different 
places. 


/ 
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The absolute weight of a pound mass varies from 
32°091 poundals at the Hquator to 32°255 poundals 
at the Karth’s North and South Poles (Cf. § 57). 

The corresponding limits for the absolute weight of 
a gramme are 978°10 and 983°11 dynes, respectively. 

These variations do not affect the determination of 
masses by weighing with a balance, for at any given 
place equal masses have equal weights, whatever be the 
intensity of gravity. 

Example.—Suppose that a pound of sugar is weighed out at the 
Equator, where 7 = 32°091. ‘The pound of sugar is attracted towards 
the Karth with a force of 32-091 poundals, but the pound weight used 
in weighing is also attracted with a force of 32°091 poundals; and, 
since these forces are equal, the two masses balance each other in the 
scales. Ifthe same masses be taken to London, where g = 32°191, 
the sugar will be attracted to the Karth with a force of 32°191 poundals, 
and the pound weight will also be attracted with a force of 32-191 
poundals. Hence they will still balance each other in the scales. 


116. A spring balance is often used 
for the purpose of weighing. One of 
the simplest forms is shown in Fig. 10. 
The scale-pan holding the goods to be 
weighed is suspended from a_ spiral 
spring. ‘The spring is thus extended 
by the weight, and the greater the load 
the more is it extended. The required 
weight is indicated by a pointer, which 
moves up and down with the scale-pan, 
along a graduated scale at the side of 
the spring. 

Unlike the common balance, the spring 
balance measures the absolute weights 
and not the masses of the bodies placed 
in the scale-pan. <A force of one poundal 
will always extend the spring by an 
invariable amount, so that if the scale be 
graduated in poundals at one place, it 
will correctly measure forces in poundals 
at any other place. 

Hence a spring balance really gives a 
constant measure of force. Fig. 10. 
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But it does not give an accurate measure of mass unless 
it is used to weigh goods at the place for which it is 
graduated, as the following example will show :— 

Example.—Suppose that it is graduated for weighing bodies in 
pounds at London, where g = 32191, and where a pound consequently 
weighs 32°191 poundals. Then the pointer will always indicate 1 lb. 
when the scale-pan is pulled down with a force of 32°191 poundals. 
At the Equator a pound only weighs 32:091 poundals, and therefore 
the weight of a pound mass does not pull the pointer quite down to 
the graduation marked ‘‘1 lb.’’? ‘To bring the pointer down to the 
1 lb. reading, we should have to add an extra force of ~; of a 


poundal, and this would require us to put in about 4, of an ounce 


more into the scale-pan (since a poundal nearly equals 4 0z. weight). 
Hence if a tradesman were to buy a spring balance in London, and 
to use it for weighing goods out at the Equator, he would have to add 
about 3, per cent. (g4, nearly) to the old cost price to find the cost 
under the new value of g. 


[OpseRvATION. —Practically, such differences arc too small to be detected except 
with the most sensitive spring balance.) 


117. Apparent weight of a man in a moving lift. 
—When a man is ascending or descending in a lift with 
uniform velocity, the reaction of the floor of the lift is 
exactly equal to the man’s weight. When, however, the 
lift is being accelerated upwards, the reaction of the floor 
must be greater than the man’s weight, because it has not 
only to support his weight, but also has to give him an 
upward acceleration. And when the lift is being accelerated 
downwards, his weight must exceed the reaction of the 
floor on hisYeet by the amount necessary to impart to him 
the downward acceleration of the lift. 

For let m be the mass of the man, and suppose the lift 
is moving with a downward acceleration f. Let R be the 
thrust on the floor of the lift, which is equal and opposite 
to the reaction of the floor on the man. We may call R 
the man’s “ apparent weight.” 

Suppose fk measured in dynamical units. The forces 
acting on the man are his weight mg downwards and R 
upwards, giving on the whole a downward force mg--R. 
Remembering that 


(force) = (mass) x (acceleration), 
_ we have, therefore, mg—R = mf; 
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. thrust on floor = weight of man x (1- #6 ) Pi 
g 


Hence f, the man’s thrust on the floor, is less than his 
actual weight by f/g of the latter, or, as we may express it, 
“the man apparenily loses f/g of his weight.” 

Similarly, if the hft is ascending with an upward 


acceleration f”, R= mg (1 i | ; 


! 
-. thrust on floor = weight of man x (1 + r) wo( il.) 
Z 
or, “the man will feel heavier by the fraction f'/g of his 
weight.” 

If the chain of the lift should break, it would descend 
with acceleration f= g, aud (i.) shows that during the 
fall R would be =O, or the man “would not feel 
his weight at all.” In fact both man and lift would be 
falling freely. 

Examp/e.—\f a man, weighing 12 stone, is descending a lift with 
acceleration 8 feet per second per sccond, the thrust of his feet on the 


floor willbe = 12 stone wt. x (1—3,) = weight of 9 stone, 
If he is ascending with the same acceleration, the thrust of his feet 
on the floor = 12 stone wt. x (1+) = weight of 15 stone, 


118. Observed effects when the lift is coming to 
rest.—The changes in the man’s apparent weight depend 
on the acceleration of the lift and not on its actual velocity, 
so that, when the lift is descending uniformly the man 
obtains the impression of being at rest, while the objects 
outside the lift appear to move upwards past him. When 
the downward motion is being retarded previous to stop- 
ping, this retardation is equivalent to an upward accelera- 
tion, and the man feels as if he were being lifted up. 
Similarly, when the lift is ascending uniformly, he receives 
the impression that the external objects are descending 
past him. When the lift begins to slacken speed before 
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coming to rest, the upward retardation is equivalent to a 
downward acceleration, and he feels as if the lift were 
beginning to fall from under him.* 

118a. Examples.—(1) A stene of mass $1b. dropped from a height of 


100 feet buries itself one foot in sand. Find the average resistance of 
the sand to the motion. 


We will first determine the velocity with which the stone reaches 
the sand. 


ve = uw?+2gs = 04+2x 32x 100; whence v = 80 ft./sec. 


Now consider the motion of the stone through the sand. 
We have 


u = 80 ft./sec. v? = w+ 2fs ; 
v=0 0 = 6400+2f, 
Gaeemlekbs i.e. f = —3200 ft. /sec.?. 


Let X Ibs. wt. be the resistance of the sand. ‘Then since its weight 
is still acting and trying to urge it downwards, the effective resistance 
is not X lbs. wt., but (X—3) lbs. wt. 

Thus a force of (X— 3) lbs. wt. produces a retardation of 3200 ft./sec.? 
Hence by the method of § 112, 

X—}:F= 3200: 32; 
whence X— = 50, or X = 50°5 lbs. wt. 


(2) A train consists of an engine (of mass 10 tons), and two trucks 
(each of mass 5 tons). It acquires a speed of 30 miles per hour in 3 
minutes from rest, with uniform acceleration. Assuming that the 
total resistances, due to friction, etc., are equivalent to a retarding 
force of 10 lbs. wt. per ton, estimate (a) the force exerted by the engine, 
(d) the tension of each coupling chain. (ce) What will these forces 
become if the engine now maintains a constant speed of 30 miles an 
hour? 


(a) Consider the uniformly accelerated motion from rest. 
We can first determine the acceleration. 


wu =0 v= utft.; 
» = 80 mis./hr. = 44ft./sec. >) .. 44 =04+180/; 
t = 3 min. = 180 sec. ae = 3+ {it./sec.? 


We then determine the force required to produce this acceleration 
f 44 ft./sec.? in the total mass of the train (20 tons). 
We know that a force of 20 tons wt. would produce in the mass 20 
tons an acceleration of 32 ft./sec.2 Hence by 2 112, 


required force : 20 tons wt. = 34: 82, 
pheuss See force = 20x74+32 
i.e. + tons wt., or 3422 lbs. wt. 


* The student should take an early opportunity of verifying this by actual 
experience, 
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Again, the resistances to the motion of the train amount to 20x10 
or 200 lbs. wt., and these resistanccs tend to neutralise the force exerted 
by the engine. 

Hence the force exerted by the engine must excced the resistances 
by the force required to produce the given motion,i.c, force exerted by 
engine = 200 lbs. wt. +3425 lbs. wt. = 5422 lbs. wt. 


(2) The tension of the first coupling chain is the force which pro- 
duces the motion of the two trucks, in spite of the resistances which 
act on the trucks. 

The total resistances acting on the two trucks are equivalent to a 
retarding force of 10 x 10 or 100 Ibs, wt. 

The force required to produce the acceleration of +} ft./sec.? in the 
two trucks (mass 10 tons) can be calculated by the method used above, 
and is obviously one half of the above result, i.c. 4 of 3422 or 1714 
lbs. wt. 

Hence the tension of the first coupling chain is 100+171$ 


or 2713 lbs. wt. 


In a similar manner we can show that the tension of the second 
coupling chain is 50 +85 or 1355 lbs. wt. 


(ec) When the train is travelling with a uniform velocity of 30 miles 
au hour the forces acting upon it must balance. For any residue of 
force which was not neutralised would alter the velocity (by Law I.). 
Hence 

pull of engine = total resistance to motion of train 


= 20x10 lbs. wt. = 200 lbs. wt. 


Similarly the tension of the first coupling chain must balance the 
total resistance to the motion of the two trucks and must therefore be 
100 lbs. wt.; while the tension of the second coupling chain will be 
50 Ibs. wt. 


Nore the principle.—The force required to produce a given motion = 
the force required to neutralise the resistances + the force required to 
produce the required acceleration in the gwen mass. 


In many elementary problems we suppose that there are no resist- 
unces, and thus climinte the first term. If, however, the motion is 
one of uniform ve/scity, there is no acceleration ; hence the sccond term 
is now eliminated, and the force required is equal to the resistances. 


(3) The total mass of a train is 64 tons. When the engine is work- 
ing at its full strength, the total accelerating force produced is 13 tons 
wt. When the breaks are put on and the steam turned off, the total 
retarding force is 6} tons wt. Find the shortest time in which the 
train can go from rest at one station to rest at the next a mile away, 

DYN, I 
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Let ¢, seconds be the period during which the engine is working at 
full strength, and ¢, seconds the period during which the breaks are 
applied. 

During the first period the acceleration is that produced by a force 
of 12 tons wt. acting on a mass of 64 tons. Hence using § 112, 

64 tons wt. : 12 tons wt. = 32{[t./sec.?: required acceleration ; 
whence required acceleration = 13 x 32 + 64 or $¢ ft./sec.? 

During the second period the retardation is that produced by a force 
of 62 tons wt. acting on a mass of 64 tons. Hence by $112, 

64 tons wt. : 6% tons wt. = 32 ft./sec.?: required retardation ; 
whence required retardation = 6{ x 32 + 64 or $$ ft./sec.? 


The velocity acquired during the first period is lost during the 
second period. But the velocity acquired in ¢, seconds under an 
acceleration of +% ft./sec.? is 1% 4 ft./sec.; and the velocity lost in ¢, 
seconds under retardation of ¢@ {t./sec.* 1s 2 tz. Hence 

44, = fet; 
al 16 "29 


ive. fy sa Dts con's hg sarong een) 


We can tiow determine the distance travelled during each period. 

In the first period :—Initial velocity = 0, final velocity = }2 ¢, ; 
hence average velocity = 3 (0 + i¢ 4) = $2 4 ft./sec. ; thus distance 
travelled = 44%, Xt, — so G7 it, 

In the second period :—Initial velocity = final velocity of the 
first period = ty 4, final velocity = 0; |hence average velocity 
= 4 (42 ¢, + 0) = $52, ft./sec. ; thus distance travelled = 34%, x t, 
= i41,t,ft. But the total distance travelled is 1 mile or 5280 ft. 

Thus a3 ty” + 3% Gh, = 5280. us om cot same) 


Substituting in equation (ii) from equation (i) we have 
X 225 4.2 + 86 ¢.2 = 5280, 
whence f2? = 512,i.t, = ¥512 = V256 x 2 or 16 V2 sec. 
Hence and from (i) t, = 80 2 sec. 
Thus the total time = 74 + 4 = 96 /2 
or 185°7 seconds. 


Norer 1.—In this calculation, the estimate of 12 tons wt. as the 
“accelerating force’’ is supposed to take account of both the pull of 
the engine and the resistances. 


NorE 2.—Such calculations as these are of theoretical interest only. 
It is not true that the accelerating force is constant during the period 
of acceleration ; for, as the speed rises, the resistances will increase, 
and the force exerted by the engine will probably diminish. This 
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process may continue until the resistances are just equal to the force 
exerted by the engine ; the accelerating force will then become zero, 
and the train will travel with uniform velocity, having reached its 
limit of speed. It is also probable that the retarding force produced 
by the breaks (if not regulated) would increase as the speed 
diminishes. 


(4) Find the pressure produced on a wall by a jet of water which 
strikes the wall perpendicularly ; given that 16 lbs. of water strike 
the wall every second with a velocity of 20 ft./sec. 


By Newton’s Third Law the pressure on the wall is equal to the 
resistance offered by the wall to the motion of the water. 

In one second this resistance destroys the momentum of mass 
16 lbs. travelling at the rate of 20 ft./sec. ; i.e. a momentum of 320 
F.P.S. units. 

ac produce 1 F'.P.8. unit change of momentum in 1 sec. requires 
1 pdl., 

to produce 320 F.P.S. units change of momentum in 1 sec. 
requires 320 pdls. 

Hence the pressure on the wall = the resistance of the wall = 320 
pdls. = 10 lbs. wt. 


(5) A bullet of mass 1 oz. is fired with a velocity of 1000 feet second 
into the centre of a block of wood of mass 99 oz. which is free to 
recoil, If the bullet penetrates 1 foot into the block, determine the 
average resistance of the block, the time of penetration, and the 
distance moved by the block during penetration. 


To determine the average resistance of the block we suppose that 
the resistance is a uniform force (which is certainly not the case). 
Let the magnitude of this resistance be X poundals. Then by 
Newton’s Third Law the pressure exerted by the bullet on the block 
is also X poundals. 

Let the time of penetration be ¢ seconds. X will be very large and 
¢ very small, 


(2) Consider the motion of the bullet. It is retarded by the 
resistance X of the block. We will determine the distance travelled 
and the final velocity in terms of X and ¢. (Note that the distance 
travelled is not 1 foot, for the block will have moved during the 

enetration. Note also that the final velocity is not zero, but is equal 
to that of the block, for block and bullet will ultimately be moving 
together.) We have 


wu = 1000 ft. /sec. : Piaf 5 

Peo Peace AS ee ater 8/0, Os). Oey 
i= 1.02; = ze lb, o = ut+ft = 1000—61 Xt. 

bi—Ne: s=utsfl? = 1000 ¢-8X #, 
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(4) Consider the motion of the block. It is accelerated by the 
pressure X produced by the bullet. We will determine the distance 
travelled and the final velocity in terms of X and ¢. We have 


i= P= mnie 
c 16X 
P=+xX OG ETS Bb yh Ge fee 
16X, 
Th = DO, = 34g ND v=utft = con: be 
t=t a= wlpase = Sp 


(c) Now the final velocity of the bullet is equal to that of the 
block; thus 


1OOOSGIN Fane a 
99 
whence BXUiiasrd Doerr slesietee catee ele etree) 


Also the distance travelled by the bullet exceeds the distance 
travelled by the block by 1 foot; for the bullet has penetrated 1 foot. 
Thus 


apy hk 
1000¢—-8 X02 = = ??41 
io, ee 


whence 990002 = 800 X2+499 .....cccesceeees ve(il) 
Substituting in equation (ii) from equation (i) we have 
99000 ¢ = 49500 ¢ + 99, 
whence ¢ = s4q sec. 


From (i) X = 4958 ¢ = 309874 pdls. 
Also the distance travelled by the block during penetration 
Peer e es. seve d or ese 
\99 99 99 * 500 100 
Norn.— The final yelocity of the block 
= reo x 8Xt = 2 x 495 or 10 ft. /seo. 


This could have been calculated at once by the principle of Conserva- 
tion of Momentum ; for the final mass moving is LU: times the original 
mass moving, and therefore the final v elocity is x$o of the original 
velocity, i.e. roo of 1000, or 10 ft./sec. 


(6) A pile of mass 100 lbs. is being driven into the bed of a river by 
means of ahammer. ‘The hammer consists of an iron block of weight 
400 lbs., which is repeatedly dropped on to the head of the pile from a 
height of 9 feet above it. If each blow of the hammer drives the pile 
6 inches down, find, in lbs.wt., the average resistance to penetration 
offered by the river bed. 
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We must not regard the penetration of the pile into the river bed as 
instantaneous; for there is a definite distance travelled, viz. 3 foot, 
while the velocity of the pile can at no time be as great as the velocity 
with which the hammer strikes the pile (24 ft./sec.). Thus the time 
of penetration must be greater than }— 24 or #y second. Hence for 
this part of the calculation we must use acceleration methods, and must 
assume the resistance to be a continuous force, not an impulsive 
shock, 

But when the hammer strikes the pile we must assume an impulsive 
force producing an instantaneous change of velocity in the pile. For 
the only alternative supposition is that the pile and hammer become 
measurably compressed on colliding ; this would make a very difficult 
problem, and would require more data than the question contains. 
‘Thus the collision between the hammer and the pile must be treated by 
the methods of § 102. 


(i) Consider the motion of the hammer. It falls freely through 9 ft. 
Determine its final velocity ; 
y=? +29s=0+64 x9. 
Whence v= 24 ft./sec. 


(ii) Consider the collision between the hammer and the pile. 

Before the collision, the hammer is travelling with a velocity of 
24 ft./sec., and the pile is at rest. After the collision, the hammer 
and pile are travelling together with velocity x ft./sec. 

Total momentum after collision = total momentum before collision ; 
thus 400 #+100 2:=400 x 24+0, 
whence 4=19-2 ft./sec. 


(iii) Consider the subsequent motion of the hammer and the pile. 
A total mags of 500 Ibs. travelling initially at 19-2 ft./sec. is reduced 
to rest within 4 ft. by 2 lbs. wt., the effective resistance. 


Thus we have 


u=19-2 ft. /sec. vr =u +2fs ; 
»=0 .0=19-22+f, 
Ss its whence f= —19-2? ft./sec.? 


A force of 500 Ibs. wt. would produce a retardation of 32 ft./sec.2 A 

force R lbs. wt. produces a retardation of 19°2? ft./sec.2 Thus 
REO00) = 19227332) 

whence R=500 x 19°27 +32 or 5760 lbs. wt. 

But the effective resistance is equal to X (the actual resistance of 
the river bed) less the weight of the hammer and pile, 
ise. Rk = X—500, 
whence X = R+500 = 57604500 

or 6260 lbs. ws. 
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SummMARyY or ReEsvuurts, 


Weight is proportional to mass. 
Gravitational unit of force = weight of unit mass, 
Weight of mass of m lbs. = mg poundals. (g = 32°2.), .(1). 
Weight of mass of m grammes = mg dynes. (g = 981.). .(2). 
W=mg dynamical units: ..'...%. 2435s (3). 
Pyt = m(v—u), Pg = mf ....++.(4), (5). 
To find the force which produces acceleration fin a given 


body— 
required force : weight of body =f: g..++++++(6). 


EXAMPLES VIII. 


(Selected Problems :—1, 3, 4, 6, 7,9, 11, 12, 14, 15, 16, 18, 20, 21, 
23, 25, 27, 29, 31, 32, 33, 34, 35, 36, 37, 39, 40.) 


1. Find the accelerations, the velocities acquired from rest in one 
minute, and the distances traversed in that minute, by the following 
given masses, when acted on by the given forces, namely : 

(i.) Mass of 1 lb. under force of 2 oz. weight ; 

(ii.) Mass of 1 ewt. under force of 5 tons weight ; 
(iii.) Mass of 32 lbs. under force of 1 cwt. lar. ; 
(iv.) Mass of 1 kilog. under force of 1 gram weight. 


2. A certain force can just support a weight of 8 tons. How far 
would it moves mass of 16 tons in 1 minute if no other force actcd 
on it? 


3, A mass is acted on for 3 seconds by a uniform horizontal force 
that would just support 24 lbs. What momentum does it acquire ? 


4. If a force equal to the weight of 10 lbs. act on a mass of 10 lbs. 
for 10 seconds, what will be the momentum acquired ? 


5. A horizontal force, which would statically support 6 lbs., acted 
continuously for 3 seconds on a heavy body initially at rest on a 
smooth horizontal plane, and at the end of that time the body was 
moving with a velocity of 200 yards per minute. Determine (i.) the 
acceleration, and (ii.) the mass of the body. 


WEIGHT AND ITS RELATION TO MASS. 119 


6. A bail, whose mass is 3 lbs., is falling at the rate of 100 feet per 
second. What force expressed in pounds weight will stop it (i,) in 
2 seconds, (ii.) in 2 feet? 


7. A railway train travels mile on a smooth level line, while its 
speed increases uniformly from 16 to 20 miles an hour. What pro- 
portion does the pull of the engine bear to the weight of the train ? 


8. Does the rope of a colliery-hoist have to bear most strain when 
the cage is at the top or at the bottom of the shaft? ‘To eliminate 
the weight of the rope itself, consider only the portion immediately 
above the cage. Explain under what circumstances the stress may 
be greater than the weight of the cage attached to it. 


9. 150 lbs. is drawn up the shaft of a coal-pit, and, starting from 
rest, acquires a velocity of 3 miles an hour in the first minute. 
Assuming that the acceleration is uniform, find how heavy the mass 
appears to one drawing it up. 

10. In what time will a body fall from rest through 100 feet? If 
it be retarded in its fall by the tension of a string attached td it, so as 
to occupy 5seconds in the fall, what is the pull of the string, the 
weight being supposed given. 

11. If in a balloon a pound weight placed on a spring balance 
appears to weigh 17 oz. what acceleration has the balloon P 


12. A man whose weight is 160 lbs. is standing in a lift. With 
what force will he press on the bottom of the lift when it is 
(i.) ascending, (ii.) descending with uniform acceleration 3g. 


18. Ten pounds hangs by a string and is drawn up with an accele- 
ration of 2 ft. per sec. per sec. Find the tension of the string. 


14, A mass of 1000 kilogrammes is acted on for 1 hour by a force 
equal to the weight of a gramme. Find the distance traversed from 
rest. Find also (in centimetres per second) the initial velocity of 
projection in order that the mass might travel a kilometre in the 


hour. 


15. A heavy vertical chain is drawn upwards by a given force of 
Pilbs. weight, which exceeds its weight 7. Find its acceleration and 
its tension at any assigned point. Show that the tension at its 


middle point is 3P. 


120 WEIGHT AND ITS RELATION TO MASS. 


16. A woollen ball of mass 1 oz. falls a distance of 12 feet in 1 second 
from rest. Find the average resistance of the air. 


17. A bullet is projected nearly horizontally from a rifle with a 
velocity of 600 metres per second, and strikes a target at a distance of 
2000 metres after 4 seconds. Prove that the resistance of the air 
(assumed constant) is a little over five times the weight of the bullet. 


18. A jet of water striking a wall perpendicularly produces a pressure 
of 10 lbs. wt. If the velocity with which the water strikes the wall is 
20 ft./soc. how many gallons of water are used in] minute? [A gallon 
of water weighs 10 lbs.] 


19. A stone of mass 4 oz. is dropped from a height of 121 feet and 
penetrates 1 foot into sand. Find the average resistance of the sand. 


20. Water is poured to the ground from a height of 4 feet at the rate 
of a quart per second. Find the pressure on the ground, if a gallon of 
water weighs 10 ibs. 


21. A man is pulling a boat of mass 200 lbs. by a rope 20 ft. long of 
mass 5 lbs. The resistance of the water to the motion is equivalent to 
a force of 10 lbs. wt. Find the force exerted by the man if the boat 
moves (a) with an acceleration of 2 ft./sec.?; (6) with a uniform velocity 
of 4 miles an hour. In each case find the difference between the force 
with which the man pulls the rope and that with which the rope pulls 
the boat. 


22. A uniform rope of length 10 feet and mass 8 lbs. is being lifted 
with an acceleration of 2 ft./sec.*. Find the force exerted on the rope 
and the tensidn of the rope at a distance of 2 feet from the upper end. 


23. A body of mass 4 lbs. is being raised by means of a string which 
can just support amass of 4°5 lbs. Find the greatest acceleration with 
which the mass can be raised, 


24, A mass of 72 lbs. travelling with uniform acceleration moves 10 
feet in the first second, and 28 fect in the 5th and 6th seconds together, 
find the accelerating force in lbs. wt. 


25. A body of mass 4 lbs. supported by a string which will break if 
its tension exceeds 4°5 Ibs. is descending with a uniform velocity of 
2 ft./sec. Find the shortest distance in which the body can be brought 
to rest by means of the string. | 
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26. A slip carriage is detached from a train one mile before a 
station, is uniformly retarded, and comes to rest at the station. Where 
will the train be when the carriage stops, if its velocity has not 
altered since the carriage was detached ? 


27. Find the force required to project water from a syringe with a 
velocity of 20 ft./sec., if the nozzle of the syringe contains one circular 
aperture of 4 inch diameter ; neglecting the friction of the water and 
of the piston. 

[A cubic foot of water weighs 1000 oz.] 


28, A lift is ascending with a unitorm velocity of 4 ft./see. A man 
on the lift is pouring water on to the floor from a jug at a height of 
4 feet. If he pours out 21bs. of water in each second, find the pressure 
produced by the impact of the water on the floor. 


29. A train consists of an engine of mass 10 tons, and 5 carriages 
each of mass 5 tons. If the resistances can be neglected, and if the 
tension of the coupling chain between the third and fourth carriage 
is 100 Ibs. wt., find the force exerted by the engine. 


30. Prove that the shortest time from rest to rest in which a chain, 
which can bear a steady load of P tons, can lift or lower a weight of 
W tons through a vertical distance of h feet is 


A/ (2 z seconds 
. 77) Sse ° 


31. Find the shortest time in which a train of mass 20 tons can 
travel a distance of 1000 yards from rest to rest, if the engine can 
exert a force of 1 ton weight more than the resistance to the motion, 
and if the tctal resistance when the breaks are applied is 4 tons weight. 


32. The force exerted by the engine exceeds the resistances to motion 
by abe of the weight of the train; also when the steam is turned off 
and the breaks applied the total retarding force is equivalent to y’5 of 
the weight of the train. Find the least time in which the train could 
travel from rest at one station to rest at another one mile distant. 


33. A train of mass 40 tons is travelling at 30 miles an hour, when 
the driver sees a luggage train 220 yards ahead travelling at 15 miles 
an hour in the same direction. What resistance must the breaks pro- 
duce if he is just able to avoid a collision P 
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34, Ifa train weighing WV tons acquires a velocity of v ft./sec. after 
travelling s feet in ¢ seconds from rest at one station, the propulsive 
force being P tons; andif the train is then brought to rest at the next 
station after travelling another s' feet in ¢’ seconds under a retarding 
force of P’ tons ; prove that 

@es = 72 2G Ps 
(Ci) oe Op a JE 
(iii) (s + s')/(é + 1) = de. 


35. A pile of mass 100 lbs. is driven into a river bed by a hammer 
of mass 900 lbs. which is repeatedly dropped on to it from a height of 
121 feet. If the average resistance te penetration is 10,000 lbs. weight, 
how far down is the pile driven by each blow of the hammer ? 


36. From what height must a hammer of mass 150 lbs. be dropped 
upon a stake of mass 50 Ibs. to drive it 6 inches into the ground, if 
when dropped from a height of 4 feet it drives it 4 inches ? 


37. A bullet of mass 4 oz. is shot into a block of wood of mass 12 oz. 
which is free to move. The final velocity of the block is 40 ft./sec. and 
the bullet penetrates 3 inches. Determine how far the block moved 
while the pullet was penetrating. 


38. A bullet of mass } oz. is shot through a block of wood of thick- 
ness 3 inches and of mass 12 oz. The velocity of the bullet is changed 
from 1000 to 400 ft./sec. Find (i) the final velocity of the block, (ii) 
the time occupied by the penetration, (iii) the average resistance of the 
block to penetration. 


39. A perfectly flexible chain of length 8 fost, of which each foot 
weighs + lb., is hanging from the cciling with its lower end in contact 
with a table. If it is now detached from the ceiling find (i) the velocity 
of the falling portion, (ii) the rate at which momentum is being 
destroyed by impact with the table, (iii) the total pressure on the table, 
when the upper end of the chain has fallen 4 feet. 


[Note that the pressure on the table is due partly to the weight of 
the portion lying at rest, and partly to the impact of the falling 
portion. } 


40. A uniform chain is hanging with its lower end in contact with a 
table. If it is dropped show that the pressure on the table at any 
moment is three times the weight of the chain then at rest on the table. 
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EXAMINATION PAPER IV, 


1, Distinguish between volume, mass, and weight, 


2. Explain how it is that the weight of a substance as determined 
by a pair of scales is the same anywhere, while it will vary if a spring 
balance be used. 


3. A stone weighing two pounds falls for three seconds. What 
force will be required to stop it in two seconds? 


4, What force (in kilogrammes weight) will be required to produce 
in 1 kilogramme an acceleration of 1 metre per minute per minute. 


5. A stone, after falling 2 seconds from rest, breaks a pane of glass, 
and in breaking it loses $ of its velocity. How far will it fall in the 
next second ? 


6. Two balls, each of mass 1 Ib., are connected by a light inelastic 
string of length 4 feet. One lies at rest on the ground and the other 
is projected vertically with a velocity of 20 feet per second. Find the 
impulsive tension of the string when it tightens. 


7. A lift is descending and coming to rest with a uniform retarda- 
tion of 4 F,P.S. units. A man in the lift weighs out a pound of tea 
with an ordinary balance and a pound of sugar with a spring balance. 
How many pounds of each does he really obtain? 


8. A 3-ton cage, descending a shaft with a speed of 9 yards a 
second, is brought to a stop by a uniform force in the space of 18 feet. 
What is the tension in the rope while the stoppage is occurring P 


9. A mass of 21bs. is supported by a string which can just bear a 
strain of 3lbs.wt. Find the shortest time in which the mass can be 
lowered a distance of 48 feet. 


10. A bullet of mass }0z. is shot with a velocity of 1000 ft./sec. 
through a block of mass 240z., and thickness 6 inches. If it takes 
xia sec. to penetrate, find the final velocity of the block, 


CHAPTER IX, 


ATWOOD’S MACHINE—CONNECTED SYSTEMS. 


119. The apparatus now to be described was invented 
by George Atwood, F.R.S., a Cambridge mathematician 
who published several works on Mechanics about the 
year 1784, It is now used for illustrating the laws of 
motion experimentally, and at one time was also employed 
to determine the intensity of gravity. For the latter 
purpose, however, it has been superseded by the pendn- 
lum, as observations of pendulum oscillations can be 
made with much greater accuracy. This method, how- 
ever, does not depend on such elementary principles as 
those involved in Atwood’s machine. 

For this reason, consideration of the pendulum method 
is deferred till Chapters XVII. and XX., where the 
theories af the simple and compound pendulum are con- 
sidered in § 244 and § 285 respectively. 

We could not find g accurately by letting bodies fall 
down a shot-tower or down a mine, and timing them, 
because the velocity acquired in a few seconds would be 
so great that the motion could not be timed with sufficient 
exactness. A rough method has however been devised, 
in which a number of shot are released by an electric 
contrivance, and allowed to fall through a given height, 
in such a way that when one reaches the bottom the next 
is released. Thus the time taken by twenty to fall is 
twenty times the time taken by a single shot, and this 
interval can be easily timed by a stop-watch, 
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120. Atwood’s Machine consists essentially of a light 
brass pulley (rigs. 14-16) fixed at a considerable height 
above the grourd, over which passes a fine string supporting 
two weights P, Q attached to its ends. A pulley (Fig. 11) 
is a wheel with a groove cut round its rim to keep 
the string which it carries from slipping off. In 
Atwood’s machine it is essential that this wheel should 
turn very freely, for which 1eason its shaft usually rells 


Pulley 


Pulley 


| 


Fig. 13. ( Platform 
Fic.14, Fig. 5. Fig.I6. 


on sets of supporting wheels called “friction wheels ”’ 


(Fig. 12), though any other arrangement which answered 
the same purpose might be used instead. 

For measuring the heights of the weights in any 
position, a scale of inches or centimetres is attached to 
the pillar or wall on which the pulley is fixed, and for 
measuring time a clock is provided, whose pendulum 
ticks every second. In most experiments, the weights P 
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and Q are equal, and a small “rider” Af, of the shape shown 
in Fig. 18, is placed on the top of Q, the string passing 
through the slot inR. A (Fig. 14) is a platform by which 
Q can be supported or released at will. B is a ring which 
is just large enough to let Q pass through, but which stops 
the weight A, and C is a fixed platform that will stop 
the weight Q. Both B and @ can be fixed at any desired 
height, measured by the scale on the pillar. 

When the weights Q, R are released, they are together 
heavier than P, so that they naturally begin to descend, at 
the same time pulling up the weight P (Fig. 15). When 
Q reaches the ring B, the weight R is detached, and the 
equal weights P, Q continue to move on alone (Fig. 16) 
until Q reaches the platform @, when it also stops. The 
times taken to fall to the ring B and then to the plat- 
form @ can be reckoned by the clock, and the scale 
measures the depths fallen in these intervals. 


121. In forming the equations of motion of the two 
weights in Atwood’s machine, it is necessary to make use 
of the following facts :— 


I. The downward velocity of Q is equal to the upward 
velocity of P, and the downward acceleration of Q is equal to 
the upward acceleration of P. 


For, since the length of the string remains constant as 
- one weight falls and the other rises, 


distance fallen by Q) __ distance risen by P 
in any time es in any time; 


therefore, downward velocity of Q = upward velocity of P. 
Hence also 


increase of Q’s downward) __ { increase of P’s upward 
velocity in any time velocity in any time; 


t.c., downward accel. of Q = upward accel. of P. 


Tl, The tension of the string is the same throughout, so 
that its wpward pulls on the weights P, Q are equal. 
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This is only true provided there is no friction and the pulley and 
string have no appreciable mass (see $153 below); hence the investi- 
gations of this chapter would require modification when applied to an 
actual machine. The string pulls upwards on both weights; these 
pulls are therefore not opposite and are not the ‘‘action and reaction”’ 
of Newton’s Third Law. In fact, the action is transmitted from one 
weight to the other through the string, and is not direct. 


Example. — Masses of 3 and 6 lbs. hang overa pulley, as in 
Atwood’s machine. Find the tension of the string in lbs. weight, 
and the acceleration of either mass. 


Let 7' be the tension of the string in poundals, and f the accelera- 
tion produced. The greater mass will move downwards, and the less 
upwards, Consider the motion of the 5-lb. mass. The forces acting 
on it are its own weight, = 5 x 32 poundals, acting downwards, and 
the tension of the string acting upwards. The total downward force 
is therefore 160— 7 poundals, and the mass moved is 6 lbs. ; 


Now consider the motion of the 3-lb. mass, The forces acting on 
it are the tension acting upwards and its weight acting downwards. 
The total upward force is therefore Z7'—96 poundals, and the mass 
moved is 3 lbs. 


Hence, from (i.) and (ii.), 
160= 7 1-96 

ign Mi oe 

87 = 4804480 = 960 poundals ; 


a ~ poundals = 3} Ibs. weight. 


Substitute the value of 7 in poundals in either 
of the equations (i.) or (ii.). We thus obtain 
J = 8 ft. per sec. per sec. 


Second Method.—If the value of 7 is not to be 
found, the following is the readiest method of 
calculating f:— 


Resultant force producing motion 
= weight of 5 lbs. weight of 3 lbs. = weight of 2 lbs. 
= 64 poundals. 

Total mass moved is (3+5) lbs. = 8 lbs. ; 


cite we Cree arene SG 4, per sec. per sec. 
mass moved 8 
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122. Two unequal masses P, Q* (Q>P), joined by 
a string passing over a light pulley, as in Atwood’s 
machine, move under gravity (lig. 17). 


(i.) To find their acceleration ; 
(ii.) To find the pull in the string ; 


(iii.) To find the force which the pulley has to 
support. 


(i.) The masses being P, Q, the absolute weights of 
the bodies are Pg and Qg. 

Let the pull in the string be 7’ dynamical units of force. 

Let the downward acceleration of Q be jf, then the 
upward acceleratioa of P is also f (§ 121, L). 

The forces acting on Q are therefore Qg downwards and 
T’ upwards, and their difference produces the downward 
acceleration f ; 


OFS Q= Te AL eee 


Similarly, from considering the motion of P, 
Pf STL, ieee Ge 


To find f we must eliminate J’ (as we do not know the 
value of 1’). 


\ 
By addition, (Q+P)/= (Q—P)q; 


“. required acceleration f = Gaew g 


peut 


We notice that the bodies move with wiiform accelera- 
tion (for f is constant). 


If the weight P is very small, noe g becomes nearly to, = g, which is the 
acceleration of a free body. 


* For convenience, we now use the letter Q for the total mass of the Q@ and # 
before mentioned. 
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Gi.) To find 7, the pull in the string, 
we must eliminate f from the equations 


Qf = Q—-T 
and Pi=T—P9; 
and we get 
P(Qg—T) = Q(T- Pg), 
or 2PQy = (P+Q)T; 
een sy g dynamical units, Fig. 18. 
E+ Q 


Q 


: : 2P 
ull in string = 
s o~ P+0 


gravitation units of force...(2). 


iii.) The strings on either side of the pulley pull with 
a force I. Hence the pulley has to support altogether 
a force 27, equal to the weight of a mass 
4PO 
P+Q 


OssERvATION. — Notice that this force is not equal to 
the sum of the weights P+Q unless P = Q. 


123. Alternative method of finding the accelera- 
tion. 

The weight of Q tends to pull down Q and to pull up P, 
while the weight of P has the opposite tendency. Hence 
the total force tending to accelerate Q downwards and 
P upwards is the difference of the weights, or (Q—P)g 
dynamical units. The whole mass accelerated in this way 
is Q+P, and its acceleration is the required acceleration f. 
Hence the relation 


mass X accel. = impressed force 
gives (Q+P) f= (Q—-P) 9; 
DYN. K 
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giving, as before = = Gah gage taee eee Cl): 


Example.—Masses of 6 Ibs. and 8 lbs. are hung over a pulley. In 
what time will they have moved over 7 feet ? 
Force causing motion 
= (8—6) lbs. weight = (8—6) 32 poundals 
Mass moved = §+6 lbs. 
8—6 


: = —— x 82 ft. per sec. per sec. 
I 8+6 P P 


32 
=a ft. per sec. per sec. 


Let ¢ be the required time; then 


124. Experiments with Atwood’s machine. 


The advantage of Atwood’s machine is that by taking 
the weights at the ends of the string nearly equal, we can 
make the acceleration as small as we like, and the motion 
can then be investigated with great accuracy. 

For, with the notation of § 122, the acceleration 


and this ig small if P and Q are nearly equal. If Q= P, 
the acceleration becomes zero, as the formula and simple 
experience show. 

If the two masses are each equal to M, and a third 
mass m is placed on the top of one of them, we must 
write M for P and M+m instead of Q in the expression 
we have found for f, and we have 


ee m 
f= OM tm 9 eee (3), 


which is small if m is small compared with M. This 
acceleration is the acceleration due to mg, the weight of m, 


acting on 2M +m, the total mass of the three weights, as 
explained in § 123, 
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125. To verify that bodies will continue to move 
uniformly when not acted on by force. 

Let the two weights P and Q be equal, and let a third 
weight f be placed on the top of Q. Let the ring B be 
fixed at any convenient distance below the platform A. 
As the weight R descends from A to B, it sets P and Q 
in motion. After R is detached by the ring, there is no 
force tending to change the motion of the system, because 
the equal weights P, Q tend to pull the system opposite 
ways. Hence, if Newton’s first law be true, the velocity 
after leaving B ought to be uniform. To verify this, let 
the experiment be repeated with the platform @ at different 
depths below B, and let the times taken by Q to traverse 
BC be observed. The times will always be found to be 
proportional to the depths traversed from B to C, showing 
that the velocity is uniform after leaving the ring. Thus, 
if the depth BC be doubled, the other circumstances being 
the same, the time taken in traversing it will be doubled. 


126. To verify that 
A constant weight acting on a constant mass 
produces a uniform acceleration, and that 
(1) If the system start from rest, s « ¢; * 
(2) The acquired velocity uv « #; 
(3) The average velocity from rest = 3; the 
final velocity. 


(1) Let the two equal weights P, Q and the third 
weight R be attached to the string as before. Let the 
experiment be performed several times with the ring B 
fixed at different depths below A, and let the times taken 
in falling from A to B be noted in each case. It will be 
found that this time is always proportional to the square 
root of the depth AB, or, what is the same thing, the 
distance AB is always proportional to the square of the 
time taken. 


* The symbol « denotes “varies as” or “is proportional to.” Thus s  # 
means that s is proportional to ?, 
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Thus, suppose B is so adjusted that Q falls from A to B in one 
second. If the depth AB be increased four-fold, the time taken will 
be found to be 2 seconds; if AB be increased nine-fold, the time will 
be found to be 3 seconds ; and so on. 


The time taken can be measured by counting the ticks 
of the clock from the instant Q is released till the weight 
R is heard to strike the ring B. 


(2) To measure the acquired velocity, fix the platform 
C at any convenient depth below B, and observe the time 
taken to traverse BC. Since the velocity is uniform after 
R is detached, the ratio of the distance BC to the time 
taken in traversing it gives the velocity of the system, 
which is therefore known. It only remains to show that 
for different positions of B this acquired velocity is pro- 
portional to the time taken to traverse AB, or (by the 
first part of the experiment) to the square root of the 
depth AB. With any number of experiments this relation 
will be found to hold good in every case. 


Thus, if the time taken from A to B is 2 seconds, the velocity 
acquired will be double what it would be if B were raised to such a 
height that the time was 1 second. 


(3) Arrange the platform and ring so that the depth 
BC is double the depth AB. Then on repeating the 
experiment it will be found that the time taken from A 
to B is equal to the time taken from B to CG. Now the 
weight R is detached at B, and so BC is traversed with 
uniform velocity = the final velocity at B. 

Hence the average velocity in traversing AB is half the 
final velocity at B. That is, a distance (BC) twice AB 
is traversed with a velocity equal to the final velocity at 
B in the same time that AB was traversed. 


127. To verify the relations between force, mass, 
and acceleration, it is only necessary to vary the 
weights P, Q, and R, remembering that the mass moved 
is 2M@+m, the sum of the combined masses, and the 
moving force is the weight of m, or the difference of the 
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weights on opposite sides of the pulley. The accelerations 
in different cases may be compared by fixing the ring B 
at a constant depth s below A, and noting ¢ the time taken 
to fall to the ring ; if f is the acceleration, the equation 


o= hfe 
; Qs 
gives i ? 


whence f is found. 
The following different cases have to be considered :— 


128. To verify that the acceleration is proportional 
to the impressed force when the mass moved is kept 
constant, we must vary the masses of P,Q, R in sucha 
way as to keep the combined mass constant. This may 
be most easily accomplished by having the weights P, Q 
made up of a number of small weights (each equal, say, 
to Rf). By taking one of these weights from P, and 
another from Q, and attaching them both above the 
moveable weight A, we shall increase the weight of the 
latter without altering the total mass. When this is 
done, the acceleration of the system will always be found 
to be proportional to the total weight of R (as found by 
weighing in a pair of scales), and therefore to the 
impressed force. 


129. To verify that the force required to produce 
a given acceleration is proportional to the mass 
moved. 

If the weights P, Q, R are all doubled, it will be found 
that the system takes the same time as before to move 
through the distance AB, showing that the acceleration is 
unchanged. A similar result holds good if the three 
weights are all increased threefold or in any other 
proportion. Now the moving force is the weight of R; 
hence we infer that the acceleration is constant if the 
moving force and the mass moved are both increased in- 
the same proportion, or the force is proportional to the 


mass. 
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130. To prove that the acceleration produced by a 
given force is inversely proportional to the mass 
moved. 

Since the moving force is the weight of R, we must 
perform the experiment several times, using the same 
weight f and altering the equal weights P, Q each time. 
It will then be found that the acceleration is always 


=> and is therefore inversely pro- 
portional to the mass moved. 


proportional to 


131. To find g, the acceleration of gravity. 
In Atwood’s machine we have (§ 124) 


—_ m 
P= Spd ce eneeeee 8). 


This acceleration may be measured, as in § 127, by ob- 
serving the time required to fall a given height from rest. 
The masses M, m may be compared by weighing them in 
a pair of scales, and, knowing them, g may be found from 
(3), which gives 


2M+ 
a m 


m™ 


iE 


132. To arrange the masses so that the system 
may move with an acceleration of one foot per 
second per\second (taking g = 32). 

Let us make the combined masses of P, Q, R equal to 
llb. A force of 1 lb. weight acting on this mass would 
produce an acceleration of 32 feet per second per second ; 
therefore the force required to produce an acceleration 1 
is gaz Ib. wt. = $ oz. wt.; 

m (the mass of R) = 3 oz, 
Also 2M-+m (the whole mass) = 1 lb. = 16 02z.; 
2M = 15} 02.,. M = 7202. 

Hence the weights P, @ must each be 73 0z., and R 
must be half-an-ounce. Or P,Q, R may be taken to be 
any multiples whatever of 7? oz., 7? oz., and 3 oz. 
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133. One weight drawn along a table by another. 


A weight of m ibs., hanging freely by a string, draws a 
weight of M lbs. along a perfectly smooth table by means of 
a string passing over a small pulley at the edge of the table 
(Fig. 19). To find the acceleration and the tension of the 
string in lbs. wt. 


Let T be the pull of the string in lbs. wt.; then its 
value in poundals = Tg. Also the weight of the hanging 
mass = mg poundals, and that of the other mass is 
Mg poundals. 


Fig. 19. 


Hence, if f be the acceleration of the two masses in feet 
per second per second, we have, by considering the hanging 


mass, m.f=mg—Tq; 
and, by considering the mass on the table, 
Mo f Hg: 
Eliminating 7’, we have 
(Mm) .f = mg ; 
“ m 
acceleration f = itpm! bets LRN eae eA). 


Eliminating f, we have 
mMgy—MT9g = mTq ; 
tension T = 2" Ibs, wt. (5). 
. M+m 
The result (4) also follows at once from the fact that 
the moving force is the m lbs. weight hanging freely and 
the whole mass moved is m+ M lbs. 


136 AiWOOD’S MACHINE. 


Examples.—(1y A mass of 5 Ibs., on a horizontal table, is con- 
nected by a string passing over an edge of the table with a mass of 
3 lbs. hanging vertically. How far will the latter mass have fallen 
in one second ? 

Total mass moved = (5 +8) lbs. = 8lbs. 

Force producing motion = weight of 3 lbs. = 3 x 32 poundals ; 


one per sec. per sec. 


acceleration produced = 


= 12 ft. per sec. per sec. 
Distance fallen = 3/2 =4x12x 1? ft. = 6 ft. 


(2) In the preceding example, what is the tension of the string ? 


Consider the mass on the table. The only force moving it is the 
tension 7’ of the string ; 
T = mf = 5x12 poundals = 60 poundals = 12 lbs. weight. 


(3) In an Atwood’s machine a mass of 7 Ibs. is attached to the end 
of the string on the left of the pulley, and a mass of 5 lbs. on the 
right ; a rider of mass 4 lbs. is placed on the 5 lb. mass and removed 
by the ring after descending 2 feet from rest. Show that the 5-lb. 
mass will return and carry the rider up off the ring, and determine 
to what height the rider rises before again returning to the ring. 

(i) At first we have a total mass of 9 lbs. on the right and a mass 
of 7 lbs. on the left. The acceleration of the system will therefore be 


9-7 
a 
or 4 ft./sec.? 
When the rider is removed the system has travelled 2 feet from 


rest under this acceleration of 4 ft./sec.2, Hence the velocity acquired 
by the system (which is determined from the formula v? = u?+2fs) 


will be x V024+2x4x2, or 4 ft./sec. 


(ii) Consider the motion after the rider is removed. 

The initial velocity of the system is 4 ft./sec. 

Since we now have a mass of 7 lbs. on the left, and a mass of 
5 lbs. on the right, the acceleration of the system will be 

i= . 
7+5 
or 5% ft./sec.? 

But the acceleration is in the opposite direction to the velocity (for 
the mass on the left is now the greater). Hence the velocity of the 
system will be diminished and ultimately reversed ; and the 5-lb. mass 
will return to the ring with a velocity equal to that with which it 
started from the ring—viz. 4 ft./sec.—as is usual in such cases, (Com- 
pire the motion of a body thrown up under gravity.) 
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(iii) When the 5-Ib. mass strikes the rider we have an impulsive 
action throughout the system, and the velocity of the system imme- 
diately after the collision must be determined by the principle of Con- 
servation of Momentum. 

Before the collision a mass of 7++5 Ibs. was travelling with a velocity 
of 4 it./sec. After the collision a mass of (7+5+4) lbs. is travelling 
with a velocity of # ft./sec. Kquating momenta we have 

(7+5) x4 = (74+54+4) xa, 
whence x = 3 ft./sec. 

(iv) After the collision we have an acceleration of 4 ft./sec.? as in (i). 
But this acceleration is again in the opposite direction to the velocity 
of the system, as the mass on the left is now thegreater. We wish to 
determine how far the system moves before it is reduced to rest. 


u = 3 ft./sec. vy? = w+2fs, 
3 (0) 0 = 9-8s 
f = — 4ft./sec.? Whence s = 12 ft. 


(4) Find the acceleration of each mass in the system represented in the 
accompanying diagram. A and Bare 
light fixed pulleys; @ is a light 
pulley carrying the mass 10 lbs. and 
supported in the loop of the string. 
The string is inelastic and all the 
free portions of the string are 
vertical. 


(i) We must first investigate the 
relation between the motions of the 
three masses P, Q, R. The velocities 
will not remain constant. Let us 
take the upward direction as 
positive. 

Suppose that in some very small 
time ¢, the masses P, Q, R move 
through distances z, y, % respec- 
tively. (Obviously 2, y, 2 are not 
all of the same sign.) 

The two middle vertical portions 
of the string are each shortened by 
alength z, the left hand portion bya 
length w, and the right hand portion 
by a length y. But the total 
shortening of the string is zero ; for it ‘ 
is inelastic and is supposed to remain Fig. 19a. 
stretched throughout the motion. 


Thus Qtuaty =0, 
Dividing by ¢ we have 


QO SE TL aly, 
pe ag 
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But if ¢ be made indefinitely small, the quantities 4 ’ Y. ; ; 
represent the velocities of the masses P, Q, R respectively in magnitude 
and direction. 
Hence, denoting these velocities by u, v, w, we haye 
Qw+utv=0.......-. 3) cadeouere nl 
a relation which must hold at any instant so long as the string remains 
stretched. 
Again, suppose that after a small time ¢’ the velocities have changed 
to wu’, v’, w', respectively. Then as before we have 
Qw' +a +o'=0. 
Subtracting equation (a) we obtain 
2(w'—w) + (w—u)+(v'—0) = 0, 
and dividing by ¢’ we have 
w'—w uw —u v—v 
2 ¢ ‘i ?’ cs t’ ou 
uw —u 
7 
change of the velocity w, i.e. the acceleration of P. Similarly 
v—v w' — 


t! 


But if v’ be made indefinitely small represents the rate of 


Y represent the accelerations of Q and R. Thus 


denoting these three accelerations by h, &, 1, we have 
WM+ht+k=0..... scales lesa eas doducoca @) 


(ii) Let 7 poundals be the tension of the string, which will be the 
same throughout its length. The mass & is acted upon by two upward 
forces each equal to Z'and by its weight 10¢ downwards. Thus the 
resultant upward force is 27—10g. Also its upward acceleration is /. 
Hence, applying the formula P = mf we obtain the equation 


x ZL — 10g LOU, Cie soe eeteniee cats Herel) 

By similar arguments applied to P and Q we have 
T—Ag = 4h .. ke. SOTGST SOOO at (a) 
and TOG = 1016 sje stele etereacetts Siaveiereiniacce = ai(é) 


Equations (5), (c), (@), (e) are sufficient to determine the four unknowns 
hak; tL. 
(iii) Subtracting (¢) from (@), 
G= 4h—bh wnnetenas 
Multiplying (@) by 2, and subtracting (c), 


2g = 8h—101 

or g=4h—-5l, wenn Ce ec ey forereretel 7) 
From (m) and (m) we have = 0 visceccescceveccesceeseneees(P) 
Hence from (0), ~ a chides aD A RCI oe IEE.O, mG. dO OTT ()) 
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Solving (g) and (x), l= —yy9. 
From (p) k= —Wy79. 
From (q) h= 33-9. 


Thus P hasan upward acceleration of 33,7, and Q and 2 have down- 
ward accelerations of 37g. The velocities and displacements in a given 
time from rest, or from any given initial velocities, could then be 
determined in the usual manner. 

Note.—If in any similar system the displacements 2, y, z, are con- 
nected by an equation of the form 

an + By +yz = 6, 
where a, 8. y are constant quantities, we could show in a similar way 
that the velocities , v, w and the accelerations h, &, J are connected by 
the equations 
au+Bv+yw = 0, 
ah+Bk+yl = 0. 


Summary or Resvtrs. 


When two weights P, Q hang from the ends of a string 
passing over a smooth pulley, 


Q—P 


the acceleration f = QuP Gries hs check uae): 


; 2PQ - : 
th ll of the string, 7 = ts of bbtiss (2% 
e pull of the string Q+P units of weigh (2) 


the thrust on the pulley = 27. 
If two equal weights M are attached to the string, and 
a third weight m is placed on one of them, 
mm ‘ 
If a weight Mis drawn along a smooth table by a string 
carrying a weight m hanging over the edge, 


the acceleration f = Pa 


the pull of the string = aT units of weight... (5). 
m 


In working numerical examples, it is advisable not to 
quote these formule, bat to work from first principles. 
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EXAMPLES IX. 
(Selected Problems :—1, 2, 4, 5, 7, 8, 11, 12, 13, 14, 16, i” 2335) 


1. Two weights are attached to the ends of a string passing over 
a smooth pulley. Find the acceleration (stating the units employed), 
the tonsion in the string (in gravitation units), and the force which 
the pulley has to support, when the weights are: 


(i.) 17 lbs. and 15 lbs., (ii.) 1 oz. and 15 oz., 
(iii.) 1 ewt. and 16 lbs., (iv.) 1 lb. and 14 oz., 

(v.) 5 lbs. and 4 lbs., (vi.) 20 lbs. and 4 lbs., 
(vii.) 490 grams and 491 grams, (vill.) 1 kilog, and 90 grams. 


2. The pairs of weights of Example 1 are laid with one weight resting 
on a horizontal table and the other hanging from the edge of the 
table. Find the acceleration and the tension in the string in each of 
the cases, considering separately the two different arrangements 
when (a) the lighter, (2) the heavier weight rests on the table. 


3. In what time will a weight of 37 lbs, draw another of 24 Ibs. up 
through a height of 32 feet, and what velocity will each particle have 
at the end of that time ?P 


4. Two weights of 5 Ibs. and 7 lbs. respectively are fastened to the 
ends of a cord passing over a frictionless pulley supported by a hook. 
Show that when they are free to move, the pull on the hook is equal 
to 112 lbs. weight. 


5. Two weights, 7 oz. and 9 oz., are attached to the ends of a 
string passing over the corner of a smooth table at the edge of a 
precipice, the larger weight being drawn along by the smaller, which 
descends vertically. After 3 seconds, the string is cut. How far 
will the 7 oz. weight have descended after another second ?P 


6. A weight of 14 lbs. is moved from rest on a smooth horizontal 
table by a weight of 2 lbs., which hangs over the edge of the table 
and is connected with the large weight by means of a fine string 
passing over a small smooth pulley at the edge of the table. Find the 
tension of the string and the velocity of each weight at the end of 
2 seconds. 
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7. A mass of 9 lbs. is attached to one end of a string, and masses of 
7 and 4 lbs. to the other end, and the whole is hung up over a pulley. 
The system is allowed to move for 15 seconds, when the 4 lb. weight 
is cut away. How long willit be before the system comes instanta- 
neously to rest P 


8. A string passing over a smooth pulley has attached to it on one 
side (at different points) masses of 3 lbs. and 6 lbs., and on the other 
side masses of 4 lbs. and 6 lbs., the heavier mass on each side being 
lowest. Find (without using formule) the tension of each portion of 
the string, in lbs. weight. 


9. A man weighing 12 stone and a sack weighing 10 stone are 
suspended over a smooth pulley by a rope whose weight may be 
neglected. Find their common acceleration. 


10. If in the last example the man pulls himself up by the rope so 
as to diminish his downward acceleration by one half, find the 
upward acceleration of the sack in this case, and prove that the 
acceleration of the man upwards relative to the rope will be 3-2 (foot- 
second units). 


11. If ACB be a string, C a pulley, and a weight of 5 lbs. be 
attached at A, a weight of 3 lbs. at B, and another of 3 lbs. between 
B and @, and if B be originally 11 feet above the ground, find the 
distance above B of the third weight in order that the latter may just 
reach the ground. Find also the time of motion. [gy = 32.] 


12. Two masses P, Q are attached to the ends of a string which 
passes over a smooth horizontal table and hangs over its two opposite 
edges. A third mass # is attached to the string near its middle 
point and rests on the table. Show that the system will move with 

= 
P+Q+k 
the string, expressing them in gravitation units, 


acceleration g, and find the tensions in the two portions of 


13. If an experiment with Atwood’s Machine could be performed 
on some other planet, what value of g would be deduced from the 
following observations ?—Mass of equal weights, 10 ozs. each; mass 
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of rider, 1oz.; before the rider is removed the system travels 2 feet ; 
after the rider is removed the system travels 4 feet in 3 seconds. 


14. In Fig. 16 (§ 120) Qisa mass of 7 oz. and starts at a distance 
of 2 feet below B. Pisa mass of 9 oz. and Ra mass of 2 oz. Deter- 
mine the motion after 2 has been lifted from B. 


15. In Figs. 14 and 15 (§ 120) the masses P, Q, R are respectively 
11, 9,40z. & starts from rest at a distance of 3 feet above the ring. 
Determine the total distance travelled by Q in its first upward journey. 


16. In Fig. 16 (§ 120) suppose that & is removed. Pand Q are 
masses of 7 and 9 ozs. respectively. Q starts from rest at a distance 
of 8 feet above C, and is stopped by @. Find the impulsive tension of 
the string when @Q is first pulled up from @. 


17. In Fig. 19a (§ 133), if P, Q, R are 3, 5, 7 ozs. respectively, 
how far will 2 move in one second from rest ? 


18, A mass of 7 oz. is attached to the end of a light string which 
passes over a light smooth fixed pulley and carries at its other ex- 
tremity another light smooth pulley. If a string passing over this 
second pulley carries masses of 3 and 4 ozs. at its extremities, deter- 
mine the acceleration of each mass in the system. 


19. Find the answer to the preceding question if the moveable pulley 
has a mass of 2 ozs. 


20. A pulley carrying a total load W hangs in a loop of a cord 
which passes over two fixed pulleys, and has weights P and Q freely 
suspended from its ends, each segment of the cord being vertical. 
Show that K will remain at rest or move with uniform velocity, 
1 1 4 : span 
> + = = —,and there is no friction anywhere. 


provided p q 7 
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EXAMINATION PAPER Y. 


1. Describe Atwood’s machine, and explain how it is used to deter- 
mine the acceleration of gravity. 


2. Explain how to use Atwood’s machine to show (i.) that a body 
acted on by a constant force moves with a uniform acceleration; 
(ii.) that the acceleration of a given mass is proportional to the force 
acting on it. 

8. In Atwood’s machine, one of the boxes is $ oz. heavier than the 


other. What must be the load of each in order that the overweighted 
box may fall through 1 ft. in the first second P 


4. Describe an experiment to prove that the weight of half-an-ounce 
will produce in a mass of 1 1b. an acceleration of (approximately) 1 ft. 
per sec. per sec. 


5. Describe experiments and observations tending to prove that the 
change caused by a given force is independent of the body’s actual 
velocity. 


6. Two scale-pans, each weighing 2 oz., are suspended by a weight- 
less string over a smooth pulley. A mass of 10 oz. is placed in one 
and 4 oz. in the other. Find the tension of the string and the pressure 
on each scale-pan. 


7. Two weights P and Q are connected by a fine thread passing over 
a smooth pulley. P descends through a distance h, when a part of P 
falls off, leaving only P,, which is less than Q. How far will P 
descend P 


8. What must be the masses attached to the ends of the string of 
an Atwood’s machine, and the mass of the rider, in order that the 
action of a force of 10,000 dynes upon a mass of 1000 grammes may 
be investigated ? 


9. A light string passes over a light fixed pulley; it carries a mass 
P at one extremity, and a light pulley at the other. Another light 
string passes over this second pulley, carrying masses Q and RF at its 
extremities, Find the condition that & remains at rest. 
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134. Work.—A force is said to do work when tts point 
of application moves in the direction in which the force acts. 


When the point of application moves in a direction opposite 
to that of the force, work is said to be done against the 
force. 


By the “ point of application” of a force is meant the 
particle on which the force acts. When the force acts, 
not on a particle, but on a body of any size, the force may 
be supposed to be applied at some particular point of the 
body, and the “distance moved by the point of applica- 
tion’? means the distance moved by the particle of the 
body at that point. 


Examples of Work.—(1) An engine drawing a train does work, 
for the train moves in the direction in which the engine pulls, But 
when the train is being stopped by the brakes, the train does work 
against the brakes, because the resistance of the latter acts in the 
opposite direction to that in which the train is moving. 


(2) If a heavy body falls to the ground, its weight does work. If 
we lift it up again, we must do work against its weight. 
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135. Derinitions.— The work done by a force is 
measured by the product of the force into the distance through 
which its point of application moves in the direction of the 
force. 

In the present chapter, we shall suppose the point of 
application to be moving in the same straight line as the 
force. If it is moving in the direction towards which the 
force tends, the work done will therefore be positive. If 
it is moving in the reverse direction, we may regard the 
distance traversed as negative (§ 18), so that the work 
done by the force is now a minus quantity. 

Hence work done against a force is the same thing as a 
negative quantity of work done by a force. 

Thus, when we do work against the weight of a body in 
lifting it off the ground, the weight of the body does a 
negative quantity of work. 


136. Drrinirion.—The dynamical or absolute unit 
of work is the work done by the dynamical unit of force in 
moving its point of application through a distance of a unit 
of length, whatever system of units be used. 

The F.P.S. dynamical unit of work is the foot- 
poundal, and is the work done by a force of one poundal 
in moving its point of application through one foot. 

The C.G.S. dynamical unit of work is called the erg, 
and is the work done by a force of one dyne im moving its 
point of application through one centimetre. 

A million ergs is called a megalerg. It is the work 
done by a megadyne in moving through one centimetre. 
Owing to the smallness of the erg, work is often measured 
in megalergs. 

Another Metric unit of work is the joule,* which 
contains ten million (107) ergs or 10 megalergs; this is, 
however, principally used in electrical measurements. 


* Lately it has been the practice to give the names of eminent physicists to new 
constants which have been required by the advance of science; ¢.g., watt, ampere, 
yolt. Joule worked out the mechanical equivalent of heat. 


DYN. a8 
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Examples.—(1) To find the work done in moving 10 lbs. through a 
distance of 3 feet with an acceleration of 5 feet per second per second, 

The force applied to the body 

= mass x accel. = 10 x 5 poundals, 
and the work done 
= force x distance traversed = 50 x 3 = 150 foot-poundals. 

(2) The work done by a force of 980 dynes in moving through a 

distance of 10 centimetres is 
980x 10, or 9800 ergs. 


(3) To express the foot-poundal in ergs. 


A poundal is that force which produces in a mass of 1 1b. (or 453°7 
grammes) an acceleration of 1 ft. /sec.” (or 30°48 cm./sec.”). Hence a 
poundal = 453-7 x 30°48 or 13780 dynes. The foot-poundal is the 
work done by a force of 1 poundal (or 13780 dynes) in moving through 
1 foot (or 80°48 cm.) ; 4.e. 1 ft.-poundal = 18780 x 30°48 or 420,000 ergs. 


137. Derinition.—The gravitation unit of work is 
the work done in lifting the weight of a wnit mass through a 
height equal to the unit of length. 

The English gravitation unit is the foot-pound, or the 
work done in raising one pound of matter vertically through 
one foot. 

The C.G.S. unit is the gramme-centimetre, or the 
work done in raising one gramme through a height of one 
centimetre. 

Owing to the smallness of the gramme-centimetre, 
another Metric gravitation unit, called the kilogrammetre, 
is generally used instead. This is the work done in raising 
a kilogramme through one metre. 

Thus a\kilogrammetre = work done in raising 1,000 
grammes through 100 centimetres = 1000 x 100 or 100,000 
or 10° gramme-centimetres. 


Lxamples.—(1) To compare, and express in foot-pounds, the work 
done by a man weighing 10 stone in climbing a mountain 4,000 feet 
high; and the work done by the tide between low and high water in 
raising a ship of 500 tons through 20 feet. 


The man raises a weight of 10 x 14 or 140 lbs. through a height of 
4,000 feet; .*. work done = 140 x 4,000 lbs. = 560,000 ft.-lbs. 
The tide raises 500 x 2,240 or 1,120,000 lbs. through 20 feet ; 
work done = 1,120,000 x 20 = 22,400,000 ft.-lbs. 
Theso are in the ratio of 1 to 40. 
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(2) To compare the kilogrammetre with the foot-pound. 


A kilogramme = 24 pounds, and a metre = 3,3, feet, roughly ; 
a kilogrammetre = 2°2 x 3°38 = 7:26 ft.-lbs., roughly. 


138. The gravitation unit of work is g times the 
corresponding dynamical unit. 


The weight of a pound is 322 poundals; hence the 
foot-pound, or work done in raising a pound weight 
through one foot, = 32°2 foot-poundals. 

Again, a gramme weighs about 981 dynes. Hence the 
gramme-centimetre = work done by a lifting force of 
981 dynes in moving through one centimetre = 981 ergs. 

Generally, the weight of a unit mass is g dynamical 
units of force. Hence, in raising a weight of unit mass 
through a unit height, we have to apply a force of g 
dynamical units, and to move the point of application 
through a unit of length ; 


.. work done = gX1= g dynamical units of work. 


139. Energy. — Drrinirions. — By energy is meant 
capacity for doing work. 

The potential energy of a body or system of bodies is 
the amount of work which it 1s capable of performing in 
virtue of its position (or the positions of its parts). 


Examples.—(1) If a million tons of water are stored in a reservoir 
500 feet above the sea level, the water may be said to have 500,000,000 
foot-tons of potential energy, for if the water were allowed to run 
down to the sea it would be able to perform 500,000,000 foot-tons 
of work in its descent. By employing the water to drive a series of 
water wheels in its fall, this work may be utilized for driving 
machinery. 


(2) If, in winding a clock, a weight of 8 lbs. is raised to a height 
of a yard from the bottom of the clock, its potential energy is then 
24 foot-pounds, for in descending again it is able to perform 24 foot- 
pounds of work. This work is expended in driving the clock, and 
overcoming the friction of the machinery. When the weight has 
fallen one foot, its potential energy is only 16 foot-pounds, for it has 
only 2 more feet to fall, andit has already done 8 foot-pounds of work. 
When it has fallen another foot it has only one more foot to fall 
through, and its potential energy is only 8 foot-pounds. 
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140. If a body of weight W is ata height h above 
the ground, its potential energy = Wh ......... (is 


For this is the amount of work its weight would do if 
the body fell to the ground. 


If the weight W is expressed in dynamical units of force, the 
potential energy is Wh dynamical units of work. If Wis the weight 
measured in gravitation units (so that W is numerically equal to the 
measure of the mass of the body), then WA represents the number of 
gravitation units of work in the potential energy of the body. 

Thus, if the mass of a body is M pounds, its weight 
= M pounds weight = Mg poundals, and its potential 
energy when at a height of h feet above the ground is 
= Mh foot-pounds = Mgh foot-poundals (g = 32, or 32°2). 

Similarly, the potential energy of M grammes at a height 
of A centimetres = MWh gramme-centimetres = Mgh ergs 
(ai 05)). 


141. Derinition.—The kinetic energy of a body is 
its capacity for doing work in virtue of its motion. It is 
measured by the amount of work that the body is capable 
of performing in coming to rest. 


The following illustrations show that a moving body 
does actually possess energy. 

Examples of kinetie energy.— - 

(1) A bullet when fired at a wooden target will penetrate a con- 
siderable distance into the wood, thereby doing work against the 
very great resistance to penetration offered by the target. Hence, 
before the bullet struck the target, it must have possessed kinetic 
energy, or capacity for doing work, 


(2) A stone, when projected vertically upwards, will rise in the air, 
and thereby do work against gravity. Evidently, the capacity 
for doing work depends on the initial upward motion, and the kinetic 
energy is measured by the work done by the stone against gravity in 
comiug to rest. 

Thus, if a mass of 3 pounds is shot upwards with a velocity of 
40 feet per second, it will rise to a height 4, where (by u? = 2gh), 

402=—= 2.32.h, Or —h = 2b 4b. 


In rising through this height the body will do 3 x 26 or 75 foot-pounds 
of work. Hence the original kinetic energy must have been 75 foot- 
pounds, or 2400 foot-poundals. 
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142. To find an expression for the kinetic energy 
of a moving body. 

Suppose a body of mass m to be moving with velocity wu, 
and let us calculate the work it is capable of doing in 
coming to rest. If the velocity changes from u to 0 
under the action of a force of P dynamical units, and if f 
denote the acceleration, s the space passed over, we have, 


by § 46, (v’'—wv = 2fs), 
O—u? = 2fs, 
and, by § 84, 1S Tae 


Hence the work done by the force P, moving over a dis- 
tance s, 
= Ps = mf.s = 2fsxim =—wv xim =—im’, 
and the work done by the body against the force P is 
equal and opposite to this, and is therefore 
= —Ps = —(— fmu’) = 4m’, 

Therefore the body, in coming to rest, is capable of per- 
forming $mu” dynamical units of work, or 

The kinetic energy of the body = imw?’ ......... (2). 
Or in words: 

The kinetic energy of a body is half the product 
of its mass into the square of its speed. 

Since the momentum of a moving body = mass x velocity, 
and its kinetic energy = } (mass) X (velocity), 

kinetic energy = } (momentum) x (velocity), 

an expression which is often useful. In all the above 
expressions the kinetic energy is supposed to be expressed 
in dynamical units of work (foot-poundals or ergs). 

When expressed in foot-pounds, the kinetic energy 

= mv +29. 

OxzsERVATIONS.— We notice that the work whicha body can perform 
in coming to rest does not depend on how it is brought to rest. If it 
is retarded by a very great force it will stop after going a very short 


distance, while if it is retarded by a very small force it will run a 
considerable distance, but the work done will be the same in every case. 


Many writers define the kinetic energy of a moving body as 
4 (mass) x (speed)?, 
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and they then go on to prove that the kinetic energy is the work which 
the body will perform in coming to rest. This is, however, not so 
logical as the point of view that we have adopted, as it shows no 
reason why the factor 4 is inserted. Still, candi lates for an examina- 
tion should be prepared to give either definition, and to deduce one 
definition from the other. 


Ezxample.—A cannon-ball, of weight 10 lbs., is fired horizontally, with 
a velocity of 1120 feet per second, from a gun, and the weight of the 
gun, with its carriage, is 5 tons. Find the kinetic energy of the gun 
immediately after the explosion, expressing it in foot-pounds. 


The momentum of the cannon-ball is 10 x 1120 foot-pound-second 
units, and this is also the momentum of the gun (§ 98). 
Now kinetic energy 
— lane — 2? _ square of momentum 
2M twice the mass 
Hence the kinetic energy of the gun is 
(11200)? 


perry als, 
ee 


(11200)? ¢4,-Ibe, 


22400 x 32 
= 176 ft.-lbs. 


143. In uniformly accelerated motion the increase 
of kinetic energy is always equal to the work done 
by the impressed forces. 


We have, in motion under uniform acceleration f, 


v—w = fs; 
also, if P be the impressed force and m the mass moved, 
Ey. 
« Ps=mfs= im x 2fs = dn (o'—w), 
or Ps = YM — PNW 0. Gacasciseceascaase ) § 


that is, work done by P 
= (final kinetic energy) — (initial kinetic energy) 
= increase of kinetic energy. 

In particular, if the body start from rest, the whole 
kinetic energy acquired is equal to the work done by the 
impressed force. 

Nguation (3) is called the Hquation of Work. 
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Alternative proof.—The same regultsmay also be proved from 
first principles, as follows :— 

If 7 be the time during which the force P acts, the total change of 
momentum is equal to the impulse of the force ; 


BLU 00) Ps tee ses oat detetee ve Poorer (i.). 

Also the motion is uniformly accelerated; therefore the average 
velocity is g(v+u); 

and therefore Gi= SAVE: enhinesedeccoestecaniorsecas (ii.). 

Multiplying (i.) and (ii.) together, and dividing throughout by ¢, 

we have, as before, Psi 510 (U2 — U2)" oonanecssesloseaeupadaneee (8). 


144, Comparison of the equations of momentum 
and work.—The student should be careful to distinguish 
the property just proved from the property which forms 
the subject of Newton’s Second Law [§ 84, equation (1) ]. 

If we take either of the usual systems of units we can 
prove from Newton’s Second Law that 


change of momentum = force x time; 


and the Principle of Work states that 
change of kinetic energy = work of impressed force 
= force x distance traversed. 


Examples.—(1) A stone weighing 3 lbs. falls through 7 ft. What 
is its kinetic energy, and what force will stop it in 2 ft. P 
Kinetic energy of stone = work done by gravity 
= weight x distance fallen 
=o Xe itte-lbsie — 21 fts-Ibss 
21 x 382 ft.-poundals = 672 ft.-poundals. 
Let P Ibs. be the force required to stop it in 2 ft. Then we have 
P lbs. acting upwards and the weight 3 lbs. acting downwards. Hence 
the upward force retarding the motion of the stone is P—8 lbs. wt. 
When the stone is brought to rest, 


work done against retarding force = kinetic energy Jost ; 
(P—8) x 2 ft.-Ibs. = 21 ft.-Lbs. ; 
required force P = 134 lbs. wt. 


I 


(2) A stone weighing 8 oz. falls for 5 secs. What is its momentum, 
and what force will stop it in 3 secs. ? 


Weight of stone = } Ib. = 49 poundals, 
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Momentum acquired = impressed force x time 
49 x6 F.P.S. dynamical units 
= 80 units (taking g = 32). 
Let P lbs. be the force required to stop it in 3 secs. Then the 
actual retarding force = (P—34) lbs. wt. = (P— 4) g poundals, 
and impulse of this force in 3 secs. = momentum destroyed ; 
(P—3)9 x3 = 395; 
required force P = 1} lbs. wt. 


(3) To find the kinetic energy acquired by a kilogramme in falling 
through a metre. 
The weight = 1000 gm. wt. = 1000 x 981 dynes, 
and distance fallen = 100 centimetres. 
Hence, by the Principle of Work, 
acquired kinetic energy = work done by weight 
= (force) x (distance) 
= 981,000 x 100 (dynes, cm.) 
= 98,100,000 ergs = 98°1 megalergs. 


OxzsERVATION.—Examples (1) and (3) show that when it is required 
to calculate the kinetic energy acquired by a body after moving 
through a given distance under a given force, it is not necessary to 
find the velocity and substitute in the expression imv?, for the 
acquired energy is simply the work done by the force. 


(4) To find the velocity of an 8-lb. shot that will just penetrate an 
armour plate 10 inches thick, the resistance being 84 tons. 

Let u be the required velocity in ft. per sec. The resistance 

= 84 x 2240 lbs. wt. = 84 x 2240 x 32 poundals, 
whence the Equation of Work 
$m (e—u?) = J x 8 
gives 3-8 (O—w*?) = —(84 x 2240 x 382) x19; 
‘ wu? = 70 x 2240 x 8 = 1120 x 1120; 
-*. required velocity = 1120 ft. per sec. 


(5) If the velocity of the shot be doubled, what must the thickness 
of the plate be in order that the shot may only just penetrate it. 


Let w be the new velocity, s’ the new thickness. Then the 
Equations of Work for the two cases give 


imu’? = — Ps’, 

ame = — Ps, 
But wu’ = 2u; oe W2 = 4y?, 
Hence SO aes ANG, 


or the thickness of the plate must be increased fourfold ; 
require 1 thickness = 40 inches. 
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(6) A 1-oz. bullet is fired with a velocity of 1000 ft. per sec. Find 
the velocity with which a 2-oz. bullet could be fired from the same 
rifle with treble the charge of powder. 

Since the explosive force always moves the bullet through the same 
distance (viz., the length of the barrel), the work done on the bullet is 
proportional to the charge of powder. 

Hence the kinetic energy is trebled by trebling the charge, and, it 
m, m, be the masses, v, v, the velocities of the two bullets, we have 

m vri=3xim v?, 

media Vie 10 Xe 32s 

Sy OP eS Sore 

-*. required velocity 1; = vV/% = 1000/8 = (1,500,000) 
= 1225 ft. per sec. nearly. 


a 
2 
a 
2 


145. The following applications should be noticed. 

If different forces act on equal masses during the same 
time, the forces are proportional to the velocities acquired. 

For the times being the same, the impulses, and there- 
fore the acquired momenta, are proportional to the forces. 

But if the different forces move the bodies from rest 
through equal distances, the forces are proportional, not to 
the acquired velocities themselves, but to the squares of 
the acquired velocities. 

For, since the forces move the bodies through equal 
distances, the works done by them are proportional to the 
forces; hence the forces are proportional to the kinetic 
energies of the two bodies. 

The apparent discrepancy is easily accounted for. In 
the second case, the greater force moves the mass over 
the given distance more quickly, and therefore it acts for 
a shorter time than the lesser force. Hence the impulses, 
and therefore the momenta produced, are not proportional 
to the forces. 


146. Other forms of Energy.—In addition to the two 
forms of energy already mentioned there are at least five 
others, viz. Chemical Energy, Electrical Energy, Heat, 
Sound, and Light. ach of these falls strictly under the 
mathematical definition of energy, viz. capability of doing 
work. For instance, the work done on a cannon ball when 
fired from a gun is due to the chemical energy of the 
gunpowder, the explosion being a violent chemical reaction, 
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Again, the work done by a locomotive in moving a train 
is due to the heat energy of the steam. As an instance of 
Sound doing work, we may quote the case of the strings 
of a pianoforte vibrating in response to notes from another 
musical instrument, or in response to the human voice; 
while Light does work, in the case of photography, by 
causing chemical actions in the chemicals on the ‘‘negative.” 

Now all these forms of energy can be measured in the 
same way, viz. by the work which could be theoretically 
obtained from them. For instance, a certain quantity of 
heat represents so many foot-poundals of possible work, and 
would therefore be said to contain that number of foot- 
poundals of energy. Hence, different forms of energy can be 
compared with one another. For instance, a certain quantity 
of electrical energy would be reckoned equivalent to a certain 
quantity of chemical energy, uf each could supply the same 
number of foot-poundals of work. 


147. Conservation of Energy.—In doing work a body 
uses up its energy; thus if a body does 50 foot-poundals 
of work it uses up 50 foot-poundals of its energy. The 
converse principle is also found by experiment to be true, 
viz. that if 50 foot-poundals of work is done on a body 
its energy is increased by 50 foot-poundals. 

Now suppose that a body A does 2 foot-poundals of 
work on a body B. The body A loses # foot-poundals of 
energy, and the body B gains # foot-poundals of energy. 
Hence the total amount of energy in the two bodies remains 
the same, although the /ind of energy produced in B may 
be of a different nature to that used up in 4. 

This is a particular case of the Principle of Conser- 
vation of Energy which may be quoted as follows:— 
Energy can never be destroyed; if energy in one form 
disappears an equivalent amount of energy will re- 
appear either in the same or some other form. 

It must be clearly understood that the truth of this principle rests 
entirely on experimental evidence, and moreover that the preceding 
explanation of the theory of Work and Energy can scarcely be regarded 
as applicable in all cases; for it frequently happens that when energy 


is transferred from one body to another it is not obvious that any work 
has been done. As an example we may quote the transference of heat 
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energy from a hot piece of iron to a cold piece of iron placed on the top 
of it. It is, however, probable that this explanation would be found to 
be sufficient if we completely understood the nature of physical and 
chemical actions. 

The Principle of Conservation of Energy has now been so thoroughly 
established upon accumulated evidence that its essential truth is 
scarcely open to question. It may be noted, however, that the recently 
discovered properties of radium afford an apparent exception to the law. 
This substance seems to have the power of emitting heat and light 
without undergoing chemical or physical change, and therefore without 
any decrease in its own energy. Different explanations of this 
phenomenon have been offered, but none of them has as yet been 
generally accepted (1903). 

The name Mechanical Energy is often applied to the two forms, 
kinetic and potential energy, to distinguish them from the other forms 
of energy mentioned above. 


147<a. It is easy to quote many simple illustrations of 
the Principle of Conservation of Energy. For instance, 
when a cannon-ballis stopped by a target, the kinetic energy 
of the cannon-ball disappears. The equivalent amount 
of energy will, however, appear as heat, for both target 
and bullet will be rendered very hot by the collision. In 
a similar way all collisions will be found to produce heat; 
for instance, the head of a hammer may be made very hot by 
hammering a nail smartly three or four times in succession. 
This point will be clearer when it is mentioned that an 
apparently small quantity of heat represents a large amount 
of energy; and, conversely, a large amount of energy must 
be expended to produce an apparently small quantity of heat. 
(The latter is obvious to any one who has tried to produce 
fire by rubbing two sticks together.) 

Again, in firing a cannon the chemical energy of the 
powder is exhausted, but in its place we have (a) kinetic 
energy in the bullet, (4) kinetic energy in the cannon, which 
‘‘recoils,”” (¢) heat energy in both bullet and cannon, 
(d) sound energy and light energy; and, in accordance with 
the principle of Conservation of Energy, the sum of all 
these energies will be the equivalent of the chemical energy 
originally possessed by the gunpowder. 


Dissipation of Energy.—It is worth noticing, however, that 
for all practical purposes energy is frequently as good as lost, owing to 
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its tendency to get dissipated: ¢.g., a glass of boiling water left in the 
middle of a room will soon be quite cool; its heat energy is not lost, but 
has been distributed through the surrounding air, the walls of the room, 
etc., which will all be very slightly the warmer; but for all practical 
purposes the heat is lost. 

In Mechanics the important case of this principle is the 
frequent transformation of kinetic energy to potential 
energy, and vice versd. For instance, if a moving body 
impinges against a spiral spring, its kinetic energy will be 
used up in compressing the spring; but the spring will then 
possess an equivalent amount of potential energy, since the 
fact of its being compressed renders it capable of doing work 
by expanding again. 

Again, a body at a height above the earth’s surface has 
potential energy; if it be allowed to fall, it loses potential 
energy, since its height above the earth is diminishing. 
But it gains kinetic energy. And in this case we can prove 
mathematically that the gain of kinetic energy is equal to 
the loss of potential energy. 


148. Particular cases of the principle. 


Motion of a body projected under gravity.—If a 
mass m be projected vertically upwards with velocity uw, 
we have, when the height above the ground is s, 

vw = w—2QyJps ; 
: gmv+mgs.= $m’. 

But mgs is the potential energy (in dynamical units) at 

height s, and }mv’ is the kinetic energy. Hence 
kinetic\energy + potential energy 
= original kinetic energy. 

Hence the total energy of the body always remains 

constant and equal to its original energy. 


149. Verification for Atwood’s machine.— Let P, 
Q be the total masses suspended from the ends of a string 
passing over a pulley,as in Atwood’s machine, where Q > P. 
Then, if Q falls through a distance s, P rises through an 
equal distance s. The work done by the weight of Q is 
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Qgs, and that done against P is Pgs; hence the potential 
energy of Q decreases by Qgs, and that of P increases by 
Pgs, so that the loss of potential energy 


= (Q—P) gs. 
If w is the initial velocity, and v the final velocity, 
the initial and final kinetic energies of the system are 


3Qw+3Pw and 4Qv’+4Pv’; 
hence gain of kinetic energy = $ (Q+P) (v’—w’). 
The Principle of Conservation of Energy requires that 
gain of kinetic energy = loss of potential energy, 
or that $(Q+P) (v’—u’) = (Q—P) gs, 


—P : 
or that v—v = 2 @ BS) sock steestcae In) 
QpP! (i.) 

This relation is satisfied, for in uniformly accelerated 
motion v—wv = 2fs, 
and we have seen in § 122 that 

sek 
I= oye! 


Whence (i.) follows immediately; hence the sum of the 
kinetic and potential energies is constant. 

Similarly the principle may be verified for the case in 
which a body is drawn along a smooth horizontal table by 
a second body falling vertically (§ 133). 


150. APPLICATIONS.—Conyversely we may often solve dynamical 
problems by assuming that the total mechanical energy is constant. 


Examples.—(1) A uniform and perfectly flexible string of length 
2 feet is placed initially at rest with half its length hanging over the 
edge of asmooth table. [ind the velocity which the string has acquired 
just as it leaves the table; given that the Potential Energy of any 
straight piece of uniform string is the same as if its whole mass were 
collected at its middle point. 


Let m lbs. be the mass of the string, and’ feet the height of the 
table above the ground. 

Then in the initial position the potential energy of the half of the 
string which is on the table is 3 gh ft.-pdls. ; and the potential energy 


of the half which is hanging over the edge is sy (h —}) ft.-pdls., as its 
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middle point is (k—}) ft. above the ground. Adding these results we 
obtain the total potential energy, viz. mgh —4ing ft. -pdls. 

Again, when the string is just leaving the table it is in a straight 
vertical line, whose middle point is 1 ft. below the table, and therefore 
(h—1) ft. above the ground. Thus its potential energy is now 
mg (h—1 

aide: the loss in the potential energy of the string as it passes from 
the one position to the other is mgh—4zmg —mg(h— 1) or j}mg ft.-pdls. 

Hence by the Conservation of Energy there must be a corresponding 
gain of Kinetic Energy. [As there is no friction heat energy is not 
produced. ] 

But the Kinetic Energy of the string is jv? ft.-pdls. ; 


hence zm = 32mg, 
whence vn a8, le. v= V48=4 3 


or 6°9 ft./sec. 
NorE.—The acceleration in this system would not be constant. 


Hence this problem could not have been solved by elementary, methods 
without using Conservation of ‘nergy 


(2) A mass of 60 lbs. falls from a height of 50 feet, and penetrates 
2 feet into loose sand. ‘To find the resistance of the sand in pounds 
weight, 


The kinetic energy acquired in falling is destroyed by the resist- 
ance of the sand. Hence the work done on the body by gravity is 
equal to the work done by the body against the resistance of the sand. 

But the body falls altogether 52 feet, 


work done by gravity = 62x 50 = 2600 ft.-lbs. ; 
and, since the body moves 2 feet against the resistance, 
resistance of sand = 2622 = 1300 lbs. weight. 


{Notice in this example that we have not had to calculate the 
velocity of the body. | 


*151. Connection of the Principle of Energy with Newton’s 
Third Law.—Conservative forces.—Although, according to New- 
ton’s Third Law of Motion action and reaction are equal and ¢ opposite, 
it does not necessarily follow that the works done by them are equal 
and opposite. Jor two equal forces can only perform equal amounts 
of work provided that their points of application move through equal 
distances. Hence, if two bodies approach or separate from one 
another, there is a gain or loss of work done against their action and 
reaction. 

In many cases this work will be restored if the bodies are brought 
back to their original position. When this is the case, the forces are 
said to be conservative, and the total energy, potential and kinetic, 
of the system is constant. 
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In other cases, however, work may be lost in altering the positions 
of two bodies, and may not be restored when the bodies are brought 
back to their original position. In sucha case the forces are non- 
conservative, and there is a loss of mechanical (kinetic and 
potential) energy, which energy is transformed into heat or some other 
form of energy not usually considered in mechanical investigations. 

In all cases where the forces between two bodies are of the nature 
of action and reaction, these forces are always equal and opposite, and 
therefore they both come into existence and both cease simultaneously, 
and therefore they act during the same time. Hence the changes of 
momentum, and not the changes of energy, are equal and opposite in 
such cases, as shown in Chapter VII. 


Examples of non-conservative systems.—(1) If we push a book along a table, we do 
work against the reaction of the table on the book due to friction. But, since the 
table does not move, no work is done by the action of the book on the table. ‘To 
bring the book back to its original place we again have to do work against the 
friction of the table. Hence there is a loss of work in both processes, and the 
work so lost is converted into heat. 


(2) To find the loss of kinetic energy when a mass of 11b., moving with a velocity 
of 10 feet per second, strikes an equal mass of 1 1b., and both continue to move on 
together. 

If v is the common velocity of the two masses after the blow, the constancy of 
momentum gives 

momentum of 2 lbs. moving with vel. vy = momentum of 1 1b. with vel. 10; 
20.= 1 10; .or w =15 ft. per'sec. 

The kinetic energy of 1 lb. moving with a velocity of 10 feet per second 

(= dmv?) = 1.1.10? = 50 ft.-poundals. : 

The kinetic energy of 2 lbs. moving with a velocity of 5 feet per second 

= 2.2.5? = 25 ft.-poundals. 


= 25 


Hence the loss of energy = 50-25 = 26 ft.-poundals = 2% ft,-lbs. 


*152. Newton’s “scholium” to the Third Law.— 
The Principle of Conservation of Energy was first enunci- 
ated by Newton in a note or “scholiam” on his Third 
Law, in a form the general purport of which may be stated 
as follows :—- 

“Tf action be measured by the rate at which a force 
works, and reaction be measured by the rate at which 
work is done against friction, gravity, and cohesion, 
together with the rate at which work is expended for 
producing kinetic energy, then action and reaction are 


equal and opposite.” 


This is to be regarded as the statement of an independent physical principle 
rather than as a necessary consequence of the Third Law of Motion, for the 
“action” and “reaction” in the above statement represent rates of working and 


not forces. 
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153. Tension of a string over a smooth pulley.— When a 
string passes over a pulley without friction, the tension is the same 
throughout, if the mass of the string and pulley be neglected. 

Let one end of the string be pulled with a force 7, and suppose, if 
possible, that the pull at the other end is Z”, and is not equal to 7. 
If a length s of the string is pulled over, the work done on the string 
by the force 7’ is Zs, and the work done by the string at the other 
end is Zs. 

Their difference (7'— 7”) s is the mechanical energy communicated 
to the string and pulley. But there is no friction; hence the system 
is conservative, and this mechanical energy cannot be lost. Also the 
string and pulley have no mass; therefore they cannot acquire kinetic 
energy. Hence the communicated energy (Z’—T7’)s must be zero, 
and therefore 7 = 7". 

Therefore the pull is the same throughout the string (§ 121). 


154. Derinirion. — Power is the rate of doing 
work.—The power of an “agent” (e.g., a steam engine, 
a horse, or whatever does work) ts measured by the amount 
of work the agent is capable of performing per unit of time. 


The F.P.S. dynamical unit of power is, of course, 
a rate of working of one foot-poundal per second. This 
unit is rarely used. 

The C.G.S. dynamical unit of power is a power of 
one erg per second. This unit is too small for most 
purposes (being only about g5g555 of a foot-poundal 
per sec.), but from it is derived a larger unit called the 
watt. A watt is ten million (107) C.G.S. dynamical units 
of power, and is therefore = 10,000,000 ergs per second, 
or one joule per second. It is principally used in 
electrical engineering. 

% 


155. Horse-Power.—Gravitation Units of Power. 
—The power of a steam-engine is always measured in 
horse-power. 

Derinition.—A horse-power (h.-p.) <s a rate of working 
of 550 foot-pounds per Second...........scssessesseseeree (4) 

Hence 1 h.-p. = 33,000 foot-pounds per minute. 

This unit of power was introduced by Watt, who esti- 
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mated it as being the rate of working of a good horse 
and it has been universally adopted by engineers as the 
unit of power. The power of an engine when expressed in 
horse-power is spoken of as the horse-power of the engine. 

[Note that the horse-power is a gravitational unit of power. | 

There is a corresponding gravitational unit in the 
Metric system, called the force de cheval. It is a power 
of 75 kilogrammetres per second. 


When engineers speak of an engine of so many horse-power 
—say a 10 horse-power engine—they mean an engine 
which is capable, under favourable circumstances, of 
working at 10 horse-power —?.e., performing 5500 foot- 
pounds per second. But such an engine might be worked 
more slowly and might be used to perform, say, only 
4400 foot-pounds per second. It would then be said that 
the engine was working at + of its full horse-power. 


Examples,—(1) To find the horse-power of an engine which draws 
a railway train at 60 miles an hour against a resistance equal to the 
weight of 1 ton. 

Here the engine moves 88 feet per second against a resistance of 
2240 lbs. wt. Hence it performs 

88 x 2240 ft.-lbs. per sec. ; 

88 x 2240 

550 


.*. required horse-power of engine = = 308°4, 


(2) A steam pump raises 11 tons of water 15 feet high every 
minute. What is its horse-power ? 


Work done per min. = 11 x 2240 x 16 ft. Ibs. ; 


11 x 2240 x 15+ 60 ft.-Ibs. 


-*. work done per sec. = 
= 11 x 560 ft.-lbs, 


But one horse-power = 550 ft.-lbs. per sec. ; 
required horse-power = eh = Pee tt9: 
650 oy) 


(3) To express the horse-power in F.P.S, dynamical units. 
A horse-power = rate of working of 550 ft.-lbs. per sec. 
= 550 x 32 ft.-poundals per sec. 
17600 F.P.S. dynamical units. 


DYN, M 


{I 
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(4) Calculate the horse-power of a fire-engine which is projecting 
5} gallons of water per second with an initial velocity of 80 It. /sec. 
(Neglect all friction in the working of the machine.) 

The work done by the engine is equal to the total energy produced 
by this work. 

The energy produced consists of (i) kinetic energy imparted to the 
water, (ii) heat energy generated by the friction of the water in the 
pipes, etc., (ili) sound energy, as the working of the engine is not 
noiseless. We are instructed to neglect (ii); and (ii1) is quite insigni- 
ficant. Hence we may say that 
work done by engine in 1 second = kinetic energy imparted to the 

water in 1 second. 

Since 5} gallons of water weigh 55 lbs., the kinetic energy imparted 
to the water in 1 second = 3mv? = 3x 55 x 80? or 176000 ft.-pdls. 

To find the rate of working in H.P. we must reduce this to ft.-Ibs. 
and then divide by 550. Hence we obtain 


176000 +32+550 or 10 H.P. 


1554. On the work done by a variable force. The 
problem of determining the work done by a variable force 
is analogous to that of determining the distance travelled 
under a variable velocity; 
and the method of graphic 
representation, which we 
applied to the latter prob- 
lem in §§ 51-54, may with 
advantage be applied to the 
former also. 

In Fig. 198 let the line or 
curve PQ be so drawn that, 
for any point B, the ordinate 
bB represents the magnitude 
of the force when its point Fie. 193. 
of application has travelled i 
a distance represented by the abscissa 0d. Then the area 
OPQM (between the curve, the extreme ordinates, and the 
axis 0X) will represent the work done by the force. 

Work is the product of force and distance; as the point 
of application moves over a distance represented by dc, 
the magnitude of the force increases from 68 to eC. Thus 
the work done must be greater than would be done by a 
force 6B acting through a distance bc, and less than would 
be done by a force c@ acting through adistance dc, Hence 
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the work done must be greater than 08 xbe and less than 
cC x be, t.e. greater than that represented by the area bBGe, 
and less than that represented by the area bg0c. Applying 
the same argument to each of the distances represented by 
Oa, ab, etc., it follows that the total work done is less than 
that represented by the circumscribed figure 0cA/ByChDkQM 
and greater than that represented by the inscribed figure 
OPEAFBGCHDKM. 

In a similar way we can show that, into however many 
parts we divide the base line 0//, the work done by the 
variable force must be represented by an area which is 
intermediate in magnitude between the corresponding 
circumscribed and inscribed figures. 

But if the divisions of OM become very numerous and 
very small both the circumscribed and inscribed figures 
approximate very closely to the area OPQM, and this area 
is the only area which must always be intermediate to 
them in magnitude. Hence the area 0PQM represents the 
work done by the force. 

NoteE.—If the same curve were traced from @ to P (instead of from 
P to Q) this would represent the case where the point of application is 
travelling in the opposite direction to the force. Thearea O0PQM would 
as before represent the work done, but it would have to be reckoned as 
negative work, 

155d. Let us now consider the case of a closed curve PORS 
(Fig. 19¢c) traced in the 
direction indicated by the 
arrow heads. 

If we start from the point 
P the upper portion of the 
curve, PQA, indicates the 
magnitude of the varying 
force as its point of application 
moves a distance in the 
positive direction represented ~ 
by MN; and the area MPQRN represents the positive 
work done by the force. The lower portion of the 
curve, RSP, represents the magnitude of the varying 
force as its point of application is driven back (by 
other forces) through the distance represented by NM; 
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and the area NRSPM represcnts the negative work done 
by the force. Thus the point of application has travelled 
from M to V and back, and the total positive work done by 
the force is represented by the difference of the areas MPQRN 
and VRSPM, i.e. by the area of the closed cireuwt PQRSP. 


155¢. The Indicator Diagram.—We have an inter- 
esting illustration of this in the work done in a steam 
engine by the steam pressure on the piston. In the 
forward stroke the steam pressure forces the piston out 
and so drives the machinery; most of the steam then 
escapes, and the momentum of the machinery carries the 
piston back against the diminished steam pressure. The 
work diagram is usually of the type shown in Fig. 19d, 
where the portion PQ repre- 
sents the sudden rise of fe) 
pressure as fresh steam is 
admitted into the cylinder, 
QRS represents the gradual f Qk 
fall in pressure as the expand- 
ing steam drives the piston 


forward, and §P represents ees: S 
the slight variations in pres- 0 X 
sure as the piston returns Fig. 19d. 


to the starting point. The 
area enclosed within the circuit then represents the 
total work done on the piston. 

By an ingenious contrivance called the Indicator, the 
piston can be made to draw accurately its own work 
diagram, which is then called its Indicator Diagram. 
This is often very useful to the engineer in estimating 
the merits of an engine, as it shows both the total work 
done aud the variation of the pressure from point to point. 


156. General expression for rate of working. — If 
a body is moving with velocity v under the action of a 
force P, the distance traversed per unit of time by the 
body is v, and therefore the work done per unit of time 
is Pv ; “. vate of working = Pu 
= (force) x (velocity of its point of application)... (5). 
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If P is expressed in poundals, this is rate of working 
in foot-poundals per second. To reduce to foot-pounds 
per second we should have to divide by g or 32, and to 
reduce to horse-power we should have further to divide 


by 550. 


Summary oF Resutts. 


Potential energy of weight W at height h = Wh...... (1). 
Kinetic energy of mass m moving with velocity v 
= imv’ dynamical units of work .....5.-.s0sse00» (2) 
2 
= a foot-pounds if m and v are in F.P.S. units. 
g 
The equation of worl: for a body moving in a straight 
line is PS ay a eae peg 
or, work done = increase of kinetic energy. 


This may be written 
decrease of potential energy = increase of kinetic energy, 
or, potential energy + kinetic energy = constant, 
in accordance with Principle of Conservation of Energy. 
A horse-power = 550 ft.-lbs. of work per second ... (4). 
Rate of working = (force) x (vel. of pt. of application).. (5). 


EXAMPLES X. 


(Selected Problems :—2, 4, 6, 8, 10, 11, 12, 14, 15, 17, 19, 21, 28, 24, 
26, 28, 29.) 


1. A lump of stone weighing 20 fbs. was dropped from a scaffolding, 
and, after falling freely through 36 feet, was brought to rest by 
penetrating 2} feet into mud. Assuming that the force of pressure 
of the mud on the stone was uniform, determine its magnitude. 


2. A body weighing 4 lbs. falls 200 feet, and is then brought to 
rest by penetrating 2 fect into sand. What is the average resistance 
of the sand P 


8. A cannon ball, whose mass is 60 lbs., falls through a vertical 
height of 400 feet. What is its energy ? With what velocity must 
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Such a cannon ball be projected from a cannon to have initially an 
equal energy ? 


4. A body, whose weight is 3 lbs., is thrown vertically upwards 
with a velocity of 32 feet per second. What is its kinetic energy 
after (i.) 4 second, (ii.) 1 second? 


5. A shot is fired from a gun, which is fixed, with a certain charge 
of powder. If the quantity of powder be quadrupled, in what pro- 
portion will the velocity of the shot be increased ? 


6. Find the average force which will bring to rest, in 2 feet, an 
ounce bullet, moving at the rate of 1,500 feet per second. How long 
will it take to bring it to rest P 


7. A stone, moving with a velocity of 15 feet per second, would 
just break through a pane of glass and come to rest. If the same 
stone be allowed to strike the pane with a velocity of 17 feet per 
second, what will be its velocity after passing through P 


8. An inelastic mass of 13 lbs., moving along a smooth horizontal 
plane with a velocity of 87 feet per second, impinges directly on an 
inelastic mass of 16 lbs. at rest on the plane. What kinetic energy is 
lost ? What has become of it ? 


9. Find, in miles per minute, the speed which would be maintained 
by an engine of 1 horse-power working against a resistance of 
1 poundal. 


10. How long will a man, whose weight is 11 stone, take in getting 
from the ground to the top of a steeple 400 feet high by means of 
ladders, if he exerts 4 horse-power ? 


11. The resistance to the motion of a steam plough along level 
ground being supposed uniform and equal to the weight of 14 tons, 
and the hors8-power of the engine employed 28, find the greatest 
uniform speed of the plough that can be maintained. 


12. A steam crane of 6 horse-power raises a load to a height of 
100 feet in 5 minutes. What is the greatest possible weight of the 
load ? © 
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13. In a railway train the resistance and friction of the rails is 
1 1b. per ton. What is the horse-power of an engine which will 
maintain a speed on the level of 30 miles an hour in a train of 
60 tons P 


14. It has been calculated that a whale exerts 145 horse-power 
when swimming at 12 miles an hour. Find the resistance of the 
water in lbs, 


15. How many watts are there in a force de cheval (taking g = 981)? 


16. Show that the rate at which work is done on a body is the 
product of its momentum and acceleration. What unit of power 
must be adopted in this case? Reduce the result to horse-power. 


17. Ten horse-power is transmitted from one shaft to another by 
means of a belt moving over two pulleys with a linear velocity of 250 
feet per minute; find the difference of tension on the two sides of the 
belt in Ibs. weight. 


18. Given that the Earth’s radius is 4000 miles, that a cubic foot 
of water contains 1000 oz., that a quadrant of the Earth’s Equator is 
107 metres, that a cubic centimetre of water contuins one gramme, 
find the ratios (i.) of a centimetre to a foot, (ii.) of a gramme to 
a pound, (iii.) of a dyne to a poundal, (iv.) of an erg to a foot-pound. 


19. An ocean steamer does » knots when the engines indicate NV 
horse-power. Find, in tons, the resistance of the steamer im her 
passage through the water. (A knot = 6086 feet per hour.) 


20. A mass of 3lIbs. is shot vertically upwards so as to rise to a 
height of 25 feet; find its original kinetic energy in foot-poundals. 


21. If a force of J poundals acts for ¢ seconds on a body of mass m 
Ibs. find the energy produced in the body. 


22. Find the horse-power of a fire-engine which discharges 200 
gallons of water per minute with a velocity of 66 ft. /sec., neglecting 
frictional resistances. 


23. Kind the horse-power of a fire-engine which discharges 66 lbs. 
of water per second with a velocity of 80 ft./sec., assuming that 20 
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per cent. of the work done by the engine is used in overcoming fric- 
tional resistances. 


24. A crane which works at 4 17.P. can raise a weight of 1000 Ibs. 
through 40 yds. in one minute. How much work is done against 
friction if the machine works continuously for an hour? 


25. A bullet passes through two planks in succession. Its original 
velocity is 1200 {t. per sec. and it loses a velocity of 200 ft. per sec. in 
penetrating each plank. Find the ratio of the thicknesses of the 
planks, assuming that they offer the same average resistance. 


26. A uniform and perfectly flexible chain of length 2 ft. is placed 
with half of its length hanging over the edge of a smooth table. Find 
its velocity when another quarter of its length has slipped over the 
edge. 


27. A uniform and perfectly flexible string of length 10 ft. is placed 
over asmooth peg, with 4 ft. of its length hanging dowa on one side 
and 6 ft. on the other. Determine the velocity of the string at the 
instant when it leaves the peg. 


28. Three points 0, A, B are in one straight line; OA = 5in., AB= 
10in. A particle is attracted toward O with a force which varies 
directly as the distance of the particle from 0, and whose intensity at 
A is 20 poundals. Find by means of a work diagram the work done 
by this attraction in pulling the particle from B to A. [To construct 
the work diagram, calculate the intensity of the attractive force at, 
say, intervals of 2 inches from B to A.] 


29. Three points 0, A, B are in a straight line; 0A = 4in., AB = 12 
in. A particle which can move in this line is attracted toward 0 with 
a force which varies inversely as the square of the distance of the 
particle from 0, and whose intensity at A is 21b.-wt. Determine by 
means of an accurate diagram the work done against this attraction in 
moying the particle from A to B. [Calculate the attractive force at, 
say, intervals of 2 inches from A to B. | 


30. What would be the work done in the preceding question if the 
attractive force varied inversely as the distance of the particle from 0. 
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EXAMINATION PAPER VI. 
1, Define work and horse-power, How are they measured ? 


2. Distinguish between the momentum and the energy of a moving 
body. 


3. How much work is done against gravity, by a man weighing 
12 stone, in climbing a mountain a mile high ? 


4, A train of 200-ton mass is drawn by an engine of 120 horse- 
power. If the resistance is 4 lbs. to the ton, what is the velocity of 
the train P 


5. A number of men can each do, on the average, 495,000 ft.-lbs. 
of work per day of eight hours. How many of such men are required 
to do work at the rate of 10 horse-power ? 


6. Find an expression for the whole amount of work done in 
raising several weights through different heights. 


7. What is the horse-power of an engine which can project 
10,000 lbs. of water per minute with a velocity of 80 feet per second, 
20 per cent, of the whole work done being wasted by friction, &c. P 


8. A bullet of mass 1 oz. leaves the muzzle of a gun 38 feet in length 
with a velocity of 1000 feet per second. Find the average pressure of 
the powder on the bullet. 


9. A horse, drawing a cart along a level road at the rate of 2 miles 
an hour, performs 29,216 ft.-lbs. of work in 3 minutes. What pull in 
Ibs. does the horse exert ? 


10. Draw a diagram to represent the work done by a pump in 
emptying a well, if the bottom of the well is 30 feet below the surface, 
the original depth of water in the well 12 feet, and the sectional area 
of the well 20 square feet. Determine the total work done if a cubic 
foot of water weighs 1000 ounces. [Take successive horizontal lengths 
to represent the weight of the successive layers of water, and vertical 
lengths to represent the distance through which they are raised. ] 


COPUARE TT tae cle 
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157. Units and measures.—In order to measure any 
quantity we must first choose some unit as a standard of 
measurement. We can then describe the magnitude of the 
quantity by saying how many times it contains the unit; 
this number, which denotes the ratio of the quantity to the 
unit, is called the measure of the quantity. Thus if we 
state that a certain length is 12°3 feet, the unit we are 
using is the foot, and the measure of this length in feet 
is the number 12°3. 


If we measure the same quantity in two different units 
of which the second unit is 3 times the first, then the 
measure of the quantity in terms of the second unit will be 
2 of the measure of the quantity in terms of the first unit; 
e.g. if the measure of a length in feet is 12°3, its measure 
in yards will be 4:1. 


Similarlyif the second unit is ” times the first unit, the 
measure of the quantity in terms of the second unit will be 


1 . é ; 3 F 
— of its measure in terms of the first unit; i.e. the measure 
n 


of a quantity varies inversely as the unit in terms of which it ts 
measured. 


UNITS AND DIMENSIONS. 171 


157a. Fundamental and derived units.—We have 
already stated (in § 4) that we have to deal with three 
fundamental conceptions, viz. space, time, and matter. 
We may therefore choose the units of length, time, and 
mass arbitrarily, ¢.¢. we may choose any convenient length, 
any convenient time, and any convenient mass as units for 
these three quantities, but since all other conceptions in 
Mechanics are derived from these three, it is convenient to 
derive the units by which all other mechanical quantities 
are measured by reference to these three fundamental 
units. For example, the convenient unit of velocity is the 
velocity of a body which traverses unit length in unit time, 
the convenient unit of momentum is the momentum of unit 
mass travelling with unit velocity, etc. 

Hence the units of length, mass, and time are called 
fundamental units, and the units of all other mechanical 
quantities are called derived units. 


1576. We now wish to determine what effect is produced 
in the derived units of a system by changing the funda- 
mental units; for this purpose it will be necessary to take 
some definite system of units, such as the F'.P.S. system, as 
a standard with which other systems can be compared. 
We shall assume that we are using the dynamical units of 
force, work, etc., not the gravitational units. 

Let us suppose that we are forming a new system in 
which the units of length, time, and mass, are respectively 
L feet, 7 seconds, and M/ pounds. 

Then the unit of velocity is a velocity of unit length in 


; L 
unit time; but Z feet in 7’ seconds = p toot per second, 


2 
Hence unit of velocity = ZZ feet per second...... (1). 


The unit of momentum is the momentum of unit mass 
travelling with unit velocity. But amass J/ lbs. travelling 


with velocity Z, feot per second has a momentum of sar 


F.P.S. units. Hence 
unit of momentum = MZT" F.P.S. units....(2) 
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The unit of acceleration is an increase of unit velocity per 


ree , L . 
unit time; but an increase of i feet per second in every 7’ 


: ; L 
seconds is an acceleration of 7 feet per second per second. 


Hence 

unit of acceleration = Z7~ feet per second per second... (3). 
The unit force is that force which produces unit change of 

momentum in unit time, or unit acceleration in unit mass; 


but to produce an acceleration of ee feet per second per 


second in mass M lbs. requires a force of 


i poundals. 


L'? 
Hence unit of foree = UZLT~ poundals........ (4). 
The unit of work is the work done by unit force acting 
through unit distance; but the work done by a 
poundals acting through Z feet is ae foot-poundals. 
Hence 
unit of work = M/L’?7'~ foot-poundals...... (5). 


Energy is capability of doing work and is therefore 
measured in work units. Hence 


unit of energy = I//*T foot-poundals...... (6). 


[Note.—The unit of energy is not the energy of unit mass moving 
with unit velocity, which would be }ML?7'-? ft. -pdls. | 


The unit of power does unit work per unit time; but 
ML? 


Le 


foot-poundals of work done in every 7' scconds is 


TT2 
equivalent e ie foot-poundals per second. Hence 


unit power = I/Z’7'* foot-poundals per second. . aes 


The uvit of area is the area of a square whose sido j is 
of unit length. Hence 


unit of area = Z? square feet........... .(8). 
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_ The unit of volume is the volume of a cube whose edge 
is of unit length. Hence 


unit of volume = Z’ cubic feet.......... (9). 


[We have not yet had occasion to deal with the “density” of a 
body. The idea of density is familiar enough to every one; for 
example we often speak of lead as a ‘‘ dense”’ substance, and of air as 
an ‘‘ attenuated ’’ substance, etc. 

It is conyenient to measure density by the mass per unit volume. 
The density of lead is about 10°5 grammes per cubic centimetre, that 
of water is 1 gramme per cubic centimetre, and that of air under 
normal circumstances about 0:0012 gramme per cubic centimetre. | 


The unit of density is a density of unit mass per unit 
volume. But a density of If lbs. for every Z* cubic feet is 


equivalent to = lbs. per cubic foot. Hence 
unit density = UZ lbs. per cubic foot......(10). 


Note 1.—In a similar way if the fundamental units of a system are 
respectively Z centimetres, 7’ seconds, and M grammes, then the unit 


of velocity will be 2 cms. per second, the unit of momentum will be 


ME 
Ee 

Note 2.—Also if the units of length, time, and mags in one system 
have measures Z, 7, and Mf respectively when referred to the fundamen- 
tal units of a second system, then the unit of velocity in the first system 
is L/T' times the unit of velocity in the second system; the unit of 
momentum in the first system is J/L/Z times the unit cf momentum in 
the second system ; etc. 

Nore 3.—The only reason for this system of building up units is the 
all-important reason of convenience, (for the construction of formulae, 
etc.). For example, the formulae s = vt, s = w+ ft, etc., are true 
in any system of units which has been built up from its fundamental 
units in this manner. 

Nore 4.—These units formulae need not be remembered as they are 
very easily obtained when required. 

Examples.—(1) Compare the F.P.S. and the C.G.S. units of density, 

1 foot = 30°48 centimetres, 1 pound = 453°7 grammes. 
Hence by fcrmula (10) and Note 1, 
F.P.S. unit of density (viz. a density of 1 Ib. per cubic foot) 
_, 468% 
30°483 
= 0°01602 gramme per cubic centimetre. 


C.G.S. units of momentum, etc. 


gramme per cubic centimetre 
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(2) In a certain system the unit of work is equivalent to 25 foot- 
poundals, the unit of acceleration to 0-1 inch per second per second, and 
the unit of density to s45 1b. per cubic foot. Determine the units of 
length, time, and mass in this system. 


Let the required fundamental units be Z feet, 7 seconds, and I lbs. 
respectively. ‘Then by formulae (3), (5), and (10) the units of accelera- 


tion, work, and density are respectively — fect per second per second, 


T? 
a foot-poundals, and a lbs. per cubic foot, respectively. Hence 
a stake os icds pone (i) 
— ==42.0).« carter soutien aration meeveetees ac “Gi 
3 Si Pile ois aseio ooneisaieie concern (iii) 


Solving these equations we shall obtain Z, 7, I. 
Dividing (ii) by (ii)— 


Dividing (iv) by (i)— 

I* = 810000, whence Z = 30 ft. 

From (i), 7’ = 120Z = 3600; whence 7 = 60 seconds. 

From (iii), M= os = 100 Ibs. 

157c. On the Dimensions of a Quantity.— We know 
that an area involves space of two dimensions (length and 
breadth), and hence that the unit of area varies as the 
square of the unit of length; thus, by § 157, the measure 
of any given area varies inversely as the square of the unit 
of length. 

Again, a volume involves space of three dimensions 
(ength, breadth, and depth), and hence the unit of 
volume varies as the cube of the unit of length; thus, by 
§ 157, the myeasure of any given volume varies inversely as 
the cube of the unit of length. 

Now the measure of any quantity in Mechanics or 
Physics will depend upon the fundamental units employed, 
and this connection is expressed by extending the meaning 
of the word ‘ dimension.” 
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We have seen that the measure of a volume varies 
inversely as the cube of the unit of length, and that a 
volume is of 3 dimensions in length. But by formula (6) 
and § 157, the measure of a quantity of energy varies 
inversely as the square of the unit of length, and we accord- 
ingly say that energy is of 2 dimensions in length; also the 
measure of a quantity of energy varies inversely as the first 
power of the unit of mass, and we accordingly say that 
energy is of 1 dimension in mass; and lastly the measure of 
a quantity of energy varies inversely as (the unit of time)—* 
and we accordingly say that energy is of —2? dimensions 
in time. 


Derrrnition.—If the measure of a quantity varies 
inversely as the nth power of the unit of length, 
time, or mass, that quantity is said to be of » di- 
mensions in length, time, or mass respectively. 


Exanple.—Using § 157 and formula (7), we see at once that power 
is of 2 dimensions in length, 1 dimension in mass, and —3 dimensions 
in time; and from formula (3) we see that acceleration is of 1 
dimension in length, —2 dimensions in time, and zero dimension 
in mass. 


157d. On the Dimensions of a Term.—Now let us 
consider any formula in Mechanics, say 
Ps = kmv*?—4mw’*, 
Each term is made up of the measures of certain quan- 
tities, and the numerical value of each term will therefore 
depend on the fundamental units employed. Hence we 
also apply the term dimensions to any term in a formula. 


Derinition.—_If the numerical value of any term 
varies inversely as the nth power of the unit of 
length, time, or mass, then this term is said to be of 
n dimensions in length, time, or mass respectively. 


Theorem.— Zhe dimensions of any term = the sum of the 
dimensions of its factors. For suppose that we have a term 
3Pv?, and that we wish to find its dimensions in time; 
the factors of the term are 3, P,v,v. The factor 3 is a con- 
stant and therefore has no dimensions; P is a force and is 
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of —2 dimensions in time; while »v is a velocity, and is of 

—1 dimension in time. 

Thus 

numerical value of P « inversely as (unit of time), 
numerical value of v « inversely as (unit of time) ’, 
numerical value of v « inversely as (unit of time)”; 

hence numerical value of P. v.v. « inversely as (unit of 

‘ time)-?#-2-1 
or dimensions of P. v. v. in time = —2—1—1. 
The reasoning is obviously of general application. 


157e. Tuzorem.—/f a formula consists of an equation 
cleared of algebraic fractions, and vf all the physical quantities 
involved are represented by letters ; then each term will be of the 
same dimensions in length, time, or mass as any other term. 

Let the formula be 

Bee PO, 

where 4, B, C....are terms involving physical quantities 
and perhaps numerical coefficients; and let a, 6, ¢... .repre- 
sent the numerical values which these terms respectively 
assume for some definite values of the physical quantities 
involved, when these quantities are measured in the F.P.S. 
system. 

Thus we have et ee ea I A Ca icc (1) 


Let the terms 4, Bb, C....be of p, q, 7, dimensions re- 
spectively in one of the fundamental units (say in time); 
and suppose that (if possible) y, q, 7....are not all equal, 
and that p is the greatest. 

Now the validity of the formula will not be affected by 
a change in either of the fundamental units. Let us then 
change the unit of time from 1 second to 1/x second. 

The term 4 is of p dimensions in time; that is to say 
its numerical value varies inversely as the pth power of 
the unit of time. Thus the numerical value of A is 
changed from ato a.«”. Similarly the numerical values of 
B, 0, . become 622. cr". 6. 


Hence the formula gives us the equation 


ae? = bated ses satiny ales oars (ii) 


which must be true for any possible value of x, 
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But this is an equation of the pth degree in 2, and 
therefore by a well known theorem in algebra cannot be 
satisfied by more than p different values of x, Thus our 
initial hypothesis is false, and therefore p, ¢, #,....are all 
equal. 


Nore 1.—If » =q=7 &...., then equation (ii) reduces to 
equation (i) on dividing by 2?. 

NorE 2.—In the preceding argument we have assumed that 
~, Q, 7, ave integers; if not, equation (ii) will be irrational and must 
be rationalised before the remainder of the argument can be applied. 

Examples.—(1)Test the preceding theorem in the case of the equation 
Ps = ymv? —4mr’. 

With respect to dimensions in length, P is of 1 dimension, s is of 
1 dimension; therefore Ps is of 1+1 or 2 dimensiors; m is of 0 
dimension, v is of 1 dimension; .., mv? is of 0+1+1 or 2 
dimensions; similarly mz? is of 2 dimensions in length 

In the same way we can show that each term is of ! dimension in 
mass, and of — 2 dimensions in time. 


(2) Is the equation 3Pv? = 2mf?+5mfy a possible formula ? 
The dimensions of the terms in length are respectively 
Tere. OPEL 0-1-1, 
Since these are not all equal the equation is impossible. 
(3) A simple pendulum consists of a heavy particle suspended by a 
light inextensible string. Assuming that the time of a single swing is 
independent of the angle through which it swings, provided that that 


angle is small—which is easily demonstrated by experiment—establish 
a formula for the time of swing. 


Since the time for a single swing (¢) is independent of the angle of 
swing, it can depend only on the mass of the bob (mm), the length of the 
string (/), and the intensity of gravity (7). Let us then assume that 

t = kin™(%q") 
where & is some numerical multiplier, and 2, y, z are unknown indices. 
To determine a, y, we will equate dimensions. 
Now the dimensions of 
m are 1 in mass, 0 in length, 0 in time, 


y are 0 9 > 1 ” p] 0 ” , 
g are 0 ? 1 ” ’ =# 1) ? 
t are 0 ” ? 0 ” ’ 1 oe) ». 


Thus the dimensions of 
m= are in mass, 0 in length, 0 in time, 
ly are 0 ” 5) y ” > 0 ” 
g are 0 ” » % oe) ? — 22 ” 
DYN. N 
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Hence equating the dimensions in mass, we have 

0 = #+0+40, ise) wis. OF Ci as ieee 
Equating the dimensions in length 

0 =0+y-+2, (seu 1c t= OMers Meee eer ale 
Equating the dimensions in time 

1 = 040-22, 456 B= =a ee ce el 
Hence and from (ii) y = $. 
Thus we obtain the formula 

i kmoltg ® = w/e 


Nove 1.—This method does not determine the value of the numerical 
coefficient %. In § 246 we see that this numerical coefficient is 7. 


Nore 2.—Instead of assuming that ¢ = km*lygz, we should really 
assume that ¢ is given by a series of terms of the type kntlyg?. But 
since the dimensions must be the same in every term it would follow 
that the indices of the powers of m, J, g must be 0, 3, —% im every 


term, and therefore that the terms collect into a single term of the type 
Eppes) t 
TS 


Summary or Resurrs. 
Using § 157¢, in conjunction with § 1576, we obtain the 


following Table for the dimensions of the various types of 
quantities :— 


Velocity ....0in mass, 1 inlength, —1 in time....(1). 
Momentum: <. 1.5) 3.5 (325 a eS eee 
Acceloration...0),; - 5505 Lisle “osi piso 2aeeeee oe 
HONCOMm eee Log: oh. oF Py hates censure ale 
Work <.;3... D5, Ga Sy Oy Ee eee ee 
Energy ...... Ling Gn oy 2S gy eee 
Power reeeeel 5) 9 9” 2 9h, Se, ge eae gee 
IA YOGn cece: Digan 99 % “AG Mo ag aie eee 
Volumen 305, 94°85 45) oo Oe ce 
Density..... oD yy 9 9 28 yy pee mere .(10). 


Theorem of Equality of Dimensions in Formulae. See 
§ 157e. 
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EXAMPLES XI. 
(Selected Problems :—1, 3, 4, 6, 7, 9, 10, 12.) 
[Work numerical answers to four significant figures]. 
1. If 1 cm. = °89 inch, and 1 gramme = ‘0022 Ib., express 1 dyne 
in poundals. 


2. If the units of length, time, and mass are respectively 1 yard, 
1 minute, and 1 cwt., express the unit of force in poundals. 


3. Find the units of acceleration and of work in a system whose 
fundamental units are the kilometre, the hour, and the kilogramme; 
give the answers in terms of (0.4.8. units. 


4, What is the unit of time, if the units of length and acceleration 
are respectively 22 yds. and 32 ft./sec.?? 


5. What is the unit of acceleration, if the units of length and 
velocity are respectively 1 yard and 1 mile per hour? 


6. What is the unit of mass if the units of length, time, and force 
are respectively 1 metre, 1 minute, and 1 dyne? 


7. The unit of acceleration is 32 ft./sec.*, the unit of force is 20 lbs. - 
wt., and the unit of momentum is 200 F.P.8. units, find the units of 
length and time. [g = 32.] 

8. The units of velocity, force, and work are respectively v cm./sec., 
f dynes, and w ergs. Find the unit of density. 


Give the fullest solution to the next three questions which can be 
obtained by the theory of dimensions :— 

9. A mass m attains a velocity v after travelling a distance s from 
rest under a constant force P. Find P. 

10. A mass m attains a velocity v after travelling for a time ¢ from 
rest under a constant force P. Find P. 

11. A quantity of work /V is done by a constant force on a mass im 
in moving it s fect from rest in ¢ seconds, Find s. 

12. Test whether any of the following formulae would be incon- 
sistent with the theory of dimensions :— 

(i) Ps+2muw = mgs, 
(ii) Work done = v(Pin?gsv*) 
(iti) Density = 2/206, 


OHA PE Re eed. 


COMPOSITION AND RESOLUTION OF 
VELOCITIES. 


158. Representation of uniform velocities by 
straight lines.—We shall now deal with motions which 
are not all in one straight line; and in the first place we 
shall consider the properties of two or more motions 
which take place with uniform velocities in different 
straight lines. 

In future, when we speak of a body as “ moving 
uniformly,” we shall imply that it is moving with uni- 
form velocity in a straight line. 

In order to specify completely the velocity of a body, it 
necessary to state 

(a) How fast it is moving ; 
(b) In what direction it is moving 

The first of these two data is called the speed of the 
body, or the magnitude of its velocity; and, if the motion 
is uniform, it is measured by the distance traversed in a 
unit of time (Chap. I.). 

The second is called the direction of the velocity, and 
is the direction of the straight line in which the body 
moves. It may be specified by referring it to certain 
fixed directions, such as the vertical and horizontal 
directions, the points of the compass, &c. 

If then we draw the straight line which the body 
actually traverses in a unit of time, the length of this line 
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will measure the speed, and its direction will indicate the 
direction of motion; hence the line will be sufficient to 
completely specify the velocity of the body. Such a line 
is said to represent the velocity in question. 

Thus uniform velocities may be represented by straight 
lines. 

Any equal and parallel straight line drawn anywhere would also 
represent the same velocity, since it would serve equally well to 
indicate the magnitude and direction. 

The sense of the direction may be shown by an arrow 
drawn on or by the side of the line, or by the order of the 
letters used in naming the line. Thus AB represents a 
velocity which in unit time would carry a body from A 
to B; BA a velocity which in unit time would carry it 
from B to A (§ 19). 

Ezample.—Two boats are sailing, one due east at 6 miles an hour, 
the other north-east at 7 miles an hour. ‘lo represent their velocities 
in a diagram. 

Draw AB due east, and on it cut 
off AB, containing six units of 6} 
length. 

Draw AC, making an angle 45° with 
AB, and on it cut off AC, containing 
seven units of length. 

Then, if a mile and an hour are 
the units of length and time, AB, AC 
represent completely the velocities of 
the two boats. 


159. Representation of variable velocities.— When 
a body is not moving in a straight line, its velocity is 
variable, even if its speed remains constant. 

Thus, if the body revolves in a circle so as to describe equal ares of 
the circle in equal times, its velocity will be variable. 

In dealing with variable velocity, it is usually necessary 
to specify it by the velocity at any instant of tume. This 
is the velocity in a small interval of time, including the 
given instant, the interval being so short that nevther the 
speed nor the direction of motion has time to change in it. 

The velocity at any instant is not represented by the 
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path actully traversed in a unit of time, but by the 
straight line which would be the path traversed if the 
velocity were to remain uniform from that instant onwards 
(as would be the case, by Newton’s First Law, if the body 
were not acted on by any force). This line is a tangent 
to the curve along which the body actually moves. Thus, 
velocities are always represented by straight lines, 
never by ares of curves. 


160. On the motion of a lamina in its own plane. 
A lamina is a flat and rigid sheet of material without 
thickness. Obviously a lamina is merely a mathematical 
conception, but as such it is of great value in Mechanics. 

A lamina is ‘capable of many complicated motions in its 
own plane; just as a sheet of paper may be moved in 
various ways along the surface of a table. The two simple 
forms of its motion are rotation and translation. 

In rotation one point of the lamina is kept fixed and the 
rest of the lamina turns round this point as a pivot; just 
as we could drive a pin through one point in our sheet of 
paper, and twirl the paper round this pin. 

in translation the lamina moves bodily forward with- 
out turning. Any line on the lamina always remains 
parallel to its original position. All points on the lamina 
move the same distance and in the same direction. Hence 
the velocity of all points on the lamina at any instant will 
be the same in magnitude and direction. This velocity 
which is common to all points on the lamina may be called 
the velocity of the lamina at that instant. If a steamer 
is travelling without turning or rolling or pitching, then 
the surface of her deck may be regarded as a lamina 
moving with a motion of translation. 

Any motion of a lamina in its own plane may be regard- 
ed as a combination of these two simple motions—translation 
and rotation. 


161. On the motion of a point moving on a moving 
lamina.—Suppose that a lamina is moving in its own 
plane without rotation and with uniform velocity, and 
suppose that a point X is moving with uniform velocity 


THE PARALLELOGRAM OF VELOCITIES. 1838 


across the lamina. Then the actual velocity of X depends 
upon (i) the velocity of the lamina, and (ii) the velocity of 
X relative to the lamina, @.¢. the rate at which X changes 
its position on the lamina. The actual velocity of X is 
called the resultant of these two velocities, and these two 
velocitiesare called components of this resultant. (Cf. § 25). 


We will now prove that :— 


If two adjacent sides of a parallelogram represent 
the two component velocities in magnitude and direc- 
tion, and if the sense of these two component velocities 
be directed from the point of intersection of these 
adjacent sides, then the resultant velocity will be 
represented in magnitude and direction by the 
diagonal of the parallelogram drawn from this point 
OMINTETSCCLLON nye s vince o's 646/86 ons woos ereteretiserey (1). 


This theorem is known as the ‘“‘Parallelogram of Velo- 
cities.” 


Since the point X is travelling with uniform velocity 
relative to the lamina, it will be travelling along some 
straight line on the lamina. Let AB, Fig. 21, be the initial 
position of this line, P the initial position of X, and PQ the 
distance which X travels along the line AB in unit time. 

Also suppose that in unit time the line APQB is carried 
into the position A,P,Q,B,, the point A moving to A,, ete. 
Then Q, is the actual position of X at the end of unit time. 
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Again P,Q, is equal and parallel to PQ, for P,Q, is the 
new position of PQ and the lamina is moving without rota- 
tion. Hence PP,Q,@ is a parallelogram. 

Next suppose that in any time ¢ the line APB has moved 
into the position A;P:B:, and that the point X has moved 
to the position on A+B, Then PP: =¢.PP,, and Pyx 
= t-F.0.4 lente PP: Ph) Pee. 


and, by parallels, 
LPP Wma Oe 
Hence the triangles PP: and PP,Q, are similar. Thus 
LPiPi= LP POG 40. waieson POs 

Also Pa CPO = PPP PPiH tk, ee Pete oe 

Thus we have proved that at the end of any time ¢ the 
point X has moved a distance ¢. PQ, along the line P@Q.. 
This is equivalent to the statement that the actual velocity 
of X is represented in magnitude and direction by the line PQ,. 

But the velocity of the lamina is represented in magni- 
tude and direction by the line PP,, and the velocity of X 
relative to the lamina is represented in magnitude and 
direction by the line PQ. 

Whence the theorem is proved. 


B 


Example.—A. vessel is steaming due north at 
the rate of 10 miles an hour, and a passenger is 
walking across the deck with a velocity of 4 
miles an hour in a direction 16° south of east. 
Find the actual velocity of the passenger, by 
means of an accurate diagram. 


To obtain a convenient scale of representation, 
let a length of 1 inch represent a velocity of 4 
miles an hour, then a velocity of 10 miles an 
hour is represented by a length of 2°5 inches. 
Draw AB of length 2°5 inches pointing due 
north (Fig. 21a); draw AC of length 1 inch 
pointing 15° south of east; complete the paral- 
lelogram ACOB. Then since AB represents the 
velocity of the steamer, and AC the passenger’s 
velocity relative to the steamer, therefore AD Fig. 21a. 
represents the passenger’s actual velocity. 

By measurement we find that AD = 2°44 inches, and Z BAD = 234°, 
Thus AD represents a velocity of 4x 2°44 or 9°76 miles an hour, in a 
direction 234° east of north. 
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162. The Triangle Law.—The resultant of two velo- 
cities may also be determined by the following law :— 

If the two component velocities are represented in 
magnitude and direction by the sides AB, BC of a 
triangle ABC, then the resultant may be represented 
BO RCREISIGE AC. Sin aces reac Woks Cl sak oue ene ee (2). 


[Note carefully the sense of each velocity. ] 


Complete the parallelogram ABCD. 
Then AD represents the same velocity 
as BC, for AD and BC are equal and 
parallel; hence the resultant of AB 4 
and BC is equal to the resultant of 
AB and AD, 2.¢. to AC. 


163. Relative Velocities. In § 21 we have already 
defined the velocity of a point X relative toa point A as the 
rate of change of X’s position relative toA. Itis, however, 
very important to obtain a correct conception of the mathe- 
matical ideas involved in this definition. In § 21 the 
points were supposed to be moving in the same line; in 
this chapter we are dealing with the case where X and A 
are moving in different lines but in the same plane. 

We may suppose that the point A is carried by an 
imaginary lamina, moving without rotation; and that the 
jlane of this lamina coincides with the plane in which X 
and A are both moving. Then as the point X moves with 
its own independent motion it will trace out some path on 
this moving lamina. 

Now the position relative to A of any point P on the 
imaginary lamina is not changed by the motion of the 
lamina. For the position of P relative to A depends only on 
the magnitude and direction of the line AP; and since the 
lamina is rigid and its motion is one of pure translation, 
both the magnitude and the direction of the line AP remain 
unchanged. 

Since the positions of all points on the lamina are fixed 
with regard to A, we define X’s change of position with 
regard to A, as its change of position on the lamina. Thus 
if the point X moyes from a point P on the lamina to a 
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point Q on the lamina, we may call PQ either the change of 
position of X relative to the lamina, or the change of posi- 
tion of X relative to the point A. 

Similarly the velocity of X relative to P 
A will be measured by its velocity relative 
to the lamina, that is, by the rate of 
change of X’s position with respect toan , Q 
imaginary lamina carrying the point A. A 
It should be obvious that the velocity Fig. 23. 
of X relative to A will be the rate at 
which X would appear to be moving to a man travelling 
with A and unconscious of his own motion. 


164. On the motion of two points in the same 
plane.—It follows from the preceding paragraph that if 
we have two points A and X moving in the same plane, we 
may discuss the relation between their motions by supposing 
A to be carried by an imaginary lamina moving without 
rotation, and by applying § 161. 

We thus obtain the following statements :— 

The actual velocity of X can be determined from the 
actual velocity of A, and the velocity of X relative to A. 

The actual velocity of X is the resultant of (i) the 
velocity of X relative to A and (ii) the actual velo- 
city of A; and this resultant is determined from its 
components by means of the Parallelogram Law. .(3). 

This is obviously a repetition of Theorem (1) of § 161. 


Example.—lt a passenger on a steamer notes the apparent velocity 
of a flying bird, then the actual velocity of the bird will be the resultant 
of its apparent velocity to the passenger and the passenger’s actual 
velocity. 


We will also prove the following theorem :— 


The relative velocity of a point X with respect 
to a point A may be regarded as the resultant of 
(i) the actual velocity of X and (ii) the reversed 
VOlOCIEY OL A occ 84 6 yk oo OR eee (4). 


In the parallelogram PQRS (Fig. 24), let PQ represent 
the actual velocity of A, and PS the velocity of X relative 
to A. Then by the Parallelogram of Velocities, PR will 
represent the actual velocity of X. 
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Produce QP to 7 making PT=QP. Then 7P is equal 
and parallel to SR, and therefore TPRS is a parallelogram. 
Hence, PS may be regarded as the resultant of PR and P7. 
But PS represents the velocity of X relative to A; PR 


S R 


Fig. 24, 


represents the actual velocity of X; and P7 represents a 
velocity equal and opposite to the actual velocity of A. 
Whence the theorem is proved, 


Example.—A steamer is travelling at 10 miles an hour due north, 
and a bird is fiying at 10 miles an hour due west. In what direction 
and at what rate does the bird appear to be travelling to a passenger on 


the steamer. 
10 
a ; 


Fig. 25. 


The velocity of the bird relative to the passenger is tho resultant of 


(i) the bird’s actual velocity ; 
ii) the reversed velocity of the passenger 
y 9 ger, 
: ¢ § (i) 10 miles an hour due west ; 
I oY { (ii) 10 miles an hour due south. 


Using the parallelogram of velocities it is easily proved that the 
required resultant is 10 4/2 miles an hour in a direction south-west. 


188 THE PARALLELOGRAM OF VELOCITIES. 


165. Scalars and Vectors. We have shown that 
velocities are quantities which possess magnitude and direction 
and which can be combined by the Parallelogram Law. We 
shall find that there are several other types of quantities 
in Mechanics which possess magnitude and direction and 
can be combined by the Parallelogram Law, ¢.g. forces, 
momenta, etc. 

All such quantities are called Vectors ; while quantities 
such as time, money, volume, etc., which are always com- 
bined by addition (or subtraction) are called Scalars. 
These terms are very important. 

Sometimes the resultant of two vectors is called their 
“vector-sum”’ or simply their ‘‘sum’’; and the resultant 
of one vector with another reversed is called their ‘‘ vector- 
difference.” 


166. On repeated application of the Parallelogram 
Law.—Suppose that we have three points A, B, C, moving 
with uniform velocities in different directions in the same 
plane. Then 

(i) the actual velocity of B is the resultant of B’s velocity 
relative to A and A’s actual velocity ; 

(ii) the actual velocity of @ is the resultant of @’s 
velocity relative to B and B’s actual velocity (C’s velocity 
relative to B being defined as the rate of change of (@’s 
position relative to an imaginary lamina carrying the point 
B and moving without rotation). 

Hence if we are given that 

A’s actual velocity = J, 
B’s velocity relative to A = m, 
C’s velocity relative to B = n, 
then the resultant of 7 and m will determine §’s actual 
velocity (say p), and the resultant of p and n will then 
determine C’s actual velocity. (C’s actual velocity is then 
called the resultant of J, m, n. 

In a similar manner, if we have four points A, B, C, D 
moving in one plane, by repeated application of the Paral- 
lelogram Law we can determine )’s actual velocity if 
we are given A’s actual velocity, B’s velocity relative to 
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A, C’s velocity relative to B, and D’s velocity relative to C; 
and )’s actual velocity is then called the resultant of these 
four components. And so on. 

Instead of repeatedly applying the Parallelogram Law 
(which becomes very cumbersome in this case) we may 


Pere the Triangle Law of § 162 into a Polygon Law; 
thus— 


If AB, BC, CD, DE denote four component velocities, 
then AF will denote their resultant. [Sco Fig. 26.] 


For by § 162 the resultant of AB and BC is AC; the 
resultant of AC and CD is AD; and 
the resultant of AD and DE is AE. 


Cor. 1.—If a body have any num- 
ber of component velocities, which 
can be represented by the sides of a 
polygon taken in order,* then the body 
remains at rest. For example, in the 
above figure, the resultant of the 
velocities AB, BC, CD, DE, EA is 
obviously zero. This theorem is 
known as the “‘ Polygon of Velocities.” 


Cor. 2.—Similarly if a body have three component 
velocities, which can be represented by the sides of a triangle 
taken in order, then the body remains at rest. This theorem 
is known as the “Triangle of Velocities.” 

167. It has already been explained in Chapter I. that all our ideas of 
velocity are in reality relative. Thus, when in the present chapter we 
speak of the ‘‘actual velocity of A,’’ we mean the velocity of A with 
regard to some point (or lamina) regarded as fived, ‘Taking this point as 
0, we can now restate our fundamental principle as follows :-— 

The velocity of X relative to O is the resultant of the velocity of x 
relative to A, and the velocity of A relutive to 0, and this resultant ws 
determined by the Parallelogram Law. 


We will now solve a few examples. Many examples in 
relative velocity can be conveniently solved without the use 
of the Parallelogram Law. 


* The sides of apolygon are said to be taken in order, if,in the case of any two adja- 
cent sides, the sense of one is directed towards, and of the other from, their point 
of intersection. 
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Examples.—(1) To determine (a) the direction taken by the smoke 
of a steamer, (b) the direction and velocity with which the wind 
appears to blow to a passenger on board. 

[N.B.—The smoke is carried along with the wind.] 

(a) Let AB represent the velocity of the wind, AC that of the 
steamer. Then the smoke will always be in a line through the 
steamer parallel to BC. 

For, in a unit of time, the smoke 
which left the funnel at A will have Cc 
been blown to B. Also the steamer 
will have gone from A to @, and 
smoke will be just leaving its funnel 
at C. Therefore the smoke will lie 
along BC. It is easy to seo that, as 
the steamer moves on, the line of 
smoke always lies in the same direc- 
tion, provided the velocities of the A B 
wind and steamer do not change. 

Fig. 27. 


(6) In unit time the wind has blown the smoke from the steamer 
through the relative distance CB ; therefore CB represents the relative 
velocity of the wind to a passenger on board, both in magnitude and 
direction. é 


(2) A carriage is travelling through a shower of rain, which is 
falling vertically with a velocity equal to that of the carriage. To 
show that, to a person in the carriage, the rain appears to fall at an 
angle of 45° with the vertical, and to find its apparent velocity. 


Suppose that at any instant a raindrop appears 
to coincide with a speck on the carriage-window A B 
at A. Then, when the speck (with the carriage) 
has moved through a horizontal distance AB, 
the drop will have fallen through an equal 
vertical distance AC, and the relative positions 
of the speck and drop will be B, C. Therefore 
BC represents the direction in which the drop 


appears’ to move away from the speck, i.e. the © 
apparent direction of the rain relative to the 
carriage. Fig. 28. 


yin gee ‘fs a right-angled isosceles triangle, and therefore 
= 
Hence the direction of the rain appears to make an angle 45° with 
the vertical. 
Also, BC? = AB? + AC? = 2AC?;_ .-. BC =ACV2; 
. apparent dist. traversed by drop = »/2 x (actual dist. traversed) ; 
apparent vel. of drop = »/2 x (actual vel. of rain). 
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Otherwise:—By § 164 the apparent velocity of the rain is the 
resultant of the actual velocity of the rain and the reversed velocity 
of the carriage ; etc. 


(3) A man rows a boat through the water at the rate of 3 miles an 
hour in a direction 60° east of north, in a current flowing southwards 
at the rate of 13 miles an hour. To show that the boat will travel 
due eastwards, and to find its rate of progress. 

If a straw, dropped from the boat at A, 
were to drift with the current (supposed 
constant), it would in an hour reach a 
point B, 14 miles south of A. 

But the man has rowed relatively to 
the water and straw through 3 miles in a 
direction 60° east of north. 

Therefore the boat will have arrived at 
C, where BC = 3 miles, and Z ABC = 60°. 
Complete the equilateral triangle BCD. 
Then AB = 13 miles = 3BC = SDB. 


Therefore A is the middle point of BD, 
and AC is at right angles to AB. 

Therefore the boat’s course AC is due 
eastwards. ; 

Also Fig. 29. 
AG? = BC?— AB? = 3?—(8)? = 9-3 = 22; 

AC = 34/3 miles. 
Therefore the boat’s actual velocity is 3/3 miles an hour. 


We may also solve this problem by the Parallelogram Lavy, since 
the actual velocity of the boat is the resultant of its velocity relative 
to the current (viz. 3 miles an hour in a direction 60° east of north) 
and the actual velocity of the current (viz. 1} miles an hour due 
south). 


(4) A steamer can travel at the rate of 12 miles an hour relative to 
the water. Owing to the tide there is a current of 3 miles an hour 
N.E. 

In what direction should the steamer’s head be pointed in order 
that she may travel due east ? 


The actual velocity of the steamer is the resultant of the steamer’s 
velocity relative to the water, and the actual velocity of the water. 

Let ABCD be the Parallelogram of Velocities (Fig. 30). 

Then AC represents the actual velocity of the steamer, and therefore 
points due east; AD represents the velocity of the steamer relative to 
the water (12 miles an hour in an unknown direction), hence AD 
measures 12 units; AB represents the actual velocity of the water 
(3 miles an hour N.E.), hence AB measures 3 units, and £ BAC = 45°. 
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Thus in the triangle CAD we have 
GD = 3, AD =12, ZACD = 45°. 
By the rule of sines 
sin DAC : sin ACD = DC: AD, 
whence 


he DC Weal eae 
sin DAC =sin ACD . ai 72 a 


5 OAT 


Thus from the Table of Sines ZDAC = 10° (approx.). Thus the 
steamer must be pointed in a direction of about 10° south of east. 


(5) A ship X is travelling at the rate of 4 miles an hour due south, 
and a ship Y is travelling at 8 miles an hour due east. If X is initially 
16 miles north of Y, find the shortest distance between them during 
the subsequent motion. 


Let A and B represent the initial positions of 
Xand Y. It will be sufficient to discuss their 
relative motion, 

The velocity of Y relative to X is the resultant 
of Y’s actual velocity (8 miles an hour due east), 
and X’s reversed velocity (4 miles an hour due 
north). Thus if BC and BE represent these 
component velocities, and if we complete the 
rectangle BCDE, then BD represents the relative 
velocity in magnitude and direction, 

Thus we may suppose that X remains at A, 
and that Y travels along the line BD. Hence 
the shortest distance between X and Y will be 
the line AF, drawn perpendicular to BD. 

To calculate AF use the similar triangles Fig, 31. 
AFB, DEB. Then 


AF: AB = DE : DB = 8: V82?+42=2: 5, 
But AB = 16 miles; whence AF = 32+ 4/5 or 14°31 miles. 


168. Theorem.—If the velocity of a moving point 
may be regarded as the resultant of two component 
velocities, then we may determine the position of the 
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moving point at the end of any time by supposing it 
to move for the given time first with the one com- 
ponent velocity, and then with the other........ .(5). 


Let A be the initial position of the point (Fig. 32), and 
let AC represent its actual velocity, and AB, AD the com- 
ponent velocities. Then ABCD is a parallelogram, 


F 


A B ig 
Fig. 32. 


Let the given time be ¢. Then the position of the par- 
ticle after time ¢ is F, where AF=t.AC. Draw FE 
parallel to CB, meeting AB (or AB produced) in F. 

Then As AEF and ABC are similar; but AF=?7. AC, 
therefore AE=7t.AB and EF=¢.BC =t. AD. 

Hence AEF is the distance which the point would travel 
in time ¢ if moving with the velocity 4B; and FF is the 
distance which the point would then travel in time ¢ if 
moving with the velocity AD. Which proves the theorem. 


Example.—A ship is steaming at 15 mls./hr. in a direction parallel 
to a line of cliffs. A gun which projects a shell witha velocity of 1200 
ft./sec. is fired when it points at a mark on the cliff 300 feet away. 
Where will the shot strike? [Neglect gravity and air resistance. | 


Let A be the position of the gun at the moment of firing, DE the line 
of cliffs, and B the mark at which the gun is pointed (Fig. 32a). Then 
AB is 800 feet. 

While travelling along the barrel of the gun the actual velocity 
of the shell is the resultant of its velocity relative to the gun and the 
actual velocity of the gun; the first component is a velocity of 1200 
ft./sec. in the direction AB, and the second is a velocity of 15 miles an 
hour (i.¢. 22 ft./sec.) parallel to the line of cliffs. 

Since there is no change of velocity when the shot leaves the gun, 
we may continue to regard its velocity as the resultant of the same 
two components. Hence we may determine the position at the end of 
2 second by the above rule, If the shell travels for ¢ second with the 


DYN, O 
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first component of its velocity it will just reach B; if it now trave!s 
for + second with the second component of its velocity it will move 
a distance of +x 22 ft. along the cliff, i.e. to apoint F where BF = 53 ft. 


A 


D BF E 
Fig. 33, 


This will be the actual position of the shot after } second, hence 
the shot strikes the cliff 53 feet in front of the mark. 

169. To find the magnitude of the resultant of 
two velocities #, v in directions at right angles 
to one another. 

Draw AB, AD at right angles, and let AB contain u, and 
AD contain v units of length. 


D c 
4 
“A 
A Ww 
Fig. 34. 


Then AB, AD represent the two velocities w, wv. 
Complete the parallelogram ABCD. 
Then AC represents the resultant velocity. 
Let ‘ AC = 7. 
By Euclid I. 47, 
AG = AB’+BC? = AB?+AD'; 
on OP? Sa Soe eee Oe 
“. resultant velocity V = ¥(w+v’). 


THE PARALLELOGRAM OF VELOCITIES. 195 


Examples.—(1) If the component velocities ara 3 and 4 units 
respectively, V2? = 3? +427 = 9+16 = 25 = 5%, 
and the resultant velocity V = 6 units. 
(2) If the component velocities are 5 and 12 units respectively, 
V2 = 52412? = 254144 = 169 = 132, 
and resultant velocity V = 18 units. 


170. To find the direction of the resultant of two 
given velocities wu, v at right angles to one another. 


With the construction of the last paragraph, let 


Pao MB Ses a 
By the definition of the tangent of an angle, 
BC _ AD 
t SA feels 
an BAC AB AB} 
a harman Oe sar beeen CO ee (7). 
w 


Knowing the tangent of A, the angle A may be found 
from a table of trigonometrical tangents, and the direction 
of the resultant is determined by this angle. 


Cor.—The following particular cases are important :— 


COTS sy then tan A = ae and «. A’= 30° 
(is) iii ta. athen tan A — 1 cand.) Alo 
Gi. elle = 7x/s, then tan A= 4/3; and ., A= 60°. 
If the tangent of the angle 4 has not either of these values, and 

a table of tangents is not at hand, the angle may be found approxi- 


mately by drawing the diagram as true to scale as possible, and 
measuring the angle BAC with a protractor. 


171. Resolution of velocities.—It may happen that 
we are given the resultant velocity in magnitude and 
direction, and that we have to find what are the compo- 
nent velocities along two given lines which have the given 
velocity for their resultant. This process is called 
resolving the given velocity into components in the 
given directions, and is the reverse of compounding 
velocities. 
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172. To resolve a given velocity into components 
in two different directions at right angles to one 
another. 

Let AX, AY be the two given lines at right angles. 


Let the given velocity be specified by its magnitude V 
and the angle A which its direction makes with AX. 


Fig. 35. 
Let ZXAC = A, and let AC = V. 


Then AC represents the given velocity, and we have to 


find two velocities along AX, AY, whose resultant is AC. 
Draw CB parallel to YA, and CD to XA. 


Then ABCD is a parallelogram, and therefore AC repre- 


sents the resultant of the velocities represented by AB, AD. 
Therefore AB, AD represent the required components. 


Let AB =u, AD=v. By Trigonometry, 


cos BAC = 3 
AB = AC cos BAC, 
or ab = Vicos Arn wan (8); 
Dee i. 
sin BAC = 7 AC’ 


AD = AC sin BAC, 
v= Vsin 4 


Therefore the required components are V cos A 
and V sin A, respectively. 


or 


Cor.—The following cases are important :— 
Gi) > TE, pA 80%, then, 5,335.7 dos ae 
Gi.)2 Hod S45 sthen. 4 = ay Ae ee eee 

Gi.) If A =60° then “a == Y, y= 
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173. Other properties of velocities.—In Chap. XIII. we 
shall show that forces may be compounded by the same rules as 
velocities. Hence all theorems relating to the composition of 
velocities will hold equally good for the composition of forces, and 
vice versa. In the earlier chapters of The Tutorial Staties, a number 
of other theorems about forces are proved, all of which are equally 
applicable to velocities. | As, however, they are more often used in 
ee with forces than velocities, they are usually treated in 
Otatics. 


SuMMARY OF RESULTS. 


The Parallelogram of Velocities—If two adjacent sides of 
a parallelogram represent the two component velocities of a 
point in magnitude and direction, and if the sense of these 
two component velocities be directed from the point of 
intersection of these adjacent sides, then the resultant 
velocity will be represented in magnitude and direction by 
the diagonal of the parallelogram drawn from this point of 
BEN CP RCE EOIN, WO) Ct Mi. els Sea ae ee Pee oe (1) 

The Triangle Law.—If the two component velocities of a 
point are represented in magnitude and direction by the 
sides AB, BC of a triangle ABC, then the resultant will be 
Meprcse eds Dyrtho B1d6 AC o... 3\.c wiv. ge miccle tote Coane (2) 

Relative velocity.—The relative velocity of a point B to a 
point A is the rate at which the point B changes its position 
on an imaginary lamina which carries the point A and 
which moves without rotation. (See § 163.) 

The actual velocity of Xis the resultant of the velocity of 
X relative to A and the actual velocity of A .......... (3) 


The velocity of X relative to A is the resultant of the 
actual velocity of X and the reversed velocity of A ....(4) 

Vectors.—Vectors are quantities which possess magnitude 
and direction and wlich are combined by the Parallelogram 
Law. (See § 165.) 

Tf the velocity of a moving point may be regarded as the 
resultant of two component velocities, then we may deter- 
mine the position of the moving point at the end of any 
time by supposing it to move for the given time first with 
the one component velocity, and then with the other. . .(5) 
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Resultant of two velocities u, v at right angles is given 
in magnitude by 79 = APA? oN ain ain ape KON, 
and in direction by tan A=v+u.........-+-+-(7) 
Components of a velocity V, along two lines inclined to 
its direction at angles 4, 90°—A, are given by 
COS AY sie 0S) v= Ver A tee). 


EXAMPLES XII. 
(Selected Problems :—2, 4, 6, 7, 8, 10, 11, 18, 14, 15, 19, 20.) 


1. One body moves south uniformly at the rate of 9°8 inches per 
second, another east from the same point at the rate of 17°6 inches 
per second. Both started at the same time. How far will they be 
asunder in 3 minutes P 


2. A body is approaching an observer with a velocity due east. In 
what direction will it appear to move if the observer is himself 
moving due north with an equal speed ? 


8. A ship is sailing north at the rate of 8 miles an hour through 
the sea, and a man walks at the rate of 7 feet per second straight 
across her level deck on a line drawn at right angles to her length. 
Draw a diagram (as well as you can to scale) by measuring which one 
might find the angle the man’s resultant path makes with the north, 
and calculate his velocity with respect to the sea. 


4. A fly crawls along a straight line ruled on a piece of paper, and 
the paper is made to slide along the table in a direction making an 
angle of 120° with this line, with a velocity equal to the fly’s rate of 
crawling. find the direction and rate at which the fly moves along 
the table. 


5. A railway carriage is travelling at the rate of 60 feet per second, 
and a passenger rolls a ball across the floor of the carriage at the rate 
of 11 feet per second in a direction perpendicular to the line of motion 
of the train. Find the actual velocity with which the ball moves 
relative to the ground. 


6. If a cannon ball is fired at 2000 yards range with a horizontal 
velocity of 1200 feet per second from a ship travelling 15 miles an 
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hour, show that it strikes the water 110 feet in front of the point 
towards which the muzzle is pointed. 


7. A ship is sailing north-east with a velocity of 10 miles an hour, 
and to a passenger on board the wind appears to blow from the north 
with a velocity of 10/2 miles an hour. Find the true velocity of 
the wind. 


8. A person on an express train moving 60 miles an hour wishes to 
hit a stationary object which is situated 100 yards off in a line through 
the marksman at right angles to the line of motion of the train. If 
his bullet moves 1200 feet per second, find out how much to one side 
of the object he should aim. 


9. With what velocity must a man swim across a river 140 yards 
wide, flowing 2 miles an hour, so that he may not be carried further 
down the river than 40 yards? 


10. A bullet travelling at right angles to a moving train passes 
through a carriage. If the breadth of the carriage is 6 feet 3 inches, 
and its velocity is 45 miles an hour, and if the point where the bullet 
enters the carriage is 3 inches nearer the engine than the point where 
it leaves the carriage, determine the rate at which the bullet travels 
across the carriage. 


11. A cyclist is riding at 14 miles an hour in a direction due north, 
and an east wind is blowing with a velocity of 10 miles an hour. 
Determine by an accurate diagram or otherwise the apparent direction 
of the wind to the cyclist. 


12. A vessel is steaming due N. at the rate of 15 miles an hour 
through a N.E. wind whose velocity is 10 miles an hour. Determine 
by measurement from an accurate diagram the direction of the smoke 
track. 


13. A vessel is steaming in a direction d° i. of N. at the rate of u 
miles an hour through a N. wind of velocity v miles an hour. Calcu- 
late the direction of the smoke track. 


14, A man in walking westwards at a rate of 5 miles an hour; 
another is riding in a direction 30° west of north. At what rate 
is the second man riding if he isalways due north of the first? 
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15. A north wind is blowing at the rate of 10 milesan hour. Toa 
cyclist it appears to be an east wind of 10 miles an hour. At what rate 
and in what direction is the cyclist riding ? 


16. If a man sits still in a railway carriage, travelling with uniform 
velocity in a straight line; show that the distances of objects in the 
landscape from the rails are practically in the same proportion as the 
times they are visible to him from the window. 


17. At a given instant one steamer is 10 miles west of another. The 
first travels north-east at the rate of 20 miles an hour, and the second 
north-west at the rate of 16 miles an hour. Find how near they 
approach. 


18. Prove that a pedestrian who walks at half the speed of the 
traffic must not start to cross a road in front of a vehicle later 
than when he sees the direction of the horse’s head at an angle of 
30° with the pavement, and that then he must wall perpendicular to 
the line joining him to the horse’s head. 


19. A boat X is travelling with a velocity « due north, and a boat Vis 
travelling with velocity v due west. If X is originally at a distance a 
west of Y, find when they are nearest to each other in the subsequent 
motion. 


20. It is observed that the streaks of rain on the glass of a railway 
carriage change from an inclination of 15° to the vertical when the 
train is standing at a station to an inclination of 30° on the opposite side 
of the vertical when the train is trayelling at 20 milesan hour. Find 
the actual velocity of the rain-drops, assuming that the direction of the 
wind is parallel to the rails. 


21. The streaks of rain on the glass of a railway carriage change 
from an inclination of 45° to the vertical when the train is at rest to an 
inclination of 30° to the vertical when the train is travelling at 8 miles 
an hour. Determine the velocity of the raindrops, assuming that the 
direction of the wind is parallel to the rails. 


22. One steamer is travelling due cast at the rate of w miles an hour. 
A second is travelling at 2 miles an hour in a direction @ north of 
east, and appears to be travelling north-east to a passenger on the 
first steamer. Prove that 0 = } sin7} 2. 


CHAPTER XI. 


THE PARALLELOGRAM OF ACCELERATIONS 
AND OF FORCES. 


174. The Principle of the Physical Independence 
of Forces.— We now wish to discuss the motion of a body 
which is acted upon by forces whose directions differ from 
the direction of its initial velocity. We commence with 
the Principle of the Physical Independence of Forces, 
which may be quoted as follows :— 


If a body is acted upon for a given time by any set 
cf forces, then the ultimate velocity of the body will 
be the resultant of its initial velocity together with 
the various velocities which the different forces 
would produce in the given time if acting singly on 
the body supposed initially at rest; or in other words, 
each force produces its own velocity component, inde- 
pendently of the others. 

The proof of this principle rests ultimately on the fact 
that calculations based upon it give results which agree 
with observed facts, notably in Astronomical Problems. 
But in § 175 we will give illustrations. 

Example.—A body of mass 3 ibs. is travelling due north with a 
velocity of 10 feet per second. It is acted upon for 2 seconds by two 
forces, the one of 15 poundals acting east, and the other of 15 /2 
poundals acting south-east. Find its final velocity. 

A force of 15 poundals acting for 2 seconds on a mass of 3 lbs. 
initially at rest will produce a velocity of 10 


15+8x2 or 10 ft./sec.; and a force of Bg C 

15 /2 poundals acting for 2 seconds on a 

mass of 3lbs. initially at rest will produce 10 10v2 
a velocity of 15 /2+38x2 or 10 /2 ft./sec. 

Hence the final velocity will be the re- A ; D 
sultant of velocities 10 ft./sec. due north, Fig. 36. 


10 ft./sec. due east, and 104/2 ft./sec. 3 : 
south-east. Using the Polygon Law, as in Fig. 36, we easily find 
(either by calculation or by accurate drawing) that the resultant 
AD is 20 {t./sec. due east. 
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175. Illustrations of the Physical Independence of 
Forces.—It is a matter of common experience that, if a 
steamer is travelling with uniform velocity and without 
rolling, we can walk about on its deck or move objects 
about in the same way as tf the steamer were at rest. ‘Thus 
we may fairly assume that if a given force acting fora given 
time on a given mass initially at rest would produce a certain 
velocity in that mass, then on board the steamer the same 
force acting for the same time on the same mass would 
produce an equal velocity relative to the steamer. 


But in this case the initial velocity of the mass is the 
velocity of the steamer, and the final velocity is the 
resultant of the velocity of the steamer and the velocity 
of the mass relative to the steamer. 


Hence the final velocity is the resultant of the initial 
velocity of the mass, and that velocity which the given 
force would produce in the given time if the mass were 
initially at rest. 


As another illustration of the same type we may quote 
the motion of a train along the surface of the earth. We 
treat this problem as if the earth were at rest; but this 
of course is not the case, and the motion produced by the 
acting forces is simply a motion relative to the surface of 
the earth. 

Again, let us consider the motion of the moon, which 
travels round the earth while the earth travels round the 
sun. If the earth could be removed, the sun’s attraction 
could make the moon describe roughly the same orbit as 
the earth now describes. If the sun were removed and the 
earth at rest, the earth’s attraction could make the moon 
describe roughly the same orbit as it now describes relative 
to the earth. In the actual case the moon is acted upon 
by the attraction of both the sun and the earth, with the 
result that its actual motion consists of the earth’s orbital 
motion combined with its own orbital motion relative to 
the earth; in other words, when under the action of the 
two attractions the moon’s motion is a combination of the 
two motions which these attractions would produce if 
acting separately. 
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176. The preceding argument is not quite exact in matters of detail, 
as many nunor considerations have been omitted in order to avoid 
complicated issues; but the principle is sound and it is difficult to find 
better illustration of the combination of motions due to different 
forces. 

Notice also that the proof of the vector law is essentially founded on 
the conception of relative velocities (see § 161), and we appear at first 
sight to have no justification for applying this law (as in § 174) to 
determine the effect of a combination of forces. But the connection 
between relative motion and the combination of forces is obvious in the 
preceding illustration. 


177. Fundamental Principle—We may now state 
the principle of the Physical Independence of Forces in a 
more complete form. 


I. The motion of a particle of given mass is deter- 
mined by 

(a) the magnitude and direction of its initial velo- 
city, 

(6) the magnitudes, directions, and times of action 
of the forces to which it is subjected. 


Il. If two particles Cand D of equal mass have 
the same conditions of motion with respect to initial 
velocity and applied forces, except that D is subjected 
to an extra force P, then the relative motion of D to 
C will be the same as the actual motion which would 
be produced in D by P if D were initially at rest. 


178. It is easy to see how this principle enables us to 
calculate the motion of a body under any force. 

Suppose, for example, that we wish to determine the 
motion of a particle X, which has an initial velocity wu, and 
is acted upon by two forces P and Q. 

Let a particle A of equal mass have the initial velocity w, 
and be acted upon by no forces; let another particle B of 
equal mass have the initial velocity u, and be acted upon 
by the force P only. 

Then the motion of the particle A is known, since it 
travels with uniform velocity win a straight line; also the 
motion of B relative to A can be determined, since it will 
be the same as the actual motion which would be produced 
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in B (supposed initially at rest) by the force P, and finally 
the motion of X relative to B can be determined, since it 
will be the same as the actual motion which would be 
produced in X (supposed initially at rest) by the force Q. 
Thus the actual motion of X is completely determined. 


179. Acceleration as a Vector.—When a body is 
moving in a straight line its acceleration, if any, is in the 
line of motion, and may be defined as in Chapter II. 


If, however, the body is not moving in a straight line 
both the magnitude and the direction of the velocity may 
change. We could therefore completely describe the 
change of velocity by quoting (i) the change in speed and 
(ii) the change in the direction of motion. This method, 
however, would not be convenient for mechanical calcula- 
tions. 


We have seen that the effect of a force acting upon a 
body in a direction different to that of its motion is to 
produce a velocity component which must be compounded 
with the original velocity by the Parallelogram Law ; 
and hence in defining a change of velocity or an accelera- 
tion we use the principle of vectors, the composition being 
effected by the Parallelogram (or Triangle) Law. 


Derinition.—TZhe change in the velocity of a body 1s 
that velocity which must be compounded with the initial velocity 
in order to give the final velocity. 


180. Example.—The initial velocity of a 
body is 2 feet per sec. due north, and the 
final velocity is 2 feet per sec. due east; V3 
determine the change of velocity. 9 2 
Draw AB of length 2 units pointing north, 
and AC of length 2 units pointing east. 
Then &C is the velocity which when com- 
pounded with AB gives the resultant AC A c 
(§ 162); hence BC is the required change of 2 
velocity. Fig. 37. 
It is easily seen that BC =24/2, and 
points south-east. Hence the required change of velocity of 2/2 
feet per second south-east. 
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181. Derinirion.—Acceleration 7s rate of change of 
velocity. 


Derinirion.—The acceleration of a body 7s said to be 
uniform ¢f equal changes of velocity occur in equal times, the 
term “change of velocity” being used with its vector 
meaning. 

If the force acting on a body is constant in magnitude 
and direction it will always produce the same additional 
velocity component in each unit of time, that is to say it 
will produce equal ‘‘changes of velocity” in equal times; 
hence a constant force produces a uniform acceleration. 


182. Huvamples.—(1) The initial velocity of a body is 5 feet per sec. 
north-east, and it moves with a uniform acceleration of 2 feet per sec. 
per sec. due south. Determine its velocity at the end of 1, 2, 3,... 
seconds, 


Draw AB of length 5 units pointing north- B 
east, and draw BX pointing south. From BK 
mark off BC, CD, DE, EF, each of length 2 
units. 

Then AB represents the initial velocity, and BC Cc 
the change of velocity in the first second ; hence 
4C represents the velocity at the end of the A 
first second. Again CD represents the change D 
of velocity in the next second; hence the re- 
sultant of AC and CD, viz. AD, represents the 
velocity at the end of the second second. E 
Similarly AE and AF represent the velocities 
at the end of the third and fourth seconds; 


and so on, Fi 
Nore 1.—It is fairly obvious from this figure 

that the speed of the body does mot increase or 

decrease uniformly; also that the direction of : K 

the velocity does mot change by the same number Fig. 38. 


of degrees in each second. é 

Note 2.—This figure does not represent the path of the body in any 
way, but merely the change in the magnitude and direction of the 
velocity. 

Notr 3.—We may determine the velocity at the end of the third 
second (viz. AE) by compounding the initial: veloc‘ty (viz. AB) with 
three times the change of velocity produced in each second (viz. with 
BE). And in general, if the initial velocity, acceleration, and final 
velocity are respectively w, f, and » (all of which are vectors) and if 
the time is ¢, then » can be found by compounding # with ¢x/f. This 
is conveniently represented by the notation » = {w, ft}. Compare this 
with the equation v = w+,f¢ for motion in a straight line. 
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(2) A body uniformly accelerated starts with a speed of 20 feet 
per second in a direction 30° west of south, and 10 seconds later 
it is moving with the same speed in a direction 30° cast of south. Find 
the acceleration and velocity of the body 5 seconds after starting. 


Draw AD due south. Make ZBAD = ZDAC = 30°," 
and take AB = AC = 20 units of length (Fig. 387). 
Then AB, AC represent the initial and final velocities 
of the body, and, by the Triangle of Velocities, BC 
represents the velocity which must be compounded 
with the former to obtain the latter. BC therefore 
represents the change of velocity in 10 seconds. 

Since AB = AC and ZBAC = 60°, the triangle ABC g 
is equilateral, and AD, the bisector of BAC, bisects 4 
the base BC at right angles. Thus BC =AB=20, Fig. 38a. 
and BC points E. 

Therefore the velocity acquired in 10 secs. is 20 ft. per sec. ina 
direction due east, and therefore the body is subject to an eastward 
acceleration of 2 ft. per sec. per sec. 

At 5 secs. from starting, the acquired velocity is half as great, and 
is represented by BD. ‘Therefore the actual velocity is represented 
by AD. Since ZBAD = 30°, therefore [AD = AB cos 30°, or] 


AD = Ap x? 20 = 107% 


= 


ie | eee ees 


c 


Hence the velocity 5 secs. after starting is 10 1/3 ft. per sec. S. 


188. When two bodies have the same accelera- 
tion, their relative velocity is uniform. 
Let AB, AC represent the 
initial velocities of two bodies 
at any instant. Then BC re- 
presents their initial relative 
velocity (§§ 164, 162), A — 
Let OA, drawn towards A, 
represent the velocity acquired Sc 
by either body in any given 0 
interval of time, under the ‘ 
common acceleration. Fig. 39. 
Then the final velocities are 
obtained by\compounding the 
velocity 0A with AB and AC, respectively ; and are, there- 
fore, represented by OB, OC. Hence the final relative 
velocity is represented by BC, and is the same as the 


initial relative velocity. Therefore the relative velocity 
18 constant. 
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Cor. If two bodies are projected in any directions and fall 
under gravity, their relative velocity will be uniform, for the 
acceleration of gravity is the same for all bodies, and 
takes place in the vertical direction. 


This property is of frequent use in investigating the 
motion of projectiles, 


184. Properties of velocities extended to accelera- 
tions.—From the fact that an acceleration is a velocity 
acquired per unit time, it follows that, to most of the 
properties of velocities proved in the last chapter there 
correspond analogous properties of accelerations. These 
we shall now enumerate, in some cases without proof. 


An acceleration may be represented by a straight 
line, for the velocity imparted per unit of time may be 
represented by a straight line (§ 157), and we may take 
this line to represent the acceleration. 


Thus an acceleration of f ft. per sec. per sec. in any direction may 
be represented by drawing a line in that direction, and on it measuring 
a length representing f feet. 


185. Derinition. —'The relative acceleration of one 
body with respect to another may be measured by the 
relative velocity acquired per unit time, this acquired 
velocity being compounded with the original relative 
velocity. 

It is also the acceleration with which the first body 
would appear to move, if observed by a person moving 
with the second body. 

To find the relative acceleration of two bodves.—If the 
accelerations of two bodies be represented by AB, AC, the 
two sides of a triangle drawn from A, their relative 
acceleration will be represented by the third side BC. 


For AB, AC represent the velocities acquired by the two bodies per 
unit time, and therefore, by §§ 162, 164, BC represents the relative 
velocity acquired per unit time. 


186. Component and resultant accelerations.—If 
the velocity acquired by a body per unit of time be re- 
garded as compounded of several independent velocities, 
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these may be defined as the component accelerations of 
the body. 

The body’s actual acceleration is called the resultant 
of the several component accelerations. 


Component accelerations, like component velocities, are most easily 
realized by regarding them as the relative accelerations of a system of 
bodies on whose motion the resultant acceleration depends. 

Thus, when a man is walking at a variable rate along the deck 
of a steamer which is starting into motion, the acceleration 
of the steamer and the man’s acceleration relative to the steamer aro 
the man’s component accelerations. 


187. The Parallelogram of Accelerations.— If two 
component accelerations be represented by two adjacent sides 
of a parallelogram drawn from a point, their resultant 
acceleration shall be represented by the diagonal of the 
parallelogram drawn from the same point. 


For since the sides of the parallelogram represent the 
component accelerations, they represent the component 
velocities acquired by the moving body per unit time, 
By the Parallelogram of Velocities, therefore, the diagonal 
represents the resultant velocity acquired per unit time 
due to the two components, and this is the resultant 
acceleration of the body. 


188. Triangle of Accelerations.—If three accelera- 
tions be represented by the sides of a triangle taken in order 
then a body whose acceleration is compounded of the three will 
either remain at rest or move uniformly in a 
straight line.* 


Polygon of Accelerations.—Generally, if a body have 
any number of component accelerations, represented by the 
sides of a closed polygon taken in order, the body either 


remains at rest or moves uniformly in a straight 
line.* 


i Notice the difference between the iati ri 
Polygon of Velocities, se enunciations and those of the Triangle and 
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For, in either case, the sides representing the accelera- 
tions also represent the component velocities imparted per 
unit of time. By the Triangle or Polygon of Velocities the 
resultant imparted velocity is zero. Hence no velocity is 
imparted to the body, and if it was originally at rest it 
remains at rest. If not, it continues to move uniformly 
onward with its initial velocity. 

If a number of component accelerations be represented 
by all the sides but one of a polygon, their resultant will 
be represented by the remaining side required to complete 
the polygon, drawn from the extremity of the first side to 
that of the last. 


189, Composition of two accelerations at right angles. 


If fi, fo be the component accelerations in two directions at right 
angles, F the resultant acceleration, then 
B= fi +f. 
Also the resultant acceleration makes with the direction of f an 
angle A, such that tan A = fi/f,. 


Resolution of a given acceleration in two directions at right angles. 


Conversely, if we are given the resultant acceleration /, and we 
have to resolve it into two components in two given perpendicular 
directions, where the direction of / makes a given angle 4 with one 
of them, these components f,, f2 are given by 

VRS IECOSAL, iy ILO AL 

These results follow from the Parallelogram of Accelerations in 
exactly the same way as those of §§ 169-172 follow from the Parallelo- 
gram of Velocities. 


190. Representation of forces by straight lines.— 
Newton’s Second Law tells us that force, like velocity, 
has direction as well as magnitude. For it asserts that 
change of momentum is proportional to the impulse of the 
force, and takes place in the direction in which the force ws 
impressed. Hence the magnitude of a force is measured, 
ag in Chapter VI., by the momentum per unit time which 
it imparts to the body on which it acts, and the direction 
of the force is the direction of this imparted momentum. 

Or, what is equivalent, the magnitude of the force may 
be measured by the velocity it would impart to a unit 
mass in unit time, and its direction is the direction of 


DYN. aE; 
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this velocity, or the direction in which the body would 
begin to move if it started from rest. 

If, therefore, this velocity be represented by a straight 
line, this line will indicate both the magnitude and direc- 
tion of the force, and it may therefore be said to represent 
the force. 

Thus forces may be represented by straight lines. 


191. Composition of forces acting on a particle.— 
A force cannot act on nothing; it must be applied to some 
definite particle or body whose velocity it changes or tends 
to change, and the change of velocity will depend on the 
mass moved. Hence, to completely define’a force, it is 
necessary to specify on what particle the force acts ; 2.e., 
to specify its point of application. 

When, therefore, a force ts represented by a straight line, 
this line must be drawn from its point of application. An 
equal and parallel straight line will represent a force of 
the same magnitude and direction, but with a different 
point of application, and therefore not the same force. 

A body may be acted on by two or more independent 
forces at the same time. 


We have abundant experience of this. 


If two or more men pull a block of stone by means of separate ropes 
attached to it, the forces which they exert are entirely independent. 
Yet they all tend to set the stone in motion. 


If we lift a body off the ground, the body is acted on simultaneously 
by two entirely distinct forces, namely, its weight and the lifting force 
exerted by our hand. 


When two or more forces act simultaneously on the 
same particle, each force tends to impart a certain 
acceleration in the direction in which it is apphed. But 
a particle cannot actually move in two different ways at 
the same time; it must move with a certain definite 
acceleration in Some direction. Such an acceleration 
could always be produced by a single force of suitable 
magnitude applied to the particle in that direction. This 
force is called the resultant of the original system of 
forces. Hence we have the following definition. 
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Derinision.—The resultant of two or more forces is 
that force which would produce the same acceleration that 
is produced by the several forces acting simultaneously. 

Any forces which have a given force for their resnltant 
ave called components of the given force. 


Further, we see that any number of forces must have a 
single resultant, provided that they all act on the same particle 


192. The Parallelogram of Forces.—If two forces, 
acting simultaneously on the same particle, be re- 
presented by two adjacent sides of a parallelogram 
drawn from their point of application, their re- 
sultant shall be represented by the diagonal of the 
parallelogram drawu from that point.” 


Let the two forces P, Q be represented by the sides AB, 
AD of the parallelogram ABCD. These lines represent 


Fig. 40. 


the velocities which P, Q, respectively, acting separately, 
would impart toa unit mass in a unit time (or to m units 
of mass in m units of time). When the two forces act on 
the same particle during the same time, the velocity- 
component imparted by either force is independent of the 
velocity-component imparted by the other (§ 174). There- 
fore the actual velocity acquired is found by compounding 
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the velocities AB, AD by the Parallelogram of Velocities, 
and is therefore represented by the diagonal AC. Hence 
the change of momentum is the same as would be produced 
in the same time by a single force represented by AC; 
therefore the diagonal AC represents the resultant of the 
two given forces, as was to be proved. 


193. Equilibrium.— Derinirion.—A system of forces 
is said to balance, or to be in equilibrium, when the 
forces, acting simultaneously, produce no change in the 
state of rest or uniform motion of the body or bodies to which 
they are applied. 


Thus, when several forces in equilibrium are applied to 
a body at rest, the body will remainat rest. If the forces 
are applied to a body in motion, the body will continue to 
move uniformly in a straight line as long as the forces 
balance. In each case the acceleration of the body is zero; 
therefore the resultant of the forces is zero. 


194. Deductions from the Parallelogram of Forces. — 
The following properties of forces acting on a particle are analogous 
to those of velocities and accelerations §} 161—172 and 188, 189). 
As they will be considered more fully in treating of Statics, we shall 
now merely state them without proof. 


Triangle of Forces.—lf three forces acting on the same particle can 
be represented in magnitude and direction (but not in position) by the 
sides of a triangle taken in order, they will be in equilibrium. 


Polygon of Forces.—If any number of forces acting on the same 
particle can be represented in magnitude and direction by the sides of 
a closed polygon taken in order, they will be in equilibrium. 


Composition of two forces at right angles.—If X and Y denote two 
forces acting at right angles on a particle, the maenitude of their 
resultant is given by 

B= X24 Ys, 
Also, if this resultant makes an angle A with the force X, then 


tan .4 = aS 
xX 
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Resolution of a force in two directious at right angles.—Conversely, 
if we have to resolve a force P into two components along two 
straight lines at right angles, and if A is the angle the force makes 
with one of these lines, the components (X, Y) are given by 


Xe COSA. 
Y = Psin A. 


To find the resultant of two forces P, Q whose directions include a given 
angle A, we replace P by its components X, Y along and perpendicular 
to the direction of Q. Then Pand Q are together equivalent to Q +X 
and Yin these directions ; hence &, the resultant, is given in magnitude 
by RR? = (Q+X)2+ V2 = Q@4+2QX+ X74 V2. 

But X= PeosA and X?+Y2 = P2 

R? = Q’+2QP cos A + P?, 
a well-known formula. 


1944. The following is an instructive illustration of the laws for the 
composition and resolution of velocities. 

Lxample.—The sail of an ice-yacht* is set at an angle a to the keel. 
The wind is blowing at right angles to the keel with velocity V. 
Required to find the greatest possible velocity of the ice-yacht, sup- 
posing there be 0 resistance to motion along its keel. 

Let v be the velocity. So long as there is any wind pressure on 
the sail, the speed of the yacht must be increasing, for there is no 
resistance to its motion. The speed will therefore continue to increase 
till the yacht is moving at such a rate that there is no wind pressure 
on the sail. 

This will be the case when the velocity of the wind relative to the 
sail is along the surface of the sail, 1.¢., when the resolved velocities 


Fig. 41. 
of the wind and of the sail, at right angles to the sail, are equal. 
Whence V cosa = vsina; (Fig. 41) 


® = V cota. 


* An ice-yacht is a vessel used in America for sailing on frozen rivers, It rests 
on the ice on blades parallel to the keel, and runs along like a sleigh. 
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Summary oF Resutrs. 


The Principle of the Physical Independence of Forces.—See 
§§ 174, 177. 

The Parallelogram of Accelerations.—See § 187. 

The Triangle and Polygon of Accelerations—See § 188. 

The Parallelogram of lorces.—See § 192. 

The Composition and Resolution of Lorces.—See § 194. 


EXAMPLES XIII. 
(Selected Problems :—1, 2, 4, 5, 6, 8, 9, 11, 12, 14, 16.) 


1. A body of mass 2 lbs., initially travelling due east with a velocity 
of 20 ft./sec., is acted upon by a northerly force of 1 lb.-wt. In what 
direction and at what rate is it travelling after 14 seconds? 


2. A body of mass 2 Ibs. is travelling due north at the rate of 
10 ft./sec. What force must act upon the body for 5 seconds, and in 
what direction in order that the final velocity should be 10 ft./sec. due 
east? 


3. A body of mass 4 lbs. is initially travelling due north at the rate 
of 6 ft./sec. What easterly force acting upon it for 2 seconds will pro- 
duce a final velocity in a direction 30° east of north? 


4, A cricket ball of mass 5 oz. is travelling due south at the rate of 
48 ft./sec., when it receives a blow in an easterly direction of 15 4/3 
boles. Find the ultimate velocity. 


5. A particle of mass 10 grammes moves with a velocity of 
20 cm./sec. along the sides of a regular hexagon. Calculate the 
change of velocity at each corner of the hexagon, and the magnitude 
of the blow required to cause this change. 


6. A body is originally moving eastward at the rate of 15 miles an 
hour, and 11 seconds later it is moving northward at the same rate. 
Find the direction and magnitude of the acceleration, supposed uniform, 
and the velocity 53 seconds after starting. 


7. A body initially travelling northward at the rate of 12 ft./sec. has 
a westward acceleration of 3 ft./sec.? After what time will its speed 
be 20 ft./sec. ? 
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8. A body is travelling north-east at the rate of 15 4/2 miles an hour, 
and is accelerated at the rate of 2 ft./sec.? in a southerly direction. 
After what time will it be travelling due east? 


9. Find the resultants of the following pairs of forces acting at 
right angles to one another :— 
(i.) Tlbs. and 24 Ibs. ; (ii.) 8 oz. and 15 oz. ; 
(iii.) 20 cwt. and 21 cwt. ; (iv.) 24 and 55 grammes weight. 


10. Two forces of 12 Ibs. and 13 Ibs. act on a particle; what are 
the greatest and least values of their resultant? 


11. A bullet is let fall from the mast-head, 30 feet above the deck, 
of a ship steaming at 20 miles an hour. Find how far the ship will 
have advanced before the bullet strikes the deck. 


12. Describe, with diagrams, the apparent path of the bullet (of the 
last question) to an observer on board the ship, and its actual path in 
space. 

13. A body, weighing 1 lb., is allowed to fall from rest under 
gravity, and is at the same time pulled aside by a horizontal force. 
Tf the body describes a straight line inclined to the horizon at an 
angle of 60°, what is the magnitude of the force, and what is the 
acceleration of the body? 

14. Find the maximum velocity of an ice-yacht sailing at right 
angles to a wind of 10 miles an hour if the angle between the sail 
and the keel is sin-1#2 (neglecting all resistances to motion along the 
keel). 

15. Find the angle between the sail and the keel of the ice-yacht if, 
when the wind is perpendicular to the keel, the maximum velocity of 
the yacht is four times the velocity of the wind. 


16. An ice-yacht is sailing at right angles to the wind at the rate of 
20 miles an hour. Its sail makes with the keel an angle of 30°. Find 
the least possible velocity of the wind. 
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EXAMINATION PAPER VII. 


1, Explain and illustrate the ‘‘ Parallelogram of Velocities.” 


2. Show how to find the relative velocities of any set of bodies with 
regard to one of their number. 


3. Find the direction in which a man must strike out across a river 
flowing half a mile an hour, if he swims at the rate of a mile an hour, 
and wishes to land at a point immediately opposite. 


4, A person travelling eastward at the rate of 4 miles an hour 
observes that the wind seems to blow directly from the north; on 
doubling his speed, the wind appears to come from the north-east. 
Determine the direction and velocity of the wind. 


5. Show that the highest point of the wheel of a carriage moves 
twice as fast as the carriage itself. 


6. A ship is sailing due north with a velocity of 10 miles an hour. 
In what direction and with what velocity must a stone be thrown 
from its deck, that it may start in a north-westerly direction with a 
velocity 10 4/2 miles an hour ? 


7. Find the greatest possible velocity of an ice-yacht sailing due 
N. under a N.W. wind of 20 miles an hour if the sail makes an angle 
of 30° with the keel. 


8. Two particles A and B are moving along lines which meet at 
right angles at 0. One is approaching, and the other receding from, 
O. If at each moment their velocities are inversely in the ratio of 
their distances from 0, prove that the distance between them is 
constant.’ 


9. AOB is a right angle; AO = 20 ft. Two particles start at the 
same instant with equal velocities, one from A toward OQ, the other 
from 0 toward B. What is their least distance apart? 


Cte ew HRs XLV 


MOTION DOWN INCLINED PLANES. 


195. Derinitioys.—An inclined plane may be exempli- 
fied by a plank tilted up at one end, so that bodies can 
slide down it, or by a road 
or railway running down ; 
hill at a uniform slope. It g C 
will, however, be convenient 
to take an inclined plane as tw 
- the slanting face ACC’A’ of we 
a block of material whose < 
vertical face ABC is aright- a A a B 
angled triangle. The hypo- 
tenuse AC is called the ie 
length of the plane, AB is 
the base and is horizontal, the perpendicular BC is the 
height of the plane, and the angle BAC measures its 
inclination to the horizon. 

The plane is said to be at an inclination of “1 in n,” 
when its height is one n’* of its length, that is 


height 


nv 
, ; EBC AR 
In this case sin BAC = Taye 


so that 1 +7 is the sine of the angle of inclination, and 
there would be a rise or fall of 1 foot for every m feet 
traversed up or down the plane. 

Thus, if the angle is 30°, sin 30° = 3, and the inclination is 1 in 2. 

By a perfectly smooth plane or other surface, we 
mean one that is perfectly slippery or devoid of friction, 
so that bodies can slide along it freely and without resist- 
ance. When a body presses against any surface, the 


218 MOTION DOWN INCLINED PLANES. 


surface exerts a reaction, for otherwise the body would 
penetrate it; but the reaction of a perfectly smooth surface 
as perpendicular to the surface. 


If we stand on a slippery sheet of thick ice, the reaction of the ice 
prevents our going through; but if we try to walk, we cannot get 
much foothold, because the ice exerts but little friction. If the ice 
were perfectly smooth, we could not walk on it at all. 


196. A heavy body slides from rest down a per- 
fectly smooth inclined plane. To construct the 
position of the body at a given time ¢. 

Let the body start from rest at A. Draw AC vertically 
downwards, and cut off 
AC = igt? = distance that would be fallen in time ¢ by a 

body dropped from A. 


Fig. 43. Fig. 44. 


Drop CB perpendicular on the plane. 

Then B represents the position of the body on the 
plane at the time ¢. 

For let a second body be let fall from A at the instant 
that the first starts sliding down. 

Then gravity tends to produce the same acceleration in 
both bodies, and therefore does not affect their relative 
motion, 
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The only other force is the reaction of the plane acting 
on the first body. 

This reaction is perpendicular to the plane, and there- 
fore constant in direction. Hence the relative velocity 
acquired by the bodies is perpendicular to the plane. 

But both bodies start from rest together at A. 

Therefore the line joining the bodies is always perpen- 
dicular to the plane, which proves the construction. 


Cor. 1. Since the angle ABC is a right angle, B lies on 
a circle having A@ as diameter (Euc. III. 31). Hence, if 
any number of bodies start simultaneously from A, and slide 
down straight lines in the same vertical plane, their positions 
at any instant will all lie on a circle whose highest point is A, 


Cor. 2. Hence the times taken to slide down different 
chords of a vertical circle, starting from the highest pont of 
the circle, are all cqual. 


197. Fig. 44 shows how the position of the body may be constructed 
at each second of the motion. The points C,, C:, C3 are the positions 
of a freely falling body after 1, 2, 3 seconds, and these are given by 
the diagram on page 57. Drawing perpendiculars on the plane, their 
feet B), B,, Bz; represent the positions of a body sliding down the 
plane at the same instants. 


198. To find the acceleration of a body sliding 
down a smooth incline of 1 in n. 


Let the body be at C. 
Let its weight be repre- 
sented by the vertical 
line Ca. Complete the 
parallelogram Cbad. 

Then @b and Cd repre- 
sent the components of 
the weight along and 
perpendicular to the 
plane. 

Since the body moves 
down the plane, the 
resultant force produc- 
ing motion is down the 
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plane. Hence the reaction of the plane, acting perpen- 
dicular to it, must be equal and opposite to the component 
Cd, and the force producing motion is represented by C0. 
On the plane cut off 
CA =Ca, 
and draw AB horizontal. 
Then the right-angled 
triangles ABC, abe are 
equal in every respect ; 
Cb = CB. 

But, since the incline 
is 1 in n, the height CB 
is one nth of the length 
CA; therefore also 


Cb = Ca+n; 


. resultant force producing motion = weight of body +n. 


Fig. 46. 


But a force equal to the weight of the body would 
impart to it an acceleration g ; 


the acceleration down the plane = fos ee 5) 
height of plane 
length of plane - 


BC _ Cb. 
ACx Caa 


acceleration = g sin A ............... (2). 


Cor. Let zBAC =A. Then sin A= 


In particular, if the inclination= 0°, 30°, 45°, 60°, 90°, 


the acceleration down the plane = 0, ae ai wg. 


199. Work.—-When the direction of motion of a body 
is not in the same straight line with the force acting on 
it the work done must be defined as follows :— 
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Derinition.—Let a force P, constant 
in magnitude and direction, move its 
point of application from A to @. Draw 
CB perpendicular on the direction of P. >P 
Then the product of the force P into the aod 
distance AB measures the work done 
by the force, AB being considered positive 


or negative according as its direction is 
the same or opposite to that of the force. 


OBSERVATIONS. -— When the point of application moves 
perpendicular to the force, no work is done; for, if AC is 
perpendicular to P, then B coincides with A, and AB 
vanishes. 

If the point of application is moved first from A to B and then 
from B to @, the work done by P in the former displacement is 
Px AB, and in the latter it is zero, because BC is perpendicular to P; 
therefore the whole work done is Px AB, and is the same as if the 
point of application moved directly from A to C. 


200. Work on an inclined plane.—Work done by 
gravity.—When a weight W slides down the inclined 
plane GA (Fig. 42 or 46); the work done by gravity is, 
by definition, : 

= WxCB = W x vertical height descended ; 
and is the same as the work which would be done in 
falling vertically down the height of the plane. 

Thus, the work done by gravity on a body is always equal 
to the product of the weight of the body into the vertical 
height through which it descends, whether the weight falls 
vertically or slides down an inclined plane. 

Similarly, the work done against gravity in raising a 
body is the product of the weight into the vertical height 
through which it is raised. 

When a body moves horizontally no work is done 
either by or against gravity. 

Hence, in walking along a level road, no work is done against 
gravity, so that the fatigue felt after a walk is not entirely measured 
by the work done. 
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Examples.—(1) To find the work done against gravity by a horse 
in pulling a cart weighing 5 cwt. up a hill a mile long, at a slope of 
1 in 40. 

The vertical height risen 


S280 i else the 


=o of anrailese 
40 


and the weight raised = 5x 112 lbs. = 660 Ibs. ; 
work done = 182x560 = 73920 ft.-lbs. 


(2) To find the horse-power required to draw a train of 150 tons up 
an incline of 1 in 128 at 30 miles an hour, if the resistance due to 
friction is 10 lbs. per ton. 


In one second the train moves 44 feet ; 


vertical height risen per sec. = aS eae ft. 
128 32 
Also, _ weight of train = 150 x 2240 lbs. ; 


.*. work done per sec. against gravity 


= = x 150 x 2240 ft.-Ibs. = 115500 ft.-Ibs. 


Also, total resistance due to friction = 10 x 150 lbs, = 1500 lbs. ; 
work done per sec. against resistance 
= 1500 x 44 ft.-lbs. = 66000 ft.-lbs. ; 
.*. total work done per sec. = 115500 + 66000 ft.-lbs. = 181500 ft.-lbs.; 
181600 


required horse-power = 
4 P 550 


= 360. 


201. To verify the principle of Conservation of 
Energy for motion down a smooth inclined plane. 


Let a mass m slide down an incline of 1 in n, starting 
with initial velocity wu. By (1) § 198, the acceleration is 
gn. Hence, if v is the velocity after the body has gone 
a distance s, then, by Chap. III. 


y—uw=24 5, 
A ” 
FS s 
A 
“. gmv'—imu? = mg X —. 
n 


The left-hand side represents the increase of kinetic 
energy. Also mg is the weight of the body, and s +n is 
the vertical height through which it has fallen in moving 
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a distance s on the plane; hence the right-hand side 
represents the work done by gravity. 
Therefore increase of kinetic energy 


= work done by gravity = decrease of potential energy. 


Cor. If the body starts from rest, we have 
vw = 2g - = 29 x height fallen, 


Hence, tf different bodies slide down inclined planes of the 
same height, they will all acquire the same speed on reaching 
the bottom. 


Examples. —(1) A body slides down a smooth plane whose height is 
one-third its length. To find the velocity acquired when it has 
travelled 12 feet. 

Let the mass of the body be m lbs. In travelling 12 ft. it falls a 
vertical depth of 12 ft. or 4 ft. ; 

work done by gravity = 4m ft.-lbs. = 4g ft.-poundals 
= 4m x 32 ft.-poundals. 
This is equal to the kinetic energy. Hence, if v is the required 
velocity, Amv? = 4m x 32; 
w= 4x2x32=4x 64; 
» = 2x8 = 16 ft. per sec. 


(2) A weight of 3 lbs. draws a weight of 4 lbs. up an incline of 30° 
by means of a string passing over a pulley at the top of the plane and 
hanging vertically. ‘Io find the avceleration. 


Let » be the velocity acquired when both weights have moved 


over s feet. 
The 3-lb. wt. will have fallen vertically through s ft. ; 


work done by 3-lb. wt. = 3s ft.-lbs. = 3gs ft.-poundals. 


The 4-lb. weight will have moved s feet up the plane, and, since 
the incline is 1 in 2, it will have risen vertically through 4s feet ; 


.’. work done by 4-lb. wt, = —4 x $s = — 2s ft.-Ibs. = — 2gsft.-poundals, 
The whole work done is equal to the kinetic energy ; 
o. $(44+8) ve? = 39s —29s = 9s; 


pes. 


Comparing this with v? = 2 fs, we have 
required acceleration f = 3g. 
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202. The problem of the previous example can also be 
solved by a somewhat different method without employing 
the Principle of Conservation of Energy; we shall now give 
an example of this method before applying it to a more 
general case. 


Example.—(3) A mass of 14]bs. hanging by a vertical string draws 
a mass of 10lbs. up a smooth incline of 45°, the connecting string 
passing over a pulley at the summit. ‘To find the acceleration and 
the tension of the string. 


Let the acceleration be f ft./sec., 
and the tension 7 poundals. 

Consider the motion of the 10-Ib. 
mass. 

If allowed to slide freely down the 
plane, its acceleration would be gsin 45° 
or 7/3 down the plane. 


Therefore the tension Z must be = 448 poundals 
sufficient to change the acceleration of 
the 10-lb. mass from g sin 45° down- Fig. 48. 


wards to f upwards, 7.e., it produces 
an acceleration-component f+gsin 45° upwards, and the property 


force = mass x acceleration 
gives T= NON FAG SIVEO Ge acstsosenveulenscssenes G2: 


Similarly, considering the 14-lb. mass, the tension 7, acting upwards 
on it, changes its acceleration from g (the acceleration with which it 
would fall freely) to f, and therefore produces a downward acceler- 
ation-component, f—g, or, what is the same thing, an upward 
acceleration-component g—f. Therefore 


PS TAGS iakaose eater re eae (ii.) 
From (i.) and (ii.) we have 
10 (f+g sin 45°) = 14 (g—f) ; 
(10 + 14) f = (14-10 sin? 45°) 9; 
14 = LO SIMA 2 ee las Ou. 
Ee ee te ie (is 24 va} a. 
Again, by (ii.), 2 = 14g—14(,-4%vV2)9; 
% ° 
tension = 33 (2 + »/2)g poundals 
= 35 (2+ »/2) Ibs. wt. 


== 


len olin 


We now proceed to consider a further generalization of 
the preceding examples. 
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203. Motion of connected bodies on two inclined 
planes.—A mass P is drawn up a smooth plane of inclina- 
tion A by a mass Q sliding down a plane of inclination B, 
the two being connected by a string passing over a pulley at 
the common vertex of the planes. To find their acceleration 
and the tension of the string. 

Let f= acceleration of mass P up AC 

= acceleration of mass Q down CB. 
7 = tension of string (in dynamical units of force). 


This tension acts upwards on either mass, 7.e., in the 
directions AC, BC on P, Q, respectively. 


The tension T' acting on the mass P changes its acceler- 
ation from g sin A downwards to f upwards, and therefore 
produces an upward acceleration-component f+gsin A. 


Hence Gee Rly SiN) wactaceee nano Ie). 


Again, the tension 7’ acting on the mass Q changes its 
acceleration from gsin B along @B to f in the same direc- 
tion; it therefore produces an acceleration-component in 
the opposite direction of gsin B—f. Hence 


We) Cosi D7 arose s1ceusseanee Cl) 
From (i.) and (ii.), 
P(gsin A+f) = Q(gsin B—f); 
(P+ Q)f = Qg sin B—Pgsin A; 
@ sin B—P sin A lB): 
Q+P 
To eliminate f, multiply (i.) by Q and (ii.) by P, and 


add ; ; r 
(P+Q)T = PQ (sin A+sin B) 9; 
DYN. Q 


required acceleration f = 
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tension 7’ = - (sin A+sin B) g (dynamical units) 
as oo (sin A+sin B) (gravitation units) 


Pt (4). 
[If formula (3) makes f negative, P pulls Q up.] 


204. To find the line of quickest descent from a 
given point to a given straight line. 


Let A be the given point, and BC the given straight 
line. (Fig. 50.) 


Through A draw AD perpendicular to BC, and AE 


gB 


Fig. 50. 


vertically down. Bisect zDAE by AF, cutting BC in F. 
Then AF shall be the line of quickest descent; that is 
to say, a particle would slide more quickly down AF than 
down any other line joining A to BC. 

Draw FG perpendicular to BC, cutting AF in G. Then, 
since FG ang AD are parallel, 


ZLAFG = 2 DAF. 
Bat ZDAF=ZGAF. (Construction.) 
LGFA = Z2GAF; 
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Thus, if, with G as centre and GA as radius, we describe 
a circle, it will touch BC at F, and A will be its highest 
point. 

Draw any other line AK to meet BC, cutting the circle 
in M. Then the time a particle would take to slide down 
AF = time to slide down AM (§196, Cor. 2), and is 
therefore less than the time to slide down AK. 


205. To find the line of quickest descent from a 
point to a circle. 


Let A be the given point, BCF the given circle, and 0 
its centre. (Fig. 51.) 

Draw a radius OC, vertically down. Join AC, cutting 
the circumference in F; then AF shall be the line of 
quickest descent from A to the circle. 

Join OF, and produce it to meet the vertical through 
Au F, 

Then ZAPE = L0FC 


=—2 U0 LEAP (by parallels). 


Hence AE =FF. Therefore, if, with centre F and 
radius EA, we describe a circle, it will touch BCF at F, 


Fig. 51. 


and A will be its highest point. Hence, as before, AF will 
be the line of quickest descent. 
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206. Yo find the line of slowest descent from a point to 
a circle. 

Let A be the given point, and BFC the given circle (Fig. 52). Draw 
a radius OC vertically wp from the centre. Join AC, and produce to 


cut the circle again in F, Then AF shall be the line of slowest descent. 
Join FQ, and produce to mect the vertical through A at E. 
Then LEAF = Z£OCF (by parallels) 
= Z0FO; A Tees 
Hence, if, with centre F and radius FA, a circle be drawn, A will 
be its highest point, and it will touch the circle BFC internally at F. 
Draw any other chord ALM. Then time to slide down AF = time 


to slide down AM > time to slide down AL; which proves the construc- 
tion. 


207. Sliding Friction.—If a body is sliding over a 
smooth surface, we know that the thrust between the body 
and the surface is always perpendicular to the surface. 
If, however, a body is sliding over a rough surface, the 
thrust is not perpendicular to the surface. 

The reaction of the rough surface may be regarded as 
consisting of two forces: the one perpendicular to the 
surface, which is usually called the normal reaction* ; 
the other, along the surface, acting in the opposite di- 
rection to that in which the body is moving—this force is 
called thé friction. The normal reaction prevents the 
body from penetrating into the surface; the friction is 
merely the resistance which the rough surface offers to 
sliding. 


*The line drawn perpendicular to a surface at any point is called the normal at 
that point. ‘ 
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The magnitude of the friction depends partly on the 
roughness of the surface and of the body which is sliding 
over it, and partly on the magnitude of the normal re- 
action. 


208. It is found by experiment that the friction between 
materials of given roughness is always in constant ratio to 
the normal reaction. This constant ratio is called the 
Coefficient of Friction. If we denote the coefficient of 
friction by pw, the friction by F’, and the normal reaction 
by R, this experimental law is represented by the formula 


Say UGE En ta orem eran er CoB) 


Tt is important to notice that the value of u does not depend on the 
velocity of sliding, nor on the magnitude of the area of the body 
which is in contact witb the surface; but only on the roughness of 
the body and of the surface. 


209. Let A represent a body sliding over a rough sur- 
face EH, with velocity u (Fig. 53); let AD and AB 
represent & and I’. Then, completing the parallelogram 
ABCD, AC represents the resultant reaction of the 
surface. 


Fig. 53. 
Let 2 DAC = 6; then 
DC _#F 
See 0) poe see nee cee veeere 6). 
tan 0 D mo (6) 


Thus the resultant reaction always makes with the nor- 
mal an angle whose tangent ts 4; this angle is called the 
angle of friction. 
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210. Motion down a rough inclined plane.—Suppose 
a body D, of mass M, sliding down a rough plane AB 
inclined at an angle a to the horizon. (Fig. 54.) 

Then the forces acting on the body are :— 


(i.) Its weight Mg, acting along DG; the normal 
reaction F, acting along DF; and 


Gi.) The friction wR, acting along DA (np the plane. 
since the body is sliding down it). 
Also ZLFDG = 90°— 2 GDA = ZCAB =<. 


Thus Mg can be resolved into the two forces Mg cosa 
along DF, and Mg sina along DB. (§ 194) 

Now, since the body has no acceleration perpendicular 
to the plane, .. the forces along FF must balance ; i.e., 


Rt = Mg cos a. 

Again, the resultant force down the plane is 

Mg sina—ph, i.e, Mg sin a—p Mg cos a. 
Thus, if f be the acceleration down the plane, 

| Mg sin a—p Mg cosa = Mf......... (§ 84 (2)]; 

whence f=q (sin a—pcoSa) ..ccccsecns (7) 
But, if 6 be the angle of friction, » = tan 0; 
f = (sin a—cos a tan 0) 
sin a cos 9—cos a sin 6 


= Bae = g sin (a—6) sec 0... (8). 
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Cor. 1.—If the plane be horizontal, we must puta = 0 in 
the above result; hence, attending to the negative sign of f, 
we see that a body sliding along a horizontal plane 
experiences a retardation wy. This retardation continues 
to act as long as the body is in motion; when it comes to 
rest, friction ceases. 


This result may better be established independently from the equa- 
tions F= wR, R= mg and mf= F. Hence, mf = wimg, or f = yg, 
and, since the friction is in the direction opposite to that of motion, f 
is here a retardation, not an acceleration. 


Cor. 2.—If 6 = a, f =g sin (a—6) sec @ = 0; hence the body will 
remain at rest if it be initially at rest, or will descend with uniform 
velocity if it be initially projected down the plane. Thus, if the in- 
clination of the plane be equal to the angle of friction, the body will not 
begin to shde down the plane. 


If the angle of inclination be now diminished, we know from 
ordinary experience that the body will still remain in equilibrium; 
it is, however, important to understand that the equations used in this 
paragraph no longer hold, since they are based on the laws of Sliding 
Friction ; these are not identical with the laws of Statical Friction, 
i.é., of friction in cases of equilibrium ; this subject will be fully dis- 
cussed in Statics. 


If, however, the particle be projected down the plane in this case, 
then, since a < 6, it follows that f will have a negative value, 
proving that the body will experience a retardation g sin (@—«) sec 0 
till it comes to rest. 


211. Motion of a body projected up a rough in- 
clined plane. 


This problem differs from that discussed in the last 
paragraph in one point only—the friction will now act 
down the plane since the body is moving wp; hence, fol- 
lowing the same line of reasoning, we shall find that the 
resultant force down the plane is now 


Mg sin a+p Mg cosa; 
whence 
f= q (sin a+pecosa) = gsin (a+0)secO... (9). 
Hence, given the initial velocity up the plane, we could 


tell how far the body would go before this acceleration 
down the plane reduced it to rest. 
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When once the body was reduced to rest it would 
remain at rest if a=Oor < 6; but, if a>0, the body. 
would slide down again, and this part of its motion would 
be determined by the equations of the last paragraph. 


212. A heavy body slides from rest down a rough 
inclined plané. To construct the position of the 
body after a given time @. 


Let the body start from rest at A; draw AC vertically 
downwards, and cut off AC = 1 gt? = distance that would 
be fallen in time ¢ by a body dropped from A. (Fig. 55.) 


A 


Draw CD perpendicular to the plane, and make angle 
DCB =6. Then B represents the position of the body 
after time t. 

For let a second body be dropped from A at the instant 
when the first starts sliding down; then gravity tends to 
produce the same acceleration in both, and therefore does 
uot affect their relative motion. 

The only,other force is the reaction of the plane acting 
on the first body. 

Now the normal to the plane at any point is parallel to 
CD; and the reaction makes with the normal an angle 0. 
But angle DCB = 6; therefore the reaction always acts 
in a direction parallel to CB. 
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Hence the relative velocity acquired by the bodies is 
parallel to CB. But both bodies start from rest at A. 

Therefore the line joining the bodies is always parallel 
to GB. Thus when the one body is at @ the other is at B. 


Cor. — ZABC = BDC + ZBCD = 90° +8. 

Draw a segment of a circle ABC, and draw any other chord AE ; 
join CE. 

Then LCEA = LCBA = 90° +0; 
.". if a body slide down an equally rough plane in the position AF, 
it will be at E after ¢ secs. 

Hence, if a series of bodies start from A to slide down various 
equally rough chords of the segment on AC, which contains the angle 
(90° + 6), they will all arrive at the arc at the same moment. 


212a. Example.—A train travelling at the rate of 30 miles an hour 
comes to the top of an incline of length 1000 yards whose gradient is 
1 in 100, at the foot of which is a level piece of line. If the steam is 
turned off at the top of the incline how much farther will the train 
run, assuming that the road resistances are equivalent to 10 lbs. wt. 
per ton? 


The work done on the train by gravity as it runs down the slope 
tends to increase the kinetic energy of the train; the work done against 
the train by the road resistances both on the slope and on the level 
tends to diminish the kinetic energy, and ultimately reduces it to zero. 
Hence we obtain the equation 

original kinetic energy of the train. 
-++work done on the train by gravity 
—work done against the train by road resistance 


=) Seaqumasaac RnaG He.od ooacoO.c oie near cs Bostic in Re eholesrers . (i) 

Let m be the mass of the train in tons; then, since the original 
velocity is 44 {t./sec., the original kinetic energy is 

4X 2240m x 44? ft.-pdls. 

The weight of the train is 2240m x 32 pdls., and the distance moved 
by the train in the direction of its weight, i.e. vertically downwards, 
is y}o X 1000 yds. or 30 ft. Hence the work done on the train by 
gravity is 2240m x 32 x 30 ft.-pdls. 

The road resistance is 10m lbs.-wt. or 320m pdls. ; hence if the total 
distance travelled is xft., the work done against the train by the 
resistance is 320me ft. -pdls. 

Hence, from (i), 

& X 2240m x 4474 2240m x 32 X 30 = 320ma. 
Dividing throughout by m, and solving, we obtain 
xz = 13,496 feet = 2°556 miles approximately. 
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2126. Problems involving the resolution of forces.— 
This paragraph must not be read until the student has 
had considerable practice in statical problems involving 
the resolution of forces. We shall assume that the 
algebraic sum of the resolved parts of any system of 
vectors in any direction is equal to the resolved part of 
their resultant in the same direction—see Tutorial Statics, 
§ 30—and we shall apply this theorem to velocities, 
accelerations, finite forces, and impulsive forces. 

Suppose that a system of finite forces acting on a 
particle produces an acceleration which may be regarded 
as the resultant of a certain system of component ac- 
celerations. 

Then by Newton’s Laws the resultant acceleration (f) 
will be in the direction of the resultant force (P), and 
these two resultants will be connected by the usual 
relation, viz. P= te 

Again, let 0 be the angle between some given direction 
and the direction of the resultant force and acceleration. 
Then obviously Pcos?=m.fcos 6. That is to say, 
the resolute of the resultant force in the given direction 
= mxXresolute of the resultant acceleration in the same 
direction. 

If we now use the vector theorem quoted above, we 
obtain the statement 


algebraic sum of the resolutes of the component 
forces in any direction 

= mass X algebraic sum of the resolutes of the 

component accelerations in the same direc- 

GIO i isch Soe oes ale ea he eae ce (10). 


It is by the application of this theorem that the more 
complicated problems are usually solved. 

If we are dealing with impulsive forces and the change 
of velocity which they produce we can follow the line of 
the preceding argument up to a certain point. Thus we 
have 

Resultant impulse and change of velocity are in the 
same direction ; 
Resultant impulse = mass X change of velocity ; 
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Resolute of resultant impulse in any direction 


= mass x resolute of change of velocity in the 
same direction ....... ew nitee meee ctl ls 


Now the final velocity is the resultant of the original 
velocity and the change of velocity; hence, by the above 
vector theorem, resolute of final velocity in any direction 
is the algebraic sum of the resolute of the original velocity 
and the resolute of the change of the velocity in that 
direction. 

Thus the resolute of. the change of velocity in any 
direction = resolute of final velocity in that direction — 
resolute of initial velocity in that direction (provided that 
we take account of the algebraic s¢gns of the resolutes). 

Hence and from equation (1) 


resolute of resultant impulse in any direction 
= mass X resolute of final velocity in that direction 
— mass X resolute of initial velocity in that 
direction.* 

Hence, using the above vector theorem and remembering 
that mass X velocity is momentum, we obtain the equation 
algebraic sum of the resolutes of the component 

impulses in any direction 


= resolute of final momentum in that direction 
— resolute of initial momentum in that direc- 
tion (provided that we take account of the 
algebraic signs of these resolutes) ....(11). 


Examples.—(1) A cannon of total mass I tons, free to recoil horizon- 
tally, fires a shot of mass m tons. If the cannon is fired with the barrel 
sloping at an angle a to the horizontal, find the direction in which the 
shot is projected. 


Suppose that the cannon recoils with a horizontal velocity U, and 
that the shot is projected with a velocity wu relative to the gun; this 
relative velocity will be in the direction of the bore of the cannon, i.e., 
at an angle a above the horizontal. The actual velocity of the shot is 
the resultant of w and U. 

The momentum produced in the shot by the explosion has an upward 
vertical component and a horizontal component to the right. Hence 
the explosion tends to produce in the cannon a corresponding downward 


— 


* Compare the equation Z = mv —mu. 
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vertical component of momentum, and a corresponding horizontal com- 
ponent to the left. Of these components the first is destroyed by the 
impulsive reaction of the ground; but as the cannon 1s free to move 
horizontally, there are no impulsive actions to reduce the second com- 
ponent. 
Hence 
the horizontal momentum of the gun to the left 


= the horizontal momentum of the shot to the right. 


Again, the horizontal velocity of the shot is the algebraic sum of the 
horizontal resolutes of its component velocities, viz. «cos a—U. 
Thus we obtain 
HU = m(u cosa—U), 
i.e. GET UR KVROUCimamonoud ado. 056006 ya) 


Also the vertical velocity of the shot is the algebraic sum of the 
vertical resolutes of its component velocities; viz. w sin a+0. 
Thus if @ is the inclination ofits actual velocity to the horizontal 


nag a3 vertical velocity _ wv sina (ii) 

horizontal velocity wucosa—U “"""""* 
Eliminating UV between (i) and (ii), we obtain 
(W-+m)u sin a 


tan 0 = 
4 (AL +m) cos a — (A+ m) U 
As (M+m) usin a oe (M-+m) sina 
(AL +12) COS a— mw COS a M cos o 
= on tana. 
Hence the shot is actually projected at an anglo 
tan7} ee tan a, 


above the horizontal. 


(2) A particle of mass m slides down the slanting face of a smooth 
wedge of mass M placed on a smooth table. If the slope of the slanting 
face be a, find the accelerations of the wedge, and of the mass m relative 
to the wedge. 
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Let the acceleration of the wedge (which is horizontal and to the 
right) be h; and let the acceleration of the particle relative to the 
wedge (which is directed down the sloping face) be & Also let the 
thrust between the particle and the wedge (which is perpendicular to 
the surface of the wedge) be Q; and let the thrust between the table 
and the wedge (which is vertical) be 2. 

Then Fig. 55¢ shows the forces acting on the wedge, viz. its weight 
Ng vertically down, & vertically up, and Q inclined at an angle a to 
the downward vertical ; these forces produce the acceleration h. 

Again Fig. 55d shows the forces acting on the particle, viz. its 
weight mg vertically down, and Q inclined at an angle a to the upward 
vertical ; these forces produce an acceleration whose components are 
% inclined at an angle a to the horizontal, and / horizontal—for & is 
the acceleration of the particle relative to the wedge. 


Fig. 55d. Fig. 55¢. Fig. 55d. 


Consider the motion of the wedge. Resolving horizontally we have 
algebraic sum of horizontal resolutes of acting forces = Mx horizontal 
resolute of acceleration; whence, using Fig. 55¢ 

Qin GSM oon oop ooaer HOOOaReo UAE (i) 

Consider the motion of the particle. Resolving horizontally we have 
algebraic sum of horizontal resolutes of acting forces = m x algebraic 
sum of horizontal resolutes of component accelerations ; 
whence, using Fig. 55d 


Qsin a = m(h cosa—h) ...eseeeeeeeees (il) 
Similarly, resolving vertically downward, we obtain Na 
mg—Q cosa = mk Sina ....... anowndocis Cua), 


Equations (i), (ii), and (iii) are sufficient to determine the three 
unknowns Q, h, k. 
Eliminating Q from (i) and (ii) we obtain 
(M+ m)h = mk COS O eseesceseveeecees (iV) 
Eliminating Q from (i) and (iii) we obtain 
mg sin a = mk sin2a+ Mh COS & seseceveeseeee(¥) 
Eliminating / from (iv) and (v) we obtain 
(M+m) g sina = (M+m) k sin?a+ Mk cos*a, 
= k(M+m sin’a). 
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M+imn 


eee eg SNCs 
M-+-in sin?a 


Thus k= 


Whence, and from (iv) 
We ma COS a@ 
IM+im sin? a 


.g Sina, 


Summary or Resutrs. 


If f is the acceleration down an incline of 1 in n, 


height ; 
f=t= 9x ace Ce or f=gsinA wc (2). 
fo) 


For two masses P, Q joined by string on two inclines, 
of angles A, B, 


_ Qsin BrP sin A 3 
is (ie (aoe ee coene 
tension 7’ = (sin A+sin B) —*~ S “ cinsasereeoineted (4). 
To determine the magnitude of the friction when one 
body is sliding over another, BH! = pe B .........s00ceeeee (5). 


In the same case, if 6 be the angle between the resultant 
reaction and the normal (i.e., the angle of friction) 


phe vate che tuare serene 


Acceleration down a rough plane veliued Sp ie horizon 
at an angle a greater than ‘0 is 


" (SID Gp, COS.0.)) Gvesearn nae eea) 
= 9st (4— 0) set 6 2 ences (8). 
Retardation up a rough inclined plane is 

g (sina+p cosa) = gsin (a+6) sec@ ...... (9): 

The algebraic sum of the resolutes of the component forces in any 
direction 

= mass X the algebraic sum of the resolutes of the com- 

ponent accelerations in the same direction...... (10). 


The algebraic sum of the resolutes of the component im- 
pulses in any direction 

= the resolute of the final momentum in that direction—the 

resolute of the mmitial momentum in that direction. .(11). 
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EXAMPLES XIV, 


(Selected Problems:—1, 3, 5, 8, 9, 12, 14, 15, 17, 19, 20, 22, 23, 26, 
27, 29, 31, 33, 34, 37, 39, 40, 42, 45.) 


1. Find the distances traversed in 1 sec., and the velocities 
acquired in that time, by particles sliding down planes of inclinations 
30°, 45°, 60°. 


2. A body, starting from rest on an inclined plane, describes 40 ft. 
in the third second ; find the inclination of the plane. 


3. A boy in a toboggan slides down a perfectly smooth hill, whose 
inclination is 1 in 20. At what rate will he be going (in miles per 
hour) when he has travelled 100 yds. from the start ? 


4. A body moves up an inclined plane, whose angle is 30°, starting 
with a velocity of 48 ft. per second. What is its velocity when it 
reaches a point 64 ft. from the starting-point ? 


5. The pull exerted by a rope which draws a carriage up an incline 
of lin 4, with an acceleration 2 (ft. per sec. per sec.), is } ton. 
What is the weight of the carriage P 


6. A mass of 52 lbs. lies on a plane inclined at an angle of 60° to 
the horizon. Find the work necessary to remove the mass 20 ft. up 
the plane. 


7. An engine takes a train of 60 tons in all up an incline of 1 in 100 
at a maximum speed of 30 miles per hour, and it can take a train of 
150 tons on the level at the same speed. Find the frictional resist- 
ance of the road in lbs. per ton; and also the rate, in horse-power, at 
which the engine works when running at this speed. 


8. Find the H.-P. of an engine which is taking a train of 200 tons 
up an incline of 1 in 224, at 30 miles an hour, assuming the resist- 
ance due to friction to be 20 lbs. per ton. 


9. A body, weighing 187 lbs., is supported on an inclined plane, 
whose angle is 30°, by a horizontal force. Find the force and the 
work necessary to remove the body 20 ft. along the plane. 


240 MOTION DOWN INCLINED PLANES. 


10. Three planes are inclined at angles of 30°, 45°, and 60°, respect- 
ively. Find the distance a body must slide down each plane in order 
to acquire a velocity of 10 cms. per second. 


11, Find also, in ergs, the work required to move a mass of 1 
gramme along each of the planes (of the last example) through a 
distance of 10 cms. 


12. Two bodies, whose masses are P and Q, are connected by a fine 
stretched string; P hangs vertically, and Q is placed on a plane 
whose inclination to the horizon is 30°. Find the ratio of P to Q, if P 
descends from rest through a given space in (i.) twice, (ii.) four times 
the time in which it would fall freely through the same space. 


13. A bullet, moving at the rate of 160 ft. per second, penetrates 
Tins. into a trunk of wood. With what velocity would another 
similar bullet, moving with the same velocity, emerge, after passing 
through a similar piece of wood, 3 ins. thick ? 


14. The side BC of a triangle ABC is vertical; show that, if the 
times of falling down the two sides BA, AC be equal, the triangle 
must be isosceles or right-angled. 


15. A body is projected with velocity 20 ft. per second along a 
rough horizontal plane; it travels 26 ft. before it is brought to rest. 
Find the coefficient of friction. 


16. Determine the acceleration of a body sliding down a rough 
plane whose coefficient of friction is 14/3, if the inclination of the 


plane to the horizon is (i.) 30°, (ii.) 45°, (iii.) 60°. 


1s particle takes 2 secs. to slide down a rough plane in- 
clined to the horizon at an angle of 60°. If the coefficient of friction 
is 34/3, determine the length of the plane. 


18. Find the velocity with which a body reaches the bottom of a 
rough plane, 48 yds. long, inclined at an angle of 30° to the horizon, 
(u =3-¥3,) 
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19. How far would a body travel before coming to rest if projected 
up a rough plane, inclined at an angle of 30° to the horizon, with 
initial velocity 40 ft. per sec. («4 = 44/3.) 


20. How far would the body in the last question travel if projected 
down the plane with the same initial velocity ? 


21. A particle acquires a velocity of 8 ft. per sec. in sliding 
down a rough inclined plane whose base mae height are both 2ft. 
Find the coefficient of friction. 


22. A body is projected up a rough plane inclined at an angle of 30° 
to the horizon; compare the times occupied in sliding up, and down 
again. (u =+/3.) 


23. Two particles of equal mass are connected by a light smooth 
inextensible string, of length 6 ft. One is placed on a rough plane 
(inclination = 30°, « = 438); the other is just hanging over the top 
of the plane. Find the acceleration of the system, the tension of the 
string, and the velocity with which the first particle reaches the top 
of the plane. 


24. The inclination (a) of a rough plane to the horizon is less than 
its angle of friction (6). Prove that the distances travelled by two 
bodies which are projected with equal velocities straight up and 
straight down the plane, respectively, are in the ratio 


sin (@—a): sin(@+a). 


25. Find the line of quickest descent from a given line to a given 
point. 


26. Find the line of quickest descent from a given circle to a given 
point. 


27. Prove that the line of quickest descent from a given point to a 
given curve bisects the angle between the vertical and the normal to 
the curve at the point where it meets the curve. 

DYN. L 
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28. Prove the same theorem for lines of slowest descent. 
29. Find the line of quickest descent from a circle to a circle. 


30. Find the line of quickest descent from a point within a givcn 
circle to the circumference. 


31. The engine of a train of 200 tons exerts a steady hauling force 
of 3,000 lbs., and the frictional resistances to the motion of the train 
amount to 10 lbs. per ton. Find the times that the train would take 
to travel 5 miles, starting from rest, (i.) when the line is level, 
(ii.) when there is a down gradient of 1 in 150 for the first 2 miles 
and an up gradient of 1 in 450 for the remaining 3 miles. 


32. A mass J lies on an inclined plane and is connected with 
another mass m by a thread, which passes over a smooth pulley at the 
top of the plane. When the plane is smooth, m is sufficiently great 
to pull / up the plane. 


(i.) Show that, when the plane is smooth, the tension of the 
thread is constant, and find the velocity when the particles have 
moved over a given space from rest. 


(ii.) If the plane is so rough as just to produce equilibrium, 
find the mass which must be added to m in order that M may be 
dragged up the plane at the same rate as in case (i.). 


33. Two weights P and Q are connected by a string. P hangs 
vertically and draws Q up a plane of inclination a and coefficient of 
friction w, the string passing over a pulley at the top of the plane. 
Prove that the acceleration is less than it would be if the plane were 


smooth by an amount HUOSET 
P+Q 


34. Find the line of quickest descent from a given circle to a given 
straight line without it. 


35. Find the line of quickest descent from a given straight line 
without a given circle to the circle. 
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36. In Example 32, if the height of the plane be given, show that, 
if m pull up A in the shortest possible time, the inclination of the plane 
must be such that m is twice as great as it is for equilibrium. 


37. A weight of 121bs., moving down the side of an isosceles triangle 
whose base is horizontal, draws a weight of 6 lbs. up the other side by 
means of a string passing over a pulley at the vertex. Determine the 
vertical angle of the triangle, that the tension of the string may be 
4 lbs. 


38. Calculate the horse-power required to drive a motor car weighing 
one ton up an incline of 1 in 14 at 24 miles an hour, supposing that 
it can reach, but not exceed, the same velocity when running freely 
down this incline. [The resistance to motion is here assumed to 
increase with the speed. ] 


39. The resistances to the motion of a train amount to 28 lbs. wt. 
per ton. If it arrives at the foot of an incline of 1 in 100 witha 
velocity of 60 miles an hour, how far will it travel up the incline if the 
steam is turned off ? 


40. A bicyclist starts from rest at the top of an incline, of length 1 
furlong, whose gradient is 1in 20. After riding down the incline and 
travelling another furlong along the level road, without pedalling, his 
velocity is 7°5 miles an hour. Determine the resistance to his motion 
if his weight is 10 stone and that of his machine 40 lbs. 


41. Prove that the time occupied on a railway worked by gravity 
between two stations at the same level, connected by two equal inclines 
of length @ feet, descending a depth / feet, is 4a/ /(2gh) seconds, the 
train passing the junction of the inclines without shock, and passive 
resistances being neglected. 


42. The mass of a cannon is J/ tons and of the shot m tons; the shot is 
projected with an actual velocity of w ft./sec. in a direction inclined at 
at anangle @ to the horizontal. Determine the velocity of recoil of 
the cannon and the angle at which the cannon is pointed, assuming 
that it is free to recoil. 


43. An inelastic ball of mass m is projected horizontally with 
velocity « against the slanting face of a smooth wedge at rest on a 
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table. If the mass of the wedge is Jf and the slanting face slopes at 
an angle a to the horizontal, determine the initial velocity of the wedge 
after the impact. 


44, A particle of mass m is placed on the slanting face of a smooth 
wedge of mass A/ on a smooth table. This face is inclined at an angle 
a to the horizontal. Determine the horizontal force which must be 
applied to the wedge in order that (owing to the motion produced) the 
particle may remain at rest relative to the wedge. 


45, A particle of mass m is placed on the slanting face of a smooth 
wedge of mass Uf at rest on a table. he slope of this face is 30°, and 
the particle actually travels down a line sloping at 60° to the horizontal. 
Determine the ratio m: Jf. 
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EXAMINATION PAPER VIII. 


1, Give a dynamical proof of the proposition known as the 
Parallelogram of Forces. 


2. Three equal forces P diverge from a point, the middle one being 
inclined at an angle of 60° to the others. Find the resultant of the 
three. 


8. If a body, acted on by several forces, move in a straight line 
with uniform velocity, what conditions must the forces satisfy ? 


4. Find the acceleration down a smooth inclined plane. 


5. Two bodies start from rest, one down a smooth inclined plane 
and the other falling freely. Prove that either body, as seen by a 
person moving with the other, appears to be moving from the 
observer in a straight line perpendicular to the plane with uniform 
acceleration. 


6. A mass of 6 oz. slides down a smooth inclined plane, whose 
height is half its length, and draws another mass from rest over a 
distance of 3 feet in 5 seconds, along a horizontal table which is level 
with the top of the plane, the string passing over the top of tbe plane. 
Find the mass on the table. 


7. Prove that, if a particle slide down a smooth inclined plane, the 
kinetic energy acquired is the same as if it had fallen vertically 
through an equal height. 


8. A number of smooth rods meet in a point A, and rings placed on 
them slide down the rods, starting simultaneously from A. Prove 
that, after the time ¢, the rings arc all on the surface of a sphere with 
radius ig. 


9. Find the retardation of a body projected down an inclined 
plane, supposing the tangent of the inclination to be less than the 
coefficient of friction. : 


10. A particle on a rough plane inclined at an angle a to the horizon 
is on the point of motion ; if the plane were inclined at an angle B to 
the horizon, its acceleration would be doubled by making the plane 
smooth ; prove that tan B = 2 tan a, 


CHAPTER XV. 


PROJECTILES. 


213. Projectiles.—In this Chapter we will investigate 
the motion of a body thrown in any direction (not neces- 
sarily vertical) and falling under gravity. Such a body may 
be called a projectile. We shall always neglect the resis- 
tance of the air, and shall assume that the acceleration of 
gravity (g) is the same (both in magnitude and direction) 
at all points of the path. 


214. A body is thrown with a given velocity 
Vin any given direction. To construct geometric- 
ally its position at any given instant of the motion. 


Let AP be the direction of projection. 
On AP cut off 
AB = Vt = distance which would be 
traversed in time ¢, if the 
velocity were uniform 
and equal to /. 
Draw AD vertically downwards, and 
make 


AD = ig@ = distance which would be 
traversed in time ¢ by a 
body falling from rest 
at A. 


Complete the parallelogram ABCD. ‘Then C represents 
the actual position of the body at the time ¢. 

To prove this, let us suppose that an imaginary particle 
of equal mass, but without weight, starts from A at the same 
instant and with the same velocity. ‘Then, by Newton’s 
First Law, this imaginary particle will travel along the 
line AP with uniform velocity V, and after a time ¢ will 
reach the point B. 


Fig. 56. 


PROJECTILES, 247 


But the difference between the motion of this imaginary 
particle and that of the projectile is due solely to the fact 
that there is a force mg acting on the projectile vertically 
downwards. Hence, applying the principles of § 177, we 
see that the motion of the projectile relative to the imagin- 
ary particle will be the same as that of a body falling from 
rest under gravity. 

Hence after a time ¢ the projectile will be at a distance 
zg vertically below the imaginary particle. But tke 
imaginary particle is at B, and BO=AD=3igl?. Hence 
the projectile is at C. 


_ Nore 1.—It is not necessary to draw the complete parallelogram; 
it will obviously be sufficient to draw only the lines AB and BC, of 
lengths Vt and }g¢? respectively. 


Norte 2.— If the projectile is fired from a gun, then AB is the direc- 
tion in which the gun must be 
pointed to strike a target at C; 
that is, the muzzle of the gun 
must be directed towards a point 
3gt® above the target, where ¢ is 
the time taken by the bullet to 
reach the target. 


215. Fig. 56a shows how this 
construction may be used to find 
the position of the body at every 
second of the motion. The points 
D,, Dz, Dz, .. represent the posi- 
tions of a body falling from rest 
after 1, 2, 3 .. seconds respect- 
ively. They are therefore 
the points shown in the 
diagram on page 57. O 
the direction of projection, we 
must take each of the divisions 
AB,, B,B, B,B; .. to represent 
V units (supposing the unit of 
time to be one second). Com- 
pleting the corresponding paral- 
lelograms, we find the points C,, 
Cy, C3 .. representing the posi- 
tions of the projectile after 1, 2, 
3... seconds respectively. 


If the points A, C,, Cy, C3... . 
be joined together by a curve, this Fig. 56a, 
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curve, when well drawn, will represent the path described by the 
projectile. The curve must be drawn touching AB at A, for at the 
instant of projection, the direction of motion is along AB. 


Example.—A body is thrown with a horizontal velocity of 60 ft./sec. 
from the top of a tower 100 ft, high, Where will it strike the ground f 

Suppose that the particle strikes the ground after ¢ seconds at C. 

To find the point C, we draw AD hori- 
zontal of length 60¢, and DC vertical of 
length $92”, i.e. 167. 

Since @C is a point on the ground, 
DG =AB = 100ft. 

Thus 16¢2 = 100; whence ¢ = $. 

Thus BC = AD = 60¢ = 60x = 150 
feet. 

Hence the particle strikes the ground 
at a distance of 150 ft. from the foot of ; 
the tower. Fig. 560, 


216. Horizontal and vertical displacements of a 
projectile.—Let the particle P be projected from the point 
0 with initial velocity w in a direction inclined at an angle 
a to the horizontal line 0C. 

To determine the position of P after a time ¢ we draw 
0@ of length wt in the direction of the initial velocity, and 
QP of length tg¢ vertically down. Produce QP to meet 
OC in D. 

The position of P can be determined by the horizontal 
displacement QOD together 


with the vertical displace- Q 
ment DP. OD is called the 
horizontal distance travelled, Mage? 
and DP the vertical distance 
travelled. ul 

Now from the triangle 
0QD we have 4 7 

OD = 00 cos a = ut cos a. j 
\ 
Also DQ =00 sina = wu 
sin a; whence D Cc 
DP = utsin a—tgt. Fig. 57. 
Thus we obtain the formulae 
horizontal distance travelled = wt coga...... : ) 


vertical distance travelled = ut sina—igé? , ) 


PROJECTILES. 249 


Example.— (1) A ball is thrown with velocity 100 ft. per sec. in a 
direction inclined at an angle of 60° to the horizon. Find where it 
will strike a cliff distant 150 ft. from the point of projection. 

Suppose the ball to start from 0, and to strike the cliff QP at a point 
P after tsecs. Let PQ =z. (Fig. 57a.) 

Then horizontal space described in ¢ secs. = 180 ft.; also vertical 
space described in ¢ secs. = z. 

R 
P 


0 150 ft Qa 


Fig. 57a. 


Hence Utcosa = 150, Ulsina—}yt? =z. Substituting the known 
values of U and a, we have 
U cosa = 100 cos 60° = 40, 
Usina = 100sin 60° = 100 x3 V3 = 503; 
“=, O0L= 190, d0t4/3—167 = w: 
whence t=3, #2 = 150V/3—144 = 115°8. 


217. To determine the velocity at any time.—The 
velocity of the projectile after a time ¢ can be determined 
by the method of § 174. For the initial velocity is 4 in a 
given direction; and the velocity which the weight mg 
would produce in the body in time ¢ (supposing the body 
initially at rest) would be gt vertically downwards. Hence 
the actual velocity after a time ¢ would be the resultant of 
the two velocities wu and gt determined by the Parallelogram 
or Triangle Law. 

Let HK represent the initial velocity « and KL the 
acquired velocity gt. Then by the Triangle Law HL 
represents v, the actual velocity of the projectile after a 
time t. Draw HM horizontal, and let KL produced meet 
HM in M. UetZLHM=96. Then v can be resolved into 
its horizontal and vertical components HM and ML respec- 
tively. 

Na A ee = ucosa. MK = HK sina= using, 
thus ML = usin o—gt, 
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Hence we obtain the formulae 
horizontal velocity of the projectile = wcosa ....(8). 
vertical velocity of the projectile = wsina—gt....(&). 
Also 0? = HW?+ML? = wv cos’a + (wsin a—gt)? 
=v? +9? —2usin a. gé; (since cos’a+sin’a = 1). 


K 


Thus 
actual velocity of the projectile = Y (w+ 9??—2usina.gt). 

Also to determine the direction of this velocity, we have 

ean ee ML _ usina—gt 
HM uCOS a 

Example.—A ball is thrown from the top of a cliff with an initial 
velocity of 64 feet per second in a direction 30° below the horizontal. 
After what time will it be travelling in a direction 45° below the 
horizontal ? 

Let the required time be ¢ seconds. Then if HK represents the 
initial velocity and KL the acquired velocity, viz. 32¢ vertically 
downward, HL will represent the actual velocity. Thus if HM be 
horizontal, ZLHM = 45°, 

Now 

HM = 64 cos 80° = 82 /3. 
~. LM = HM tan 45° = HM = 32 1/3. 
But 
KM = 64sin 80° = 82. 
Hence 
KL == LM—KM = 32( 3-1). 
Thus 
32t = 82 (3-1); 
whence ¢= /3—1 or ‘73 second. 
218. Alternative treatment of projectiles.— We have 


now shown how to determine both the position and the 
velocity of the projectile at any time; but in order ta 


Fig. 58a. 
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acquaint the student with the various methods at his 
disposal for the solution of problems it will be necessary 
to obtain these same results by a more analytical method. 

The student must note that the acceleration of the pro- 
jectile is g vertically downwards (acceleration being defined 
asin§ 179). For the acceleration of P in Fig. 57 is the 
resultant of its acceleration relative to Q and the actual 
acceleration of Q; but the acceleration of P relative to Q 
is g vertically downward, and the acceleration of Q is zero. 

The analytical method is based upon this fact and upon 
the following important theorem :— 


Lemma. If a point P is moving in a plane, and 
if Q is the foot of the perpendicular drawn from P to a 
given line AB in that plane, then the velocity of Q is equal 
to the resolute of the velocity of P parallel to AB, and the 
velocity of P relative to Q is equal 
to the resolute of the velocity of P 5 
P perpendicular to AB; also the eee 
acceleration of Q is equal to the 
resolute of the acceleration of P 


parallel to AB, and the acceleration A @ B 
of P relative to Q is equal to the 
resolute of the acceleration of P Vig. 583, 


perpendicular to AB. 

Since PQ is always at right angles to AB, the velocity of 
P to Q is always at right angles to AB. 

Also the velocity of Q is along AB. 

Now by the definition of component velocities (§ 161) 
the velocity of P is compounded of the velocity of Q and 
the velocity of P relative to Q. 

And these two components are at right angles; hence 
they are the resolved parts of the velocity of P along and 
perpendicular to AB. 

Hence at any instant 

Q’s velocity = the resolute of P’s velocity parallel to AB, 
and 
P's velocity relative to Q = the resolute of P’s velocity perpen- 
dicular to AB. 
The same argument obviously applies to the accelerations. 
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219. The horizontal and vertical motions of a 
projectile. ; 

Let a particle P be projected from 0 with an initial 
velocity u in a direction inclined at an angle a to the hori- 
zontal line OC. Let OAC be the path described, and let 
D be the foot of the perpendicular from P to OC. 


Fig. 59. 


The motion of P can be determined if we know (i) the 
actual motion of D, and (ii) the motion of P relative to D. 
The actual motion of D is called the horizontal motion of the 
projectile, and the motion of P relative to D is called the 
vertical motion of the projectile. 

I. The horizontal motion of the projectile. 

The initial velocity of D is the initial velocity of P re- 
solved along OC (§ 218), and is therefore w cos a (§ 172). 

The acceleration of D at any moment is the acceleration 
of P resolved along 0@ (§ 218), and is therefore zero; for 
the acceleration of P is g vertically down. 

Thus the point D travels along 0C with uniform velocity 
ucosa. Hence 

horizontal velocity after time {=u cosa........ (3). 
and, by § 14, 
horizontal distance travelled in time ¢ = wt cos @ ..(1). 

IL. Zhe vertical motion of the projectile. 

The initial velocity of P relative to D is the initial 
velocity of P resolved perpendicular to OC, and is therefore 
u ins a (§ 172). 

The acceleration of P relative to D is the acceleration of P 


resolved perpendicular to OC, and is therefore g vertically 
down, 
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Thus P travels along the line DP with an initial velocity 
w sin a upwards and an acceleration g downwards. Hence, 
using § 32, 
vertical velocity after time = wsina—gt ...... (4). 
and, using § 42, 
vertical distance travelled in time ¢ = wt sin a—4g?? ..(2). 


Nore 1.—The actual velocity of P at any time is the resultant of P’s 
velocity relative to D and D’s actual velocity, i.e. of a vertical com- 
ponent w sin a—gt, and a horizontal component «cosa. Hence the 
magnitude and direction of the actual velocity can be determined as in 


§ 217. 


Norte 2.—If the formula for the vertical velocity (viz. ~ sin a—gt) 
gives a negative result, the vertical velocity will be downward, this 
indicates that the projectile has passed the highest point A. 


Nore 3.—If the formula for the vertical distance travelled (viz. 
ut sin a—¥ gt”) gives a negative result, the line DP is directed down- 
ward instead of upward; thus the projectile has reached a position 
such as P;. 


220. Derinitions.-—Let a particle be projected from a 
point 0, in a horizontal plane OC, and let OAC be the path 
described. (Fig. 59a.) 

Let A be the highest point of its path, and let C be the 
point where it falls back to the horizontal plane. Draw 
AB perpendicular to OC. 

Then OC is called the horizontal range of the pro- 


jectile, and the time taken to reach QC is called the time 
of flight. 


Ota B C 
Fig. 59a, 


To find the time to the highest point—Let /, 
be the time taken in reaching A. Then the velocity of 
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the particle at A is horizontal; .*, vertical velocity after 
t, Secs. is ZErO; 2.4., 


usin a—gt, = 0, (§ 217) 
whence Re USING: |, ), BAe (5). 
g 


To find the greatest height to which the body rises 
AB = vertical space described in ¢, secs. 


— j = GPE 
= Ue, sin a — 497, 


ents Gin ee eno, 

= Se 
I ys 

_wsinra (6) 
Bg ere ee 


221. To find the time of flight.—Let /, secs. be the 
time of flight. At C the particle is on the same horizontal 
level as at 0; hence the vertical space described in @, secs. 


is zero, 2.¢. ut, SIna—zgt; = 0; 
whence as enene o caaees ere eee (7). 


Cor.—Hence ¢, = 2t,; that is, the projectile takes the 
same time from 0 to A as from A to @. 


To find the horizontal range. 
0C = horizontal space described in ¢, secs. 


Qu? sin a cosa 


= ut, cosa = 
I 
uw sin 2a 
Y= SAA are Soe 8). 
+ (8) 
Cor.— 0B = horizontal space described in ¢, secs. 


= ut, cosa = Fut, COS a 
= 700. 
Hence 0B = BC. 
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222. Greatest horizontal range.—Given the initial 
velocity of a projectile, to find what angle of projection will 
giwe the greatest range. 


The range is w*sin2a/g. This expression is greatest 
when a= 45°: for then sin2a4—=1; in all other cases 
sin2a <1. Thus the greatest possible range, with initial 
velocity u, is 

CG anda aaa esac one Aang €2 8 

This is twice the height (w’/27) to which the body 
would rise if projected vertically upwards with velocity u 
(see § 64). 

When projected at an angle of 45°, so as to give 
the greatest horizontal range, the greatest height is 
u* sin? 45°/2g, or w?/4g, and is one quarter of the range. 

Cor.—Hence the greatest distance to which a cricket ball can be 


thrown is twice the greatest height to which it can be thrown up into 
the air. 


Example.—Two seconds after its projection a projectile is travelling 
in a direction inclined at 30° to the horizon; after one more second it 
is travelling horizontally. Determine the magnitude and direction of 
its initial velocity. 

Let wand a have their usual meanings. The velocity after 2 secs. 
is the resultant of a vertical velocity of w sin a—2g and a horizontal 
velocity « cos a. The direction of the resultant velocity makes an 
angle 30° with the horizon. Hence, by § 170, 


usin o— 29 _ tan 30° 
U COS a 
1 
= Tg er aes veces « (a) 


Again, after 3 secs. the vertical velocity is zero; 
i.g., wSina—3g = 0, 
whence # sin a = 3g. 
Substituting this value for w sin a in (a), we obtain 


ucosa=g V3. 
Thus : 
u? = u* cos? a+wu? sin? a 
= 99?+-39? ; 
whence u= 29 3. 
bike tan a = “Sino _ V3: 
wu COS a 


whence es Se 
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223. We now wish to discuss the shape of the curve 
which is traced by a projectile. For this purpose we must 
first study a few of the simpler properties of the parabola 
—one of the three types of curves which are grouped 
together under the general name of Conic Sections. 


DEFINITION.— A parabola is the locus of a point which moves so 
that its distance from a given line is he, 
always equal to its distance from a given Qa L 
point. 

The given line is called the directrix 
of the parabola; the given point is called 
its focus. ‘The line through the focus 
perpendicular to the directrix is called X 
its axis. 

The curve is not a closed curve, but 
is of the shape represented in Fig. 590. 
(The branches AL and AK of the curve 
are both continued indefinitely.) kK 

Let QF be the directrix, § the focus, R re 
SX the axis. Bisect SX at A. Then, 
since the distance of A from § = distance Fig. 598. 
of A from QR, .*. Ais one point on the locus. 

Let P be any other point, and PM the perpendicular on QR. Then, 
since P is on the locus, SP = PM. 

Draw PN perpendicular to the axis. 


Then NP? = SP? —SN? 
= PM?—SN? 
= (AN+AX)? —(AN —AS)?2 
= (AN+AS)?—(AN—AS)?, 
1.6. NP? = 448 . AN. 


This is one of the fundamental properties of the parabola. 


DEFINITIONS.—The point A in which the curve cuts the axis is called 
the vertex of the parabola. The chord through 8 perpendicular to 
the axis is called the latus rectum. 

It is easily seen (from the definition of a parabola) that the latus 
rectum = 28X = 4A8. 

C NP2 : 

OR. — Ao 4AS = a constant quantity. 

: Hence, conversely, if P move in such a way that NP?/AN = k, where k 
is any constant, then the locus of P is a parabola, whose vertex is at A. 
Also (since / corresponds to 448) we see that the distance of the focus 
From the vertea = k/4. 
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- 224, The path of a projectile is a parabola, and 
the highest point of the path 1s the vertex of the parabola. 


Q 


Fig. 60: 


Let P be the position of the projectile after ¢ secs.; and 
let 0, A, B, and C represent the same points as in § 220. 
Draw PN and PD perpendicular to AB and OB respectively. 

Then QD = horizontal space described in ¢ secs. 

= ut cosa, 

PD = vertical space described in ¢ secs. 
= ut sina—ig? ; 
COA AB— pp =o sinaage? 
_ wv sinra—2ugtsina+g’?? _ (usina—gt) 
2g 29 ; 

Also PN =08—0OD =340C0—OD 
__ wv sina cosa 
= i 
= eeaes (uw sina—gt). 


2 2 : 
ee a constant quantity ; 
AN g 
for 2u? cos?«/g does not contain ¢, and therefore has the 
same value for every position of P. 
Hence from § 223, Cor., it follows that the locus of P 18 
DYN, 8 


—ut cosa 


Hence 
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a parabola; that A 1s its vertex and AB is axis; and that 
the distance of the focus from A ws 


1 2u? cos? a u* cos? a 


4 = EaAx 


g 29 
Thus, if from AB we cut off 
ASH US ee 
S will be the focus of the parabola. 


225. The height of the directrix above the point of 
projection is w*/2g. 

To construct the directrix, produce 8A to X, making 
SA =AX; and through X draw QR perpendicular to SX. 
Then QA is the directrix. (Cf. § 228.) 

Hence the height of the directrix above the point of 


projection =XB=XA+AB 
_ cosa wsim@a we 
sae i ag (11). 


Cor. 1.—If the body were projected vertically, it would rise to a 
height w?/2g. Hence the height of the directrix above the ground is the 
height to which the body would have risen had it been projected vertically. 


Cor. 2.—If several bodies were projected from the same point with 
the same velocity «, but in different directions, the directrix of each 
path would be at a height «*/2g above the point of projection; i.¢., 
the parabolas which the several particles described would have a common 
directrix. 


226. The velocity of the projectile at any point of 
its path 7s of the same magnitude as if rt had fallen to that 
point from the directrix. 


Let P be the position of the projectile after ¢ secs. 
Draw PM perpendicular to the directrix (Fig. 60). Let 
V be the velocity at P. Then V is the resultant of 


a horizontal velocity w cos a, and 
a vertical velocity u sin a — gt; 

“. V? =u?’ cosa + (usin a — gt) 
= 4? — Qugt sina + gt’. 
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Had the particle been dropped from M, its velocity at P 
would be equal (ef. § 60) to 


Vv (29 . MP) = ¥v {29 (BX—PD) } 
= ¥ (29 [w'/2g — (ut sin a — dy¢?)]} 
= /(u’ — Qugtsin a + gt?) = PV, 
which proves the proposition. 


227. Range on an Inclined Plane.—/ body is projected with 
velocity u, at an inclination a to the horizon, from the foot of a plane 
- inclined at an angle B to the horizon. Determine its range up the plane. 


Let 0 be the point of projection, 0@ the range up the plane 
(Fig. 61). Through C draw the vertical CD, meeting the horizontal] 
through 0 at D. Let 0C = z, and let the time of flight be ¢ 


Then CD =xsinB, OD =xcosB. 
Alsc, horizontal space described in ¢ secs. = OD, 

ites MAONS Ch = HACC Shs 5.000 COOUDO NOOK siooliys 
Again, vertical space described in ¢ secs. = CD, 

i.e. TSO. Uf eA be | yo0 ond00.000000 soos). 


Find ¢ from (a), substitute in (6), and solve the resulting equation 
for z. We then obtain 


sin a cos 8B—Cos a gin 
a = 2u? cosa B B 


g cos” B 
= 22008 a.sin(a—8) _ 2 8in (2a —8) —sin B 
g cos* B g cos* B 


Cor.—To find what value of a will make this expression a maxi- 
mum :—sin (2a—) must have its maximum value; hence 
2a—B = 90°; 7.2, a = 4(8+90°). 
It is easy to see that in this case the direction of projection bisects 
the angle between the inclined plane and the vertical. 


260 PROJECTILES. 


227a. Alternative method.—The above problem may also be 
solved by the following instructive method :-— 

The inclination of the initial velocity to the plane is (a—8). ‘Thus 
the resolute of the initial velocity parallel to the plane is « cos (a—f), 
and the resolute perpendicular to the plane is # sin (a—8). 

Also the inclination of the acceleration g to the plane is (1/2—f). 
Thus the resolute of the acceleration parallel to the plane is g sin 6, 
and perpendicular to the plane is g cos 8. Also each of these resolutes 
is in the opposite direction to the corresponding resolutes of the velocity ; 
hence each resolute of the acceleration must be reckoned negative. 

Applying the formula s = ut+3/¢, first to the motion along the 
plane, and then to the motion perpendicular to the plane, we have 

(i) displacement along the plane 

=u cos (a—B).¢—37 ain B. ??; 
(ii) displacement perpendicular to the plane 
= usin (a—B) .t—439 cos B. 2. 
Now at the instant when the projectile strikes the plane, the dis- 
placement perpendicular to the plane is zero; hence 
usin (a—B).t—3g cos B.t? = 0, 
from which we obtain the time of flight, viz. 
Pen 2u sin (a—B) 
goss 

The range is now determined by finding the displacement along the 

plane in this time. Thus 


2u sin (a—B) _4 


TTAaSEa eR ee 
dg wit 2 sin? (a —£) 


range = «cos (a—£) 


g cos B g? cos? B 
2 sin (a— : 2 
= ee {cos (a —8) cos B—sin (a —8) sin B} 
_ 2u? sin (a—B) im _ 2? sin (a—B) cosa 
g cos*B C8 (east ee) g cos B 
= 12 8in_(2a—8) —sin B. 
g cos* B 


Example.—In what direction and with what velocity must a man 
throw a ballin order that it should just go over a house (with a flat 
roof) without touching it? The height of the house is 2; its breadth, &; 
the distance of the man from the house, d. Neglect the difference in 
level between the ground and the man’s hand. 


In Fig. 61a, 0 represents the point of projection, DPQE the section of 
the house, and OAG@ the path described by the ball. 

Now since the parabola is symmetrical about its axis AB, and since 
P and Q are symmetrical points on the curve, we may assume that the 
axis AB bisects PQ at right angles. Let the height AB be a, 
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Then by § 223 


OB? _ Pwr 
BA NA’ 

k\? k\2 

of) (© 

t.e. (+5) 2 ‘ 
% u—h 


Solving this equation for x, we obtain 


h k\2 
= P+ dk (¢+5) : 


2 ain 2 
But w = greatest height = uf oS “. thus we obtain 
J 
uw sin? a h k\? A 
yo ee (2+5) sein ee (i). 


Also we have 
horizontal range = 20B = 2d+k, 


ae 
ive. ae medi leer ea (ii). 
Dividing equation (i) by equation (ii), we have 
_ h(2d+h) 
tang = ad+h)’ 


which determines the angle of elevation. 


If we now calculate the value of sina from the formula 
Poe tan?a 
~ 1+tan? a’ 


and substitute in equation (i) we obtain 


i IN (d+h)? +h? (2d+h)*) 
ua A/ 2hd(d+h) : 
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SumMARY oF REsuLtTs. 


At ¢ secs. after the projection of a projectile, 


horizontal space travelled = tu cosa ...... (1), 
vertical space travelled = ¢wsina—3gt .. (2), 
horizontal velocity =U COS. 0 eae (3), 
vertical velocity =usina—gt.... (4). 
Time to highest point =U B10 0/7 cae (5). 
Greatest height = sina 2g) ee Oye 
Time of flight == 2usind/g: fits cee 
Range == Si 2g” cone) 
Greatest range SO tales heat tae Preere 


Distance of focus below highest point 
= cos a/27 an CLO): 
Height of directrix == Ug ee eee Gane 
Velocity at any point equals that due to falling from 
the directrix to that point. (§ 226), 


EXAMPLES XV. 


(Selected Problems :—2, 3, 4, 6, 9, 11, 12, 14, 16, 17, 20, 22, 23, 25, 
27, 28, 30, 81, 34, 36, 38, 40, 44, 46.) 


1. A body is projected horizontally with a velocity of 32 ft. per 
sec., and falls under gravity. Represent in a diagram its velocities 
after 1, 2, 3 secs. respectively, and find their magnitudes. 


2. A body is projected horizontally with a velocity of 40 ft./sec. 
After what dime will it be travelling at an angle of 45° with the 
horizontal? 

3. In the preceding question, after what time will the actual velocity 
be 50 ft./sec. ? 


4, Each of two projectiles is moving directly towards the other at 
a given instant. Show that they must ultimately meet, 
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5. A particle is projected in a horizontal direction with a velocity 
of 10 miles an hour, and at the same time falls under the action of 
gravity. Assuming that no other forces are acting, and taking 

= 82 (feet, seconds), draw a figure representing the positions of 
the particle at the end of 1, 14, 23, and 8 secs. 


6. A cannon ball is shot horizontally from the top of a tower 
49 feet high, with a velocity of 2000 ft. per sec. Find at what dis- 
tance from the tower the cannon ball will strike the ground. 


7. A ball is thrown horizontally from a height of 100 ft., witha 
velocity of 60 ft. per sec. What is its velocity on reaching the 
ground P 


8. A cannon ball of mass 7 lbs. is fired horizontally from a gun 
whose mass is 2 tons. The mouth of the cannon is 9 feet from the 
ground, and the ball strikes the ground 3 of a mile off. What force 
will be required to bring the cannon to rest in 10 ft. ? 


9. A stone is thrown from the top of a tower with a velocity of 
50 feet a second, in a direction making an angle of 80° with the 
horizon. Find the distance of the stone from the point of projection 
at the end of d seconds. 


10, A stone is projected into the air with a velocity of 200 ft. per 
sec. in a direction inclined at 60° to a horizontal plane. With what 
velocity must another stone be projected vertically upwards so that 
the two stones may rise to the same height above the horizontal 
plane. 


11. A body, thrown in a direction making an angle of 30° with the 
horizon, passes through a point 400/83 feet horizontally from the 
point of projection and 76 feet above it. Find the velocity of 
projection. 

12. The velocity of a projectile when at its greatest height is /2 of 
its velocity when at half its greatest height. Show that the angle of 
projection is 60°. 

13. Two stones are simultaneously thrown from the top of a tower 
in any two directions at right angles, with velocities of 5 and 12 ft. 
per sec. respectively. Find their distance apart after 4 secs. 

14. Find the range, greatest height, and time of flight of projectiles 
thrown with the following velocities, in directions inclined to the 
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horizon at the following angles:—(i.) 640 £t./sec., 30°; (ii.) 100 
ft./sec., 45°; (iii.) 1600 ft./sec., 60°; (iv) 416 ft./sec., tan-? 44 ; 
(v.) 800 ft./sec., cos} 3. 


15. A particle is projected at an angle of 30°, with velocity 192 
ft./sec. When will it be at a height of 80 ft. above the ground, and 
what will be the distance from the point of projection at that instant ? 


16. A body is projected from the ground with velocity 160 ft./sec. 
at an angle of 60°. At what height will it strike a cliff distant 
120 ft. from the point of projection ? 


17. Find the velocity with which a stone must be thrown in order to 
strike horizontally the top of a cliff / ft. high, at a distance d ft. from 
the point of projection. 

18. Two particles projected from different points in the same hori- 
zontal plane at the same instant meet in the air. Prove that their 
initial vertical velocities are equal. 


19. A particle is projected from the ground straight up a smooth 
inclined plane. If it goes over the top of the plane, prove that it falls 
to the ground with a velocity equal to its initial velocity. 


20. A series of particles are projected in a room from the same point 
with the same velocity in different directions. Prove that all of them 
which strike the ceiling strike it with the same velocity. 


21. A body is projected from the ground in a direction inclined to 
the horizon at the angle 60°. Find the velocity of projection, given 
that at a height of 96 ft. the direction of motion is 30° from the 
horizontal. 

22. Find the smallest velocity with which a body may be projected 
in order to have a range of 100 ft. on a horizontal plane. 


23. Given range = 100 ft., greatest height = 100 ft.; find the 
velocity of projection. 


24. Given velocity of projection = 100 ft./sec., greatest height 
= 100 ft.; find the range. 


25, Given velocity of projection = 50 ft./sec., range = 42 ft. ; 
find the greatest height. 
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26. Express the velocity of projection in terms of the range and 
greatest height. 


27. Determine the least velocity with which a ball can be thrown, 
so that its range up an incline of 30° should be 768 ft. 


28. Determine the least velocity with which a ball can be thrown 
to reach the top of a cliff 128 ft. high and 128 /3 ft. away from the 
thrower. 


29. The direction of motion of a projectile at a certain instant is 
inclined at an angle a to the horizon; after ¢ secs. it is inclined at an 
angle 8. Prove that the horizontal component of the velocity of the 
projectile is gé/(tan a —tan £). ; 


30. Given w the yelocity of projection, and » the velocity at the 
highest point ; determine the greatest height. 


31. Find the latus rectum of the path of a projectile in vacuo, 
having given that at a certain instant the projectile is moving with 
velocity w in a direction inclined at an angle 45° to the horizon. 


32. Smooth heayy particles are let fall simultaneously down chords 
of a vertical circle from its highest point. Show that they all reach 
the circumference again at the same instant and that their subsequent 
parabolic paths have the same directrix. 


$3. Find approximately the range of a projectile on a horizontal 
plane if it is projected at an angle of 2° above the horizontal with a 
velocity of 1,600 feet per second. 


34. If the initial velocity of a projectile is 420 ft./sec. and the range 
is 1,800 yds., find the angle of projection. [49 sin 78° 24’ = 48.] 


35. Ifa particle, projected with initial velocity V, hasarange 2 on 
a horizontal plane, show that the time of flight Z'’ and the greatest 
height H can be obtained from the equations 
9° T4—4T?V?+4h? =0, and l6égH*?—-8V*H+gh?=0. 


36. Supposing a gun elevated to 90° can send a shot to a height of h 
feet, to keep in the air 7 seconds, prove that at an angle of elevation a 
the range on a horizontal plane will be 2% sin 2a, with a time of flight 
T sin a seconds; and the greatest height attained will be / sin? a. 
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37. Prove that in artillery firing the velocity required for a range 
of 20 miles will be at least 1,840 ft./sec., with a time of flight of 81-3 
seconds. Determine the charge of powder required if the shot weighs 
a ton, and the strength of the powder is 100 ft.-tons per lb. 


38. Show that the direction of projection required to give a range of 
X ft. with an initial velocity of V ft./sec., is given by sin 2a = gX/V, 
and that the projectile will rise to a height of }X tan a ft. 


39. Show that if the velocity of a projectile be reversed at any point 
of its motion, it will retrace its path. 


40. If astone is projected from the top of a cliff of height % with 
initial velocity « at an angle a below the horizontal. At what 
distance from the foot of the cliff will it strike the ground ? 


41. A particle is projected with initial velocity w at an angle a. 
After what time will it be at half the height of the directrix ? 


42. There are two poles of heights 2 and H feet at a distance d 
feet apart. From what point on the ground must a stone be projected 
if it is just to go over the first and lower pole and just to reach the top 
of the second and higher pole? 


43. Kind the smallest initial velocity with which a stone can be 
projected from the ground, if it is just. to pass over a house / ft. high 
and / tt. deep. Find also from what point it must be projected. 


44, A particle is projected with velocity w trom the top of a plane 
inclined at an angle 8. Find the range on the plane if the direction 
of projection is (i) a above the horizontal, (ii) a below the horizontal. 


45. A body is projected with initial velocity « from the foot of a 
plane inclined at an angle f to the horizontal. At what angle must it 
be projected in order that it should strike the plane at right angles ? 


46. A smooth plane is inclined at an angle 8 to the horizontal. A 
particle is prejected along its surface from a point at the foot of the 
plane with initial velocity «in a direction making an angie a with the 
line of greatest slope. At what distance from the point of projection 
will it return to the foot of the plane, and in what time? 


47. In the preceding question prove that the path is a parabola, and 
find its latus rectum. 


CHAPTER XVI, 


CIRCULAR MOTION: THE HODOGRAPH. 


228. From our general definitions of acceleration it 
follows that, when the direction of motion of a body is 
constantly changing, it is subject to some acceleration 
even if its speed constantly remains the same. We shall 
now investigate this acceleration, considering particularly 
the case of a body moving in a circle. It will be con- 
venient to regard this as the limiting case of that of a 
body moving along the sides of a polygon inscribed in the 
circle. 


229. Motion round the sides of a regular polygon. 
—A particle of mass m is moving with constant speed v 
round the perimeter of a regular polygon inscribed in a circle 
of radius r. To find the impulsive force on the particle at each 
angular point of the polygon. 

Let ABCD ... be the polygon (Fig. 62), 0 the centre of 
the circle, ¢ the time taken to describe each side. Then 
the length of each side is vt. 


Fig. 62. 


While the particle is moving with uniform velocity 
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along AB, it follows from Newton’s First Law that it is 
not under the action of any force. The sudden change 
in the direction of the velocity which occurs at B must be 
produced by an impulsive force. It is required to deter- 
mine the magnitude aad direction of its impulse. 


Fig. 63. 


Join AO, BO; produce AB to a point K, such that BK 
contains v units of length. Draw KL parallel to BO, 
meeting BC in L. 


Then, since the polygon .is regular, BO bisects the 
angle ABC. 


Also ZBKL = ZABO (by parallels) 
= LOBL = ZBLK (by parallels) ; 
BL = BK a0, 


Thus BK and BL represent the velocities with which 
the particle travels along AB and BC respectively. 

Now, the velocity of a particle after being subjected to 
an impulse is the resultant of the velocity of the particle 
before the impulse, and the velocity communicated by 
the impulse. 

But, by the triangle of velocities, the velocity BL is the 
resultant of velocities BK and KL; hence KL represents the 
velocity communicated to the particle by the impulse at B; 
.. the direction of the impulse at B is parallel to KL, i.e., 
along BO; and its magnitude is mx KL (for it produces 
velocity KL in mass m). 
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Now, the triangles 0AB and BKL are similar; for the 
four angles OAB, OBA, BKL, and BLK are all equal. 


ae Knap me KL ak 


CZ (i lag eT: 


5 2 
whence Wl = a2 
Le 


Thus the impulse at B is mv*t/r toward the centre. 


230. Motion in a circle with constant speed.— 
A particle is travelling with constant speed v round the 
circumference of a circle; to determine its acceleration and 
the force which vs acting upon it, and the time of revolution. 

Suppose that in the problem of the last paragraph we 
increase the number of sides indefinitely, keeping the 
values of v and r unaltered. Then ¢ will become infinitely 
small, since the sides have become infinitely short. The 
perimeter of the polygon will now coincide with the cir- 
cumference of the circle, and the series of small impulsive 
forces, each acting toward the centre, occurring in very 
rapid succession, will be equivalent to a continuous force 
always acting toward the centre. 

This force produces an acceleration (say f) toward the 
centre, and the velocity ft produced by this acceleration 
in each time ¢ must be the same as that produced at each 
corner of the polygon. 


2 
Thus ft = KL ==; 


whence je el fare GL): 

Thus a particle describing a ile of pie r nite ethene 
» has an acceleration v*/r toward the centre. 

The force producing this acceleration in mass m must 
be a force mv’/r toward the centre. 

Again, let 7’ be the time of revolution. 

Then vT' = total length of path described 

= circumference of circle = 277; 
2rr 


pecan oso sciooenssiosioavermpevenl (uc) s 
" (2) 
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Nore 1,—It is important to notice that the results of this paragraph 
and the preceding are based on the principle of the Physical Indepen- 
dence of Forces (§ 174). 


Cor.—Hence also © = Inr/T, 
and acceleration to centre = < aecosecs Gece exobohet soesan (dc) s 


231. Centrifugal Force.—It will be seen that if a particle is 
moving in a circle, there is an apparent tendency in the particle to 
leave the circular path, necessitating a force directed towards the 
centre to keep it on the circumference of the circle. To this force 
there has been applied the somewhat misleading name of centripetal 
force. 

This force, whose magnitude is mv?/r, must be due to the action of 
some other body. And, since action and reaction are equal and 
opposite, the particle exerts on the latter body a force mv?/r away 
from the centre, and this is called centrifugal force. 

In reality, the tendency of the particle at any point is (by Newton’s 
First Law) to continue moving in the same straight line, that is, 
along the tangent to the circle at that point. This is spoken of as 
the tendency to fly cff at a tangent. The force to the centre 
is necessary to make the particle deviate from the direction of the 
tangent, and continue to move along the curve. 


Applications.—If a particle of mass m, not under gravity, is revolv- 
ing with velocity v round a fixed point to which it is attached by an 
inextensible string of length 7, the tension of the string is mv?/r. 
Hence the particle exerts on the string an outward force m?/r, which 
is called the centrifugal force. 

If a bead is travelling round a smooth circular wire, the same 
formula gives the reaction of the wire on the bead. The action of the 
bead on the wire is the centrifugal force in this case. 

If a planet is describing a circular orbit round the Sun, the same 
formula gives the force with which the Sun attracts the planet. 


Eaamples.—(1) A railway carriage of mass 1,000 Ibs. is travelling 
with velocity 50 ft./sec. round a curve. If the radius of the curve be 
1,000 ft., find the magnitude and direction of the resultant thrust on 
the rails. X 


The reaction of the rails must (i.) support the weight of the train ; 
(ii.) supply the necessary force, mv?/r poundals, toward the centre of 
the circle. 

The first requires a vertical force of 1,000 lb. wt. ‘The second 
requires a horizontal force toward the centre of the circle of 


1000 x 502 625 
100055 0T als. = so Iba 
1000 igi eae 
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The reaction of the rails is therefore tne resultant of these two forces 
at right angles, V/ { (1000)? + (225)?} lb. wt. 
The direction of the resultant reaction is obviously inclined to the 
vertical at an angle whose tangent is 
825 1000, or &. 


Nore.—If the thrust between the 
carriage and the rails is not at 
right angles to the plane of the rails, 
there will be a tendency in the carriage 
either to wrench the rails from the 
sleepers, or more probably to run off 
the lnes. To prevent this, in con- 
structing a curved piece of railway, 
the outer rail is raised to a somewhat 
higher level than the inner, so that 
for a train travelling at average speed 
the plane of the rails is again perpen- 
dicular to the thrust between the 
carriage and the rails. 


(2) If the rails are 4 ft. 83 ins. apart, to find how much 
the outer rail must be raised so that the carriage of Ex. 1 may press 
perpendicularly on the rails. 


The plane of the rails must evidently make an angle of tan-1 5, 
with the horizon. Calling this 6, the outer rail must be raised 
4 ft. 84 ins. x sin 6, 


56% x Se = 663 x ins. roughly, or nearly 43 ins. 


232. Angular velocity.—When a particle P is moving 
in a plane, the line OP joining it a 
to a fixed point 0 in that plane 
will, in general, revolve about the 
fixed point. The exception would 
be in the case where the particle 
P is moving either directly to- 
wards, or directly from, the fixed 0 
point 0; the joining line will 9g x 
then obviously be stationary, Fig. 65. 
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Dertnition.—The angular velocity of a moving point 
about a fixed point is the rate (per unit time) ‘at which the 
line joining the two points is describing angles about its fixed 
extremity. 

If OX is a fixed line through 0 and P is moving in the 
plane XOP, the angular velocity of Pis measured by the 
rate at which the angle XOP is increasing. 

If the angles described in equal times be equal and in 
the same plane, however short these equal times be made, 
the angular velocity is said to be uniform, and it can be 
measured by the angle actually described in a unit of time. 

In other cases the angular velocity is said to be 
variable, and must be measured in a similar way to 
variable velocity or variable acceleration by dividing the 
angle described in an infinitesimally short interval of time 
by the duration of that interval. 


It follows from what has been said that the angular velocity of a 
moving particle about a fixed point will be zero if the direction of 
motion of the former passes through the latter. 


233. Unit of angular velocity.—Angular velocities 
are usually measured in circular measure, 7.¢., in radians 
per second, thus the unit of angular velocity is the 
radian per second. 

In certain cases it may be convenient to measure angular velocity 
in degrees per second instead. 

It is readily seen that, if @ be the angle described in 
time ¢ by a particle revolving about a fixed point with 
uniform angular velocity o, then 

6 — of sy e\eJe70 Oe ar ry oe -(3). 

This gives w = 0/t. If the angular velocity be variable, 6/t is the 

average pica a8 velocity in any interval ¢; and, if this interval be 


made infinitely small, the average angular velocity becomes the 
angular velocity at the corresponding instant of time. 


Again, in one complete revolution, four right angles are 
described, and the circular measure of four right angles is 
2m (radians). Hence, if 7 be the time of revolution, 


el=27, or T= 2r/o. 
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234, Theorem.—lf @ particle is describing a circle of 
radius vr with constant speed v, and, if w be the angular 
velocity of the particle about the centre, then v = or. 

Let 0 be the centre of the circle (Fig. 66), and let AB 
be the arc described in ¢ secs. Then arc AB = vt and 


B 


gre 


Fig. 66. 


ZAOB = ot radians. But the arc AB divided by the 
radius gives the circular measure of the ZAQB, ie. 


vt/r = wt, or Fe Deere n eevee eeennes .. (4). 

Cor.—The acceleration of the particle toward the centre 
SUECerS 

a se See): 


Norr.—If the speed in the circle is variable, the velocity and 
angular velocity at any instant are connected by the relation v = wr, 
as is evident, by making ¢ infinitesimal. 


235. Motion round a circle with variable speed.—lIf a 
particle is describing a circle with variable speed, and if v is its speed 
at any given instant, the particle at that instant will have an accelera- 
tion v?/r toward the centre. If the speed along the curve is changing 
at that instant, it will also have an independent acceleration along the 
tangent to the curve. 

This acceleration is measured by the rate of change of the speed with 
which the particle is moving. 

DYN. ay 
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236. Angular velocity of a particle moving in a 
straight line.—-A particle is moving with uniform velocity 
v along a given straight line; to determine tts angular velocity 
at any instant about a given point. 

Let P be the position of the particle at the given instant. 
PQ the given straight line, 0 the given point (Fig. 67). 


Qa Ry Sse 


Fig. 67. 


Let f be the position of the particle after time ¢, and w 
the average angular velocity of the particle about 0 during 
this time ¢. Let ZO0PQ =a and distance 0P =r. 

Then PR = vt; also ZPOR = angle described in time ¢ 
= average angular velocity x time = of. 


FR 6 RO. . Ot ys eG, 
se ain POR ca giuRPO A, seeing 
Now, suppose ¢ to be indefinitely diminished, then the 
average angular velocity between P and Ff will become the 


actual angular velocity at P. 
But, if ¢ be indefinitely diminished, 


the limit of (sin w¢)+ot = 1 (by Trigonometry); 


hence the limit of — we ae 
sin wt 0) 
Also OR =0P =); 
(since PA is indefinitely small). 
Hence e= _! 
w sin a 
Whence oo VEIN 1 eee wees (6). 
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Alternative proof—Resolve the velocity v into its two 
components v cos a along PO and v sina perpendicular to 
PO. The former produces no angular velocity about 0 
(§ 232), and the latter gives rise to an angular velocity 
vsinatr about O (§ 234). Hence ow =vsina—r, as 
before. 


Cor. 1.—The angular velocity about 0 will be a maxi- 
mum when the particle is at the foot of the perpendicular 
from 0 to PQ. For then a = 90°, and therefore sin « is a 
maximum, and also r is a minimum. 


Cor. 2.—Drop OM perpendicular to PQ. 

Then sina=OM/OP, and .. o=v.0M/OP*. 

Hence the angular velocity varies inversely as the square 
of the distance from 0. 


Example.—aA rod OA is rotating about its extremity 0 with angular 
velocity w,, and carries a rod AB which is rotating about A with angular 
velocity w,. Find the magnitude and direction of the actual velocity 
of the point B at any given moment. 


[Note that w, is not the angular velocity relative to OA, but the 
absolute angular velocity ; so that if w, were zero, the various positions 
of AB would be parallel to one another. ] 


Fig. 67a. 


Suppose that at the given moment the rods 0A and AB are inclined 
at angles 0, and 6, respectively to some fixed line OX, and let p and ¢ 
represent the lengths of OA and AB. 

The actual velocity of A will be pw, perpendicular to OA. The 
velocity of B relative to A will be gw, perpendicular to AB. [Note that 
if w, were zero the velocity of B relative to A would be zero. | 
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Hence the actual velocity of Bis the resultant of gw. perpendicular 
to AB, i.e. in the direction WB and pw, perpendicular to OA (i.e. in the 
direction MA). 

To determine this resultant we will resolve each component in direc- 
tions parallel and perpendicular to OX (cf. Tutorial Statics, § 28, Ex. 2). 

The velocity gw, 1s inclined to OX at an angle XMB or 90°+4,, 
hence by § 172 the resolved part parallel to OX is gw, cos (90°+6.), 
2.€.—Q@. sin 0,, and the resolved part at right angles to OX is 
Jw. Sin. (90°+ 65), 4.€. GW. COS Oy. 

Similarly the resolved parts of the velocity pw, are —pw, sin 0, 
parallel to OX and pw, cos 6, perpendicular to OX. 

Hence the required velocity v is the resultant of 


{ —p, sin 0,— gw, sin 4, parallel to OX, and 
{ pw, CoS 0,-+-Gw. Cos 0, perpendicular to OX. 
Thus by § 169, 
v? = (—pw, sin 0; — qu» sin O2)?+ (pw, COS 0,-+Gw»2 COS O.)? 
= pw? +9? w,? + 2pqw,w, (cos 0; Cos 6.4+sin 0, sin A) 
= pro? +G?w,? + 2pqwyw, Cos (0; — 4). 
Also if @ be the inclination of v to OX, we haye (§ 170) 


fanth a oe 0, +e, COs 0, 
po, SID 0,;-+ Gus Sin Oy" 


236a. Instantaneous centre of rotation of a rolling 
wheel. 


Lf a wheel is rolling, without slipping, over any surface, tts 
motion at any instant may be regarded as a rotation round that 
point which vs in contact with the surface. 


For suppose, first, that the wheel, instead of being 
circular, is in the shape of a regular polygon of a large 
number of sides. Then, as it rolls over 
the surface, the different angular points Ve oe 
of the polygon come successively in ai 
contact with the surface; and, if there 
is no slipping, the wheel revolves INS 
round the one angular point till the 0 
next comes into contact with the surface. Fig. 670. 

But, if we suppose the number of sides 
to be indefinitely increased, the polygon becomes a circle ; 
whence the theorem follows. 
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For this reason the point of the wheel in contact with 
the surface is called the instantaneous centre of rota- 
tion. 


236). To determine the magnitude and direction of 
the velocity of any point on the rolling wheel of radius 
vr, which is travelling with a velocity v along a fixed plane. 


Let A be the centre of the wheel, 0 the point of contact 
with the plane, and P the given point on the wheel (not 
necessarily on the circumference). (Fig. 67¢.) 


Let OP = d, and let w be the angular velocity with 
which the wheel is revolving. 

Draw PL perpendicular to OP. 

(i.) To determine w :— 


Since the wheel is travelling with velocity v, the velocity 
of A is =». 
But, since 0 is the instantaneous centre of rotation, the 


velocity of A =o. 0A=or; (§ 234) 
*. or =v; whence w= vr. 


(ii.) To determine the velocity of P. 
The magnitude of P’s velocity is 


o.0P=".d. 
L 


and its direction is perpendicular to OP, 7.¢., along PL. 
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Alternative method.—Consider first the motion relative to the centre 
of the wheel. Since the wheel is turning with angular velocity a, 
the velocity of any point P on the wheel relative to A is w . AP. 


(i.) Hence, since AO = 1, the velocity of 0 relative to A is wr perpen- 
dicular to AO, and the velocity of A relative to 0 is equal and opposite ; 
.v=wr and w = 0/r. 

(ii.) The velocity of P is compounded of the velocity of P relative 
to A and the velocity of A. 

The former is w.AP perpendicular to AP, and the latter is w.0A 
perpendicular to 0A. These velocities are perpendicular to the sides 
AP, OA of the triangle AOP; hence, if the triangle AOP were turned 
through a right angle, it would become a Triangle of Velocities. 


Hence the resultant velocity of P is perpendicular to the third side OP, 
and its magnitude is w . OP. 


236c. Theorem.—IJf a lamina is moving in any manner in its own 
plane, the motion at any instant can be regurded as a rotation about some 
point. This point is called the instantaneous centre of rotation. 

We need only discuss the motion of some line fixed in the lamina ; 
for if the position of this line is given, the position of any other point 
in the lamina is then determined. 

Suppose that as the lamina moves AB is moved from the position A,B, 
to the position A,B,. Bisect A,A, and 8,B, at right angles by two lines 
CO, DOmeeting in 0. Join A,0, B,0,A,0,B,0. Thenit is easy to 


prove that 0A,;=0A,, and 08,=0B,. Also, since A,B, and A.B, are 
two positions cf the same line, A,B8,=A,B,. Hence the triangles 
0A,B,, OA,B, are equal in all respects. = 

Thus the triangle 0A,8, can be rotated about 0 into the position 
0A,B,; that is, by using 0 as a centre of rotation, A,B, can be rotated 


CIRCULAR MOTION AND THE HODOGRAPH. 279 


into the position A,B,. If A,B,, A,B, are consecutive positions (i.e. in- 
definitely near to one another) 0 will be the centre of instantaneous 
rotation. 


Norte 1.—If A,8, and A,B, are consecutive positions, A,A, and B,B, 
are the tangents to the paths of A and B, and therefore 0C and OD are 
the normals to these paths (i.e. the lines perpendicular to the tangents 
at the points of contact). Hence the instantaneous centre of rotation 
is the intersection of the normals to the paths of any two points on 
the lamina. 


Note 2.—If the motion of the lamina is a motion of translation 
A,B, and A,B, are equal and parallel. Hence A,A, is parallel to ByBp. 
It follows that CO and DO are parallel, and hence that O is at 
infinity. Thus a motion of translation may be regarded as a motion 
of rotation about a point at infinity in the direction perpendicular to 
that of the motion. 


NovE 3.—It is obvious that the instantaneous centre of rotation 
must be that point on the lamina (or rigidly pommeoed with it) which 
is instantaneously at rest. 


237. Motion in a smooth curve under gravity.— 
A body 1s sliding down a smooth wire or tube of any shape. 
To deduce its velocity at any point from the principle of 
Conservation of Energy. 

Suppose a bead of mass m to slide down a smooth wire 
of any shape from A to B. Let uw and v be its velocities 


A 


Fig. 68 


at A and B respectively, and let AC (=h) be the vertical 
height of A above B (Hig. 68). 

Then, since there is no friction, no heat energy is pro- 
duced ; therefore by the Conservation of Energy the gain 
in kinetic energy in passing from A to B =loss in potential 
energy = work done by gravity ; 

J. gm (v—w’) = mgh ; 
whence v’—w=2gh, or v’=w’?+2gh...... (7). 
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Cor.—The velocity at B is independent of the shape of 
the curve between A and B. 


Note.—The investigation applies equally to a bead constrained to slide down a 
gmooth wire, or to a small body allowed to slide, without rolling, in the interior of a 
smooth tube, or on the surface of any smooth body; but it is supposed in every 
case that no friction exists. 


Examples.—(1) A bead of mass 1 oz. is free to move on a fixed 
smooth circular wire of radius 1 ft. whose plane is vertical. It starts 
from rest at one end of the horizontal diameter; find the thrust 
between the bead and the wire at the lowest point. 


Let A be the starting point of the bead, B the lowest point of the 
wire, and Q the centre (Fig. 69). 


Fig. 69. 


(2) To determine the velocity at B, apply the formula of the last 
paragraph, remembering g = 32. 


Then u4=0,h=O0B=1. 
Whence BE AMG) (ONS) SBR BY 2 Ve. 
giving VE=185 


noe Let & lbs. weight be the reaction of the wire at B, acting along 


The only other force acting on the bead is its weight. 

The acceleration of the bead is v?/r, i.¢., 82/1 or 64 ft /sec.? along BO. 
reswWtant force along BO = (Rg—mg) poundals. 

Hence (from the formula P = m/f) 


Rg—mg =m.64; also m= te 
whence Rk = 53; or the thrust = 3, 1b. wt. = 3 oz. wt. 
The same result could have been obtained as follows :— 


The force of pressure of the bead on the wire at B is due (i.) to its 
weight, (ii.) to the centrifugal force. 
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The weight = x lb. wt. = 1 oz. wt. 
The centrifugal force = mv?/r pdls. 

: = + ]b. wt. = 2 oz. wt. 
Hence, force of pressure = 2+1 = 3 oz. wt. 


(2) A particle of mass m Ibs. is free to rotate in a vertical plane 
about a point to which it is attached by an inextensible string 2 feet 
long. If it is projected from the lowest position with an initial hori- 
zontal velocity of 14 ft./sec., at what point of its path will the string 
slacken ? 


If O is the fixed point, and A the lowest position of the particle, 
then OA is vertical. 

(a2) We must first show how to determine the velocity v of the 
particle at any point B in its path (where the string is still stretched), 


A 14 ft/sec. 
Fig. 69a. 


and the tension of the string. For this we must use the principle of 
Conservation of Energy. 

Let 0B make an angle @ with the upward vertical 0C; draw BN 
perpendicular to 0C. 

Yhe tension of the string does no work on the particle, for it always 
acts at right angles to the direction of the particle’s motion ; hence the 
tension of the string does not tend to alter the particle’s energy (cf. 
§ 147). Hence, as the particle passes from A to B, 


loss of kinetic energy = gain of potential energy, 


i.e. 3m. 142-im.v?=m.g.AN, 
or 142—v? = 64(2+2 cos 6), 
whence 22 = 68—128 cos@, 


which determines 2, 
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Let us now consider the forces acting on the particle and its accelera- 
tion when at B. 

The forces acting on the particle are the tension of the string 7 
acting along BO, and the weight my acting vertically down. 

The acceleration has two components (§ 235); the first along the 
tangent of magnitude h (unknown), and the second along BO given by 


the formula 2 ie, oes or 34—64 cos 0. 
i 
As in § 2120 we have 
algebraic sum of resolutes of the forcés along BO = mass x algebraic 
sum of resolutes of accelerations along BO ; 
whence T-+mg cos 0=m(0+34—64 cos 6), 
4.0. T=m/(34—96 cos 6). 
(0) When the string becomes slack its tension is zero. Thus 
34—96 cos 02=0, whence 


Thus from the table of cosines we find 6=69}° roughly. 

Tf 9<692° then cos 0>°354 and hence Z becomes negative. That 
is to say, in order to keep the particle on the circle a thrust is now 
required instead of a tension. ‘This would be supplied if 0B were a 
light wire instead of a string. 


238. The Hodograph. 


DEFINITION.—If a point P is moving in any manner, and if a point 
H moves in such a manner with regard to some fixed point 0 that the 
line OH always represents the velocity of P in magnitude and direction ; 
then the path described by #H is called the hodograph of the path 
described by P, and 0 is called the pole of the hodograph. 


BR 
R 2 


a 
B uy 
Ho 


A 
Fig. 70. 


Theorem. The velocity of H in the hodograph at any instant 
represents the acceleration of P at the same instant. 

Suppose that, in a small interval of time r+, P moves from P, to P,; 
and that in the same interval of time H moves from H, to H,. Then, 
since H moves from /, to H, in the time +, the velocity of H is repre- 
sented in magnitude and direction by the limiting value of H,H,]/7, 
when tr is indefinitely small. 

Again, by the definition of the hodograph, OH, represents the 
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velocity of P at P,, and OH, represents the velocity of Pat P,, and 
taus by the Triangle Law the straight line H,H, represents the change 
of velocity of Pin the time r. But the acceleration of P is the rate 
of change of its velocity, and is therefore represented in magnitude 


and direction by the limiting value of HUD ate indefinitely small. 
an 
This proves the proposition. 


Notr.—When 7 is indefinitely small the chord H,H, becomes 
identical with the are H,H,. 


238a. If a point is describing a circle of radius 7 with 
uniform speed wv, its acceleration at any moment is 
v/r towards the centre. (Alternative Proof.) 


Fig. 70a. 


Let P be the point which is describing a circle of radius 7 and 
centre C, with the uniform speed ». ‘Then if 0 is the pole of the 
hodograph, and H the moving point which describes the hodograph, 
OH represents the velocity of P. But the velocity of P is » perpen- 
dicular to CP. Hence OH is always of length v, and is always 
perpendicular to CP. 

Since the length of OH is constant, H describes a circle about 0. 
Also the angle between any two positions of OH is equal to the angle 
between the corresponding positions of CP; for OH is always perpen- 
dicular to CP. But CP describes equal angles in equal times for the 
speed of P is constant; hence OH also describes.equal angles in equal 
times, and therefore the speed of H is constant. 

To find the speed of H.—In one revolution P travels a distance of 
2xr; hence P describes one revolution in a time 22. Therefore 


Tyas Qrr , ‘ E 
makes one revolution in a time —_, and since the distance travelled is 
v 


; 2 

is 27rv the speed of H is dros ar, or — ¢ 
2 

Thus the velocity of H at any instant is — perpendicular to OH, and 

therefore parallel to PC. But the velocity of H represents the accele- 


ration of P. Hence the acceleration of P at any instant ise along PC. 
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Summary oF Resuurs. 


If a particle is describing a circle with velocity », 


the acceleration towards the centre Sy or wir (Ly 
the force towards the centre =m’ lr,  (§ 230) 
and the time of a complete revolution = 2mr/v...... (2). 

If a particle is describing a circle of radius 7, with 
angular velocity w, the velocity => ON eae ee eas 
and the acceleration towards the centre = w’r........ (5). 
Angular vel. of a particle about a point = v sina/r....(6). 

The Instantaneous Centre of Rotation Bee (§ 236¢.) 


is given by OP Dgh. is ere sates CO. 


Definition of Iodograph. The acceleration of a moving 
point is represented by the velocity in the hodograph. 
Lito (S128 


EXAMPLES XVI. 


(Selected Problems :—1, 3, 4, 6, 8, 11, 12, 13, 15, 16, 19, 20, 23, 24, 
26, 27, 29, 31, 33, 34, 36, 40, 43.) 


1. A body of mass 3 Ibs. (not under gravity) is describing a circle 
round a, point to which it is attached by a string 3 ft. long. If it 
makes 7 revolutions per second, find the tension of the string. 


[7 = 32.) 


2. If the tension of the string in the last question is 18 lb. wt., find 
the number of revolutions per second. 


3. An engine of mass 1 ton is travelling round a curve at the rate 
of 30 miles an hour. If the curve is an arc of a circle whose radius is 


1210 ft., determine the horizontal thrust between the engine and the 
rails. 
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4. Two particles of equal mass are describing circles round fixed 
points to which they are attached by inextensible strings. Prove 
that, if the times of revolution are the same, the tensions of the 
strings are proportional to their jengths. 


5. Two particles of mass 2m and m respectively are revolving round 
fixed points to which they are attached by strings of length / and 2/ 


respectively. If the tensions in the strings are equal, compare the 
times of revolution of the particles. 


6. A particle hanging, by a string 8 ft. long, from a fixed point is 
pulled aside till the string makes an angle of 60° with the vertical, 
and then let go. When the particle is passing through its equilibrium 


position, compare the tension of the string with the weight of the 
particle. 


7. A smooth circular tube of radius 2ft., whose plane is vertical, 
contains a particle of mass loz. If the particle slide from rest at the 


highest point, find its velocity and the thrust between the particle and 
the curve at the lowest point. 


8. In the last question, determine the thrust between the particle 
and the tube at the end of the horizontal diameter. 


9. If the particle in Question 7 were projected from the lowest point 
with velocity 32 ft./sec., find its velocity and the pressure on the tube 
at the highest point. 


10. Find the velocity with which the same particle must be pro- 
jected from the lowest point in order that it should just rise to the 
end of the horizontal diameter. 


11. A child weighing 6 stone is on a swing suspended by two cords. 
If the swing is describing an arc of 120° in each oscillation, find the 
tension of each cord when the swing is at the lowest point. 


12. A light rod 3 ft. long is hinged at one extremity ; at distances 
of 1, 2, and 38 ft., respectively from that extremity are attached 
masses of 3, 2, and 1 lb., respectively. Compare the tensions in each 
portion of the rod, if the 1 1b. mass is describing a circle at the rate of 
10 ft./sec. 


13. Determine the thrust between the particle and the tube in 
Question 7 when the radius through the particle is 30° below the 
horizontal diameter. 
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14. At what point of the motion of the particle in Question 7 will 
there be no thrust between the particle and the tube. 


15. The attraction exerted by the Sun on any one of its planets 
varies directly as the mass of the planet, and inversely as the square 
of the planet’s distance from the Sun. Assuming that all the orbits 
are circular, prove that the squares of the times of revolution of the 
planets vary as the cubes of the radii of the orbits. 


16. A bicyclist is riding at the rate of 16 miles an hr. round a curve 
of radius 121ft. Determine at what angle his machine must be 
inclined to the vertical. 


17. A particle, suspended from a fixed point by a string of length 
r, hangs vertically. It is projected horizontally with velocity ./(6yr) 
and describes a circle in a vertical plane. Show that the tension of 
the string when the particle is at the end of a horizontal diameter is 
four times the tension when the particle is at the highest point. 


18. A body of 5 lbs. weight is swung round in a horizontal circle 
of 4 ft. radius, making 40 revolutions per minute: find the force, in 
lbs. weight, with which it pulls outward. 


19. If a wheel is rolling on any surface, plane or curved, prove that 
at any given instant the direction of motion of all points on the rim 
passes through that point which is farthest from the point of contact. 


20. A wheel is rolling on a horizontal plane. Compare the velocities 
of the highest point, the centre, and either extremity of the horizontal 
diameter. 


wile A wheel is rolling on a horizontal plane. Find at any instant 
the locus of those points on the wheel whose direction of motion 
passes through a given point not vertically above the point of contact. 


22. A triangle ABC is rotating about A with angular velocity w. 
Find the magnitude and direction of &’s velocity relative to C. 


23, If the mass of the earth is M lbs., and if it describes a circle of 
radius & feet round the sun as centre in 7’ seconds, find the force with 
which the sun attracts the earth. 


CIRCULAR MOTION AND THE HODOGRAPH. 287 


24. A stone tied to the end of an inextensible string is being whirled 
round in a vertical plane, If the string does not slacken at any part 
of the motion, show that the tension of the string, when the stone is at 
its lowest point, is at least six times the weight of the stone. 


25. A plumb-line is hanging from the roof of a railway carriage 
travelling round a curve of radius 7 feet with a speed of v feet per 
second. Determine the inclination of the plumb-line to the vertical in 
the position of.relative equilibrium. 


26. A rod is placed on a smooth ground and leaning against a 
smooth vertical wall, so that the vertical plane containing the rod is 
at right angles to the plane of the wall. If the rod slides down, 
determine the ratio of the velocities of its upper and lower extremities 
when it makes an angle a with the ground. 


27. In the previous question determine the instantaneous centre of 
rotation of the rod. 


28. A point P is moving along a plane curve with velocity v; ata 
certain instant the point and the tangent to the curye at the point are 
at distances 7, » respectively from a fixed point 0. What is then its 
angular velocity about 0? 

29, A bicyclist is travelling at the rate of 10 miles an hour. Find 
the actual velocity of the foremost point on his front wheel, if the 
diameter of this wheel is 30 inches. 


30. In the preceding question find the actual velocity of the pedal in 
the middle of the downward stroke, if the machine is geared to 60 
inches and the crank of the pedal is 6 inches in length. 


31. Express in poundals the force with which the earth attracts a 
mass of 1]b. placed at the equator; assuming that the earth turns once 
in 24 hours, that the equatorial radius of the earth is 4,000 miles, 
and that the observed acceleration of a falling body at the equator is — 
32-1 ft. per sec. per sec. 

[Take 3? = 9°87.] 

32. A particle, fastened to a point by a light inelastic string of 
length 2 {t., is describing a vertical circle about that point as centre. 
Tf at the lowest point of its path the particle produces twice as much 
tension in the string as at the highest point, determine the velocity of 
the particle at the lowest point. 
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33. A particle slips down the outer surface of a smooth sphere of 
radius 7 from rest at the highest point. At what depth below the 
highest point will it leave the surface ? 


34. A particle of mud is thrown off from the highest point of the 
wheel of a carriage which is travelling at the rate of v ft./sec. Find 
the distance between the particle and the lowest point of the wheel at 
the moment when the particle strikes the ground. 


35. A wheel is rolling along a horizontal road, and a piece of mud is 
thrown off from its hindmost point. Prove that it will just touch the 
wheel again as it falls. 


36. A block of wood of mass 3 lbs. is suspended by a string of length 
12ft. A bullet of mass }oz. is fired into the block and causes the 
block to swing back till the string is 30° from the vertical. Determine 
the velocity of the bullet. 

{g = 32 ft. per sec. per sec. ] 


37. At how many miles above the earth’s surface at the equator 
would gravity (acting according to the law of the inverse squares) be 
just overcome by the centrifugal effect of the earth’s rotation? [Radius 
of earth = 4,000 miles; g = 32 ft,/sec.* ; angular velocity of earth = one 
revolution in 24 hours. | 


38. Prove that the smallest radius on which a motor-car can turn at 
2V7h 
ga 
gravity, and a is the width of the track between the wheels. [Note 
that + represents the radius of the circle travelled by the centre of 

gravity. ] 


a speed of V ft./sec. is ; where h is the height of the centre of 


39. Explain why, in looking from a train at a tree in a direction 
making an angle a with that of the train’s motion, the landscape 
appears to revolve round the tree with an angular velocity of 

V sin a/3600 7; 
where V is the velocity of the train in miles per hour, and r is the 
distance of the tree in miles. 


40, A rhombus ABCD is formed of four jointed rods each of length 2. 
The point A is fixed, and C is moved toward A with uniform velocity v. 
Find the angular velocity of the rods when the angle DAB = 2a. 
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41. What condition is necessary in order that two particles in a 
smooth curved tube connected by an inelastic string may slide down 
the tube with the string stretched ? 


42. T'wo equal particles in a smooth circular tube (whose plane is 
vertical and whose radius is 7), are connected by a string of length 
equal to one quarter of the circumference. The particles are originally 
at rest with the upper particle at the highest point of the tube. In 
the motion which ensues, find (i) the position of the lower particle 
when the string slackens, and (ii) the velocity with which the lower 
particle reaches the lowest point of the tube. 


43. A rod AB of length 2a is revolving uniformly about its extremity 
A at the rate of m revolutions per second. The end B carries a wheel of 
radius a, whose plane coincides with the plane of revolution of the rod, 
and which is rotating at the rate of 2” revolutions per second. De- 
termine the speed at which a point @ on the rim is travelling, when 
BC is perpendicular to AB, 


44, In the previous question, determine the instantaneous centre of 
‘rotation of the wheel. 


45. In question 43 what point would be the centre of instantaneous 
rotation if the angular velocity of the wheel were in the opposite direc- 
to that of the rod (i.e. the one clockwise and the other counter-clock- 
wise). 

46. AB, BC are two rods of length p, g respectively, jointed at B. A 
is fixed, and C moves freely in a groove AX. If A8 is rotating toward 
the position AX with angular velocity w, determine (i) the angular 
velocity of BC, and (ii) the actual velocity of @, when the angle 
BAC =90. 


47, In the previous question determine the centre of instantaneous 
rotation of the rod BC. 


DYN, V 


CHAPTER XVII 


SIMPLE HARMONIC MOTION. 
Simple AND ConricAL PENDULUMS. 


239. In various kinds of machinery devices are used 
for converting to-and-fro motion in a straight line into 
rotatory motion ; as instances, we may mention the common 
turning lathe or the crank of a steam engine, Hence, from 
circular motion we naturally pass on to considerations of 
to-and-fro rectilinear motion, the simplest form of which is 
known as simple harmonie motion. 


240. Simple Harmonic Motion.—Let ABC be a circle, 
0 its centre, and AOC a diameter; and let a point P travel 
with uniform speed round the circumference of this circle. 
Then if Q is the foot of the perpendicular from P to AC, 
the motion of Q will obviously be an oscillation between 
the points A and @. Q is called 
the “projection” of P on AC, 
and the motion of Q is ‘simple 
harmonic motion.” 


Derinition.—Simple Har- 
monic Motion is the pro- 
jection of a uniform circular 
motion on to a diameter of 
the circle:, Fig. 71. 


Derinitions.—The motion from @ to A and back is called 
one complete oscillation. The distance OC, or-the greatest 
distance of the particle from the centre, is called the 
amplitude of the oscillation; and the time occupied in 
one oscillation is called the period of the motion, 
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241. Formulae of Simple Harmonic Motion. Let 
the amplitude of the oscillation, ¢.c. the radius of the circle, 
be a; and let represent the square of the angular velocity 
of the point P about the centre 0. 

Since the angular velocity of OP is yp, the linear 
velocity of P is ay/p (§ 234). 


(1) Zo determine the acceleration of the point Q in any 
position :— 

The acceleration of Q is equal 
to the acceleration of P resolved 
parallel to CA (§ 218); and by 
§ 230 the acceleration of P is 
(a4/ 4)? +a or pa in the direction 
PO. Hence the acceleration of 
Q is pa cos POQ in the direction 
00. 


Fig. 72. 


Again cos POQ = a8 — a6 hence pacos POG = p.00. 
Thus ' 
acceleration of 2= ».0Q towards 0...... (1). 
te. the acceleration of Q 1s always towards O and varies 
directly as the distance of Q from 0; also for all positions of Q, 
— acceleration of Q@ (2). 
= 00 
(ii) Zo determine the pertod of the oscillation :— 


The time occupied by Q in one oscillation is the same as 
the time occupied by P in one revolution, and is therefore 
found by dividing the circumference of the circle (viz. 
2a) by the speed of P (viz, ay). 

Thus 


ora = on WEEE Care CE 
avi lp 
(iii) Zo determine the velocity of the point Q in any position :— 
Velocity of @ = velocity of P resolved parallel to CA. 
But the velocity of P is a\/ in the direction RP; hence 


period = 
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velocity of Q = ay pu cos PRO = OP yp. cos OPO 


= /p.P0 = Vn. VOP—00 
= tue 00 eee eas 


Note that the direction of this velocity may be either 
towards or from 0; for instance when P is between B and 
A the velocity of Q will be directed from 0. 

This velocity is greatest when 09 = 0, @.e. when Q is 
passing through 0; formula (4) then reduces to ap. 


Hence maximum velocity = a4/p) ........ (5). 


(iv) To determine the position of the point Q at a time 
¢ seconds after leaving C. 

P and Q are both at C at the same instant; thus “POC 
= angle described by P in ¢ seconds = ¢4/p. Hence 


OQ = 0P cos POQ=a cos ty/p........ (6). 


242. Converse Theorem.—lIt is evident that if two 
points have the same initial velocity, and have also the 
same acceleration at every point of their motion, they will 
move in exactly the same manner. 


Hence if a particle starts from rest at C under an accele- 
ration which is always directed toward 0, and whose 
magnitude is always represented by p times the distance 
from 0, we may assume that the motion of this particle is 
identical with that of the point Q. Consequently the above 
formule may be used for all calculations on the motion 
of this particle. 

If the mass of the particle is m the force required to 
produce the acceleration »O0Q in the particle is mp0Q. 
Hence the force also must vary as the distance of the 
particle from 0. 

The pdint 0 is a position of possible equilibrium, for 
when Q is at 0 the force is zero. The distance 0@ is called 
the displacement of the particle from the equilibrium 
position. Hence the condition for Simple Harmonic 
Motion about an equilibrium position is that the accelera- 
tion is proportional to the displacement, and directed 
toward the equilibrium position, 
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By equation (3) the period of such an oscillation is 
ar _ acceleration 
/ pp displacement * 


Note that the formula for the period of oscillation (=) 
fed 
does not involve the amplitude a. Hence for a given value of 
# harmonte motions of different amplitudes have the same period, 
and are therefore called isochronous (a word of Greek deri- 
vation which means ‘‘ equal-timed’’). 


, and by equation (2) 


The theory of Simple Harmonic Motion forms the basis of investiga- 
tion for most oscillatory movements which occur in nature; such as 
small oscillations of a pendulum, yibrations of strings and other bodies 
emitting musical notes, sound vibrations in air, light vibrations in 
ether, etc. 


Example.—A particle of mass 2 grammes is attracted toward a point 
0 by a force whose magnitude varies directly as the distance of the 
particle from 0. If the intensity of the force is 12 dynes when the 
particle is 3 cms. from 0, and if the particle starts trom rest at a 
distance of 20 cms. from 0 ; find the period of the oscillation and the 
maximum velocity of the particle. 


(i) If Q is the moving particle, the force varies directly as 0Q. 
Hence the acceleration also varies directly as 0Q, and the motion is 
therefore a simple harmonic oscillation. 


(ii) To, determine the value of  :— 
By § 242, P 
_ acceleration 
displacement 
and can be calculated from the values of the acceleration and dis- 
placement for any position of the point Q. 
But we know that when the displacement is 3 cms. the force is 
12 dynes and therefore the acceleration is 4, or 6 cm./sec.? 


Thus [i ay, 
(iii) By formula (3) the period of the oscillation 
Qa 


= = 74/2 seconds. 
WV fb 
Again, since the particle starts from rest at a distance of 20 cms. 
from 0, the amplitude of the motion = 20. Hence by formula (5) the 
maximum yelocity is 20 /2 cm./sec. 
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243. Simple harmonic motion along a curve.—The same 
kind of motion would be possible along a curve. Thus, if a particle 
P (Fig. 73) is constrained to move along a curved path AOC, with an 
acceleration along the tangent to the curve directed towards 0 and of 
magnitude p. (arc OP), the period of a complete oscillation will be 
independent of the amplitude, and will be 2m//u, &c. 


Pythed 1" 
OOP 
Fig. 73. 


This naturally follows from considerations such as those given in 
§ 235. 


244. To find the period of a small oscillation of 
a simple pendulum. 


Derinition.—A heavy particle suspended from a fixed 
point by a weightless inextensible string is called a 
simple pendulum. 


Let P be the particle (Fig. 74), m its mass, J the length 
of the string, A the fixed point, AO the vertical position 
of the pendulum. 

If the pendulum be pulled aside till the string is in the 
position AB, and then let go, the pendulum will swing to 
and fro, describing an arc of a circle BC, of which 0 is the 
middle point. 

Let the tangent at P meet AO produced inQ. Draw 
PD vertically down, and PM perpendicular on AQ. Then 
the forces acting on P are the tension T’ along PA, and the 
weight mg. 

Resolving along PQ, we have 

force along tangent = mg cos DPQ = mg sin 6 
= mg . MP/AP. 
This force, acting on the mass m, produces an accclera- 


tion g. MP/l along the tangent, 7.e. , along the direction of 
the arc at P. 
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ETE ies 


c F ‘i B 
mg 
Y 
; 
Fig. 74. 


Now suppose the angle OAB subtended at A by the 
whole arc 0B is small. Then, in any position of P, the 
perpendicular MP is approximately equal to the are OP, 
and therefore the acceleration at P 


= a .are OP = x distance of Pfrom OQ. 


Hence, by § 243, the motion is a simple harmonic oscil- 
lation, whose period - 


Pe Oe A cees 
TR er (7). 


245. Drer.—A pendulum is said to beat when it swings 
from rest on one side of the vertical to rest on the other. 

Hence each oscillation consists of two beats, backwards 
and forwards. 


A clock usually ticks once in each beat of its pendulum. 


A seconds pendulum is one which beats once a 
second ; its period of oscillation is therefore two seconds. 


246. To find the length of the seconds pendulum, 
we put ¢ = 2 in the formula ¢ = 27/(i/g). Then 
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wy) at et a8 Bee Perse) Sil CD) 
g 


and, if g be known, / can be found. 


3 


Conversely, knowing the length of the seconds pendulum 
at any place, the value of g can be found by the same 
formula. 


More generally gy may be found with great accuracy by observing 
the time of oscillation of a pendulum of known length. ‘To do thisa 
large number of oscillations are counted and the time they occupy 
observed ; whence the time of one oscillation is found with a high 
degree of accuracy by division. 

Thus the pendulum may be used to comnvare g at different places. 


Example.—¥ind how many seconds a clock would lose per day if the 
length of its pendulum were increased in the ratio 1000: 1001. 

The number of seconds registered by the clock in one day is pro- 
portional to the number of beats made by the pendulum. 

The number of beats made by the pendulum in one day is inversely 
proportional to the time occupied by one beat. 


Since the formula for the time occupied by one beat is 7 a/ ne 


this time is directly proportional to the square root of the length of 
the pendulum. 

From these three statements we see that the number of seconds 
registered by the clock in one day is inversely proportional to the square 
root of thé length of the pendulum. let x be the number of seconds 
which the clock loses per day; the correct number of seconds 
registered per day 1s 24 x 60 x 60 or 86400. 


‘Then 
second number of seconds registered _ first length of pendulum , 
first number of seconds registered second length of pendulum’ 
iy 86400 —a 1000 
oat 86400. 1001 
| a 1001\~2 Wane 
or 1- = = {1 +—_ 
86400 (coud) ( = aah 
‘N Sy ee 
2000’ 
(approximating by means of the Binomial Theorem). 
Thus — eae 
86400 2000 


1.€. @ = 43°2 seconds, 
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246a. Hooke’s Law.—It can be shown by experiment 
that, if a pull of 1 1b. wt. will stretch an elastic string 
% inch beyond its normal length, then a pull of 3 Ibs. wt. 
will stretch it 34 or 13 inches beyond its normal length ; 
and in general the increase of length is directly propor- 
tional to the stretching force. 

The increase of length produced by the stretching force 
is called the extension of the string; also the stretching 
force produces in the string a tension of equal magnitude. 
Thus the above law may be quoted as follows :— 


En a stretched elastic string the tension is 
directly proportional to the extension. 


Examples.—(1) Find the normal length of an elastic wire which 
measures 60 inches when supporting a weight of 20 Ibs. and 59°8 inches 
when supporting a weight of 12 lbs. 

Let z inches be the normal length. When the tension is 20 Ibs. wt., 
the extension is 60—# inches; and when the tension is 12 lbs. wt. the 
extension is 59°8—winches. Hence, by Hooke’s Law, 


AY We 
12 —~SS 
whence w = 59°5 inches. 


(2) A spiral spring of wire obeys Hooke’s Law. Its normal length 
is 10 inches, and a sphere of mass 8 oz. when suspended from the 
spring stretches it to 14 inches. If this sphere is now pulled down 
through another 2 inches and then released, calculate the 
period of the oscillations which ensue, and the maximum p 
velocity of the sphere. ; 

(i) To show that the motion is one of simple harmonic 
oscillation :— 14!" 

Let P be the point of suspension. Then if PO is 14 
inches, the sphere will rest in equilibrium at the point 0, or 
(to be more accurate) will rest in equilibrium with its 


highest point at 0. ‘Thus in this position the tension of fa) 
the spring is equal to the weight of the sphere. ae 
When the sphere is below 0, the tension of the spring is Q 


increased, and is therefore greater than the weight; hence 

the resultant force on the sphere is upward. When the 4; Tha 

sphere is above O the tension of the spring is less than the eee 

weight; hence the resultant force is downward. Hence in 

all cases the resultant force acting on the sphere is directed toward 

the equilibrium position 0. Ane 
Let Q be any position occupied by the sphere during the oscillations, 

and let # feet be the distance of Q below O [# will be negative if Q is 


above 0]. 
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When the sphere is at 0 the extension of the spring is 14—19 inches 
or } foot, and the tension is 8 oz.; also when the sphere is at Q the 
extension of the spring is }+z fect. Hence if 7 be the corresponding 
tension of the spring we have by Hooke’s Law 


ba Meosy laa 
8 aN 
whence T = (8+ 242) ozs. wt. 


Now the resultant force acting on the sphere when at Q is the differ- 
ence between the tension of the spring and the weight of the sphere, 
i.e. (8+242) —8 

or 24% oz. wt. 

The acceleration produced in the mass 8 ozs. by this force of 24x 

ozs. wt. is (by § 112) “ xg 
or 8gx ft./sec.? 

But this acceleration varies as x, the distance of the sphere from the 
equilibrium position 0. 

Hence the motion is a simple harmonic oscillation about the centre 
O (cf. § 242). 

(ii) To determine the value of :— 

By formula (2), § 241, 

_ acceleration 39a 
displacement 

(iii) Hence by formula (8) the period of the oscillation 

Qa 
—— =—— or ‘64 seconds. 
VE bg 

Again, since the sphere starts from rest at a distance of § foot below 
the equilibrium position the amplitude of the motion is 4 foot. Hence 
by formula (5) the maximum velocity is 


3 73g or 1°63 ft./sec. 
Notr.—It is very important to work throughout with the foot as the 


unit of length. If we used the inch as the unit of length i¢ would be 
necessary to express g ur inches per second per second. 


9 


= of. 


247. Conical Pendulum.—Derinition.— When a par- 
ticle attached to a fixed point by a string, instead of swinging 
to and fro in a vertical plane, revolves in a horizontal 
circle, it is called a conical pendulum. 


To find the time of revolution of a conical pendulum. 


Let a particle K, of mass m, suspended from P by the 
string FK, revolve in a horizontal circle, whose centre M is 
vertically below P. Then the force mv?/MK to the centre 
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required to keep it in the circle is the resultant of the 
tension T along KP and the weight mg acting vertically 
downwards. Since the forces are parallel to the sides of 
the triangle PMK, therefore, by the triangle of forces, 


mg _ T _ mv /KM . 


PM KP KM’ 
sis de ome Oe aa 
KM’ =PM KM” “NPM 
Fig. 75 
But, if ¢ be the time of revolution, 
oc 2a. MK Hence ¢=2z7 /= anetos (9). 
v g 


Hence the time of revolution depends ouly on the vertical 
depth of the particle below the point of support. 


Cor.—It follows that, ifany number of particles be suspended from 
a fixed point and revolve in circles in the same periodic time, they 
will all lie in the same horizontal plane. 


248. Watt’s Governor,—-The principal of the conical pendulum is 
well exemplified in the governor of a steam engine. Two balls are 
suspended like the particle of the last article and are driven round by 
the engine. If the speed of the engine increases, the time of revolu- 
tion decreases, and therefore the depth (PM) of the balls below their 
attachment decreases, ¢.e., the balls begin to rise. In doing so they 
are made by means of a suitable mechanism to act on the valves of the 
engine so as to shut off part of the steam. In this way the engine is 
prevented from working at too high a speed. This is particularly 
useful when the engine is sometimes employed to drive machinery 
and sometimes not; without such a governor the speed would become 
excessive when the engine was not working against any resistance. 
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Summary or Resutts. 


In Simple Harmonie Motion, if 0 isthe centre of the motion, 
Q the position of the particle, a the amplitude, and if 


accelerationi= ut. OQWs .c-ccs 03 oot eer ae (1) 
acceleration 

; tees 2 

oa displacement (2) 
: 21 

then ered SS — Reis oie aoe atee oars 3) 

P Te ( 

velocity = 4/ {wl =O00)} 3. eee (4) 

Maximum velocity == G4/& ssasarns 1/02 ne (5) 

OG = 4 C061.) aie Ae ay kee 3 (6) 

where ¢ is measured from the extreme position of the 


particle. 
Period of oscillation of a simple pendulum 


= 2 a/ ere ee (7) 


Length of seconds pendulum 


Hooke’s Law :—Tension e extension (§ 2462). 
Period of revolution of a conical pendulum 


= ana/ PO os ots tana eek (9) 


where P/M is the vertical distance of the particle below the 
point of suspension. 


EXAMPLES XVII. 


(Selected Problems :—1, 3, 4, 6, 9, 11, 13, 15, 17, 18, 20, 22, 24, 25, 
. 27, 29, 30 


1. A particle, of mass 1 gramme, starts from rest at a distance 
10 cms. froma fixed point 0, towards which it is attracted with a force 
whose measure in dynes is 100 times the measure of the distance of 
the particle from 0 in centimetres. Determine after what time it will 
reach Q ; also its position and velocity after 7/40 seconds. 
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2. A particle, of mass 1 gramme, is moving with simple harmonic 
motion. If its greatest velocity is 207 cm./sec., and the amplitude of 
the oscillation is 10 cm., find the period of oscillation and the force 
of attraction toward the centre when the particle is at its greatest 
distance. 


3. Ina simple harmonic motion, given the greatest velocity v, and 
the period of oscillation ¢, determine the amplitude. 


4, Given the amplitude s, and the force of attraction on the particle 
when at its greatest distance from the centre of attraction P, deter- 
mine the greatest velocity, if the mass of the particle is m. 


5. Assuming g = 32, find the period of oscillation for a simple 
pendulum of length 1 yard. 


6. What would be the measure of the acceleration of gravity in 
F.P.S. units if a simple pendulum, 39 in. long, made exactly one beat 
per second, in small oscillations ? 


7. What would be the measure of the acceleration of gravity in 
C.G.S. units, if the length of the ‘‘ seconds pendulum”? were exactly 
one metre? 


8. The number of beats made in an hour by one pendulum is to the 
number made in half-an-hour by another as 13:6; and the length of 
the first pendulum is 1ft. Determine the length of the second. 


9. A seconds pendulum has its length slightly altered, and in con- 
sequence loses » seconds a day; find whether it has been lengthened 
or shortened, and by what fraction of its original length. 


10. A particle is oscillating harmonically from A to B and back 
along a straight line AB whose middle point is 0. If Tis the period 
of oscillation, prove that the velocity at any point P is given by 

o = = (0A?— OP?) 
T2 

11, A particle, suspended from a fixed point C bya string of length J, 
swings to and fro in a circular arc AOB, of which 0 is the lowest point. 
Prove, from the Principle of Conservation of Energy, that the velocity 
at any point P of the arc is given by 
OA? — OP? 

i ? 
where 0A and OP are the chords joining 0 to A and P respectively, 


voug 
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Hence deduce the time of a similar oscillation (cf. Ex. 10), explaining 
why the result will not apply when the arc of oscillation is large. 


12. A point moves uniformly with velocity « in a circle whose 
radius is a; prove that the projection of the moving point on a fixed 
diameter of the circle oscillates in periodic time 27a/u as if it were 
a material particle under the influence of a force to the centre, pro- 
ducing acceleration w/a, where x is the distance from the centre. 


13. If gravity were 31°5 in feet and seconds, what would be the 
length of a pendulum performing complete vibrations in 2°5 seconds P 


14. Find the acceleration of gravity (i.) in Paris, (ii.) at the Equator, 
having given that the lengths of the seconds’ pendulums are 3°26 ft. 
and 8°251 ft. respectively. 


15. Prove that the time of revolution in a conical pendulum of 
length 7 is ultimately 27 V & when the cone described by the pen- 
dulum is indefinitely small. 

16. Prove that, if 7’is the time of revolution of the bob of a conical 
pendulum at the bottom of the shaft of a deep mine of depth J, the 


pendulum being suspended from the surface of the Earth, then the 
value of g at the bottom of the shaft is given by 


- ‘1 (1-4) 
g Whe a]? 


where a denotes the radius of the Earth. 


17. In harmonic motion, show that, if the force to the centre be 
doubled, the period of oscillation will be altered roughly in the ratio 
of 5 to 7. 


\ 
18. Determine the velocity and the period of revolution in a conical 
pendulum, when the weight is swung round at the end of a thread a 
feet long in a horizontal circle of radius 6 feet. 


19. Determine the speed in miles per hour suitable for a circular 
bicycle track of 80 laps to the mile, banked at a slope of 45°, 
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20. A particle is travelling on the inner surface of a smooth hemi- 
spherical bowl, describing a horizontal circle. Find the time of revolu- 
tion if the radius of the bowl is a and the yertical distance of the 
particle below the centre of the bowl is 0. 


21. A smooth circular wire of radius @ is fixed with its plane in- 
clined to the vertical at an angle a. Determine the period of oscillation 
of a bead describing a small arc on each side of the lowest point of the 
wire. 


22. A clock keeps correct time at a place where the value of g is 32:1 
in F.P.S. units; how many seconds would it gain or lose per day if 
taken to a place where the value of g is 32°2 ? 


23. A clock is taken from one place on the earth’s surface to another. 
If the value of g is increased by °1 per cent., determine what increase 
must be made in the length of the pendulum to keep the rate of the 
clock correct. 


24. A spiral spring of length 1 foot is stretched to 13 inches when 
supporting a four-ounce weight. Determine the period of vertical 
oscillation of a three-ounce weight supported by the same spring. 


25. A mass of 100 grammes is in equilibrium supported by a 
stretched elastic string of length 1 metre. If vertically displaced it is 
found to oscillate with a period of l second. Determine the unstretched 
length of the string. [y=980 cm./sec.”] 


26. A particle of mass 4 ozs. lying on a smooth horizontal table is 
attached to the extremity of an elastic string of normal length 1 foot, 
whose other extremity is fastened to the table. The particle is pulled 
back with a force of 1-lb. wt., which stretches the string to a length 
of 18 inches. Ifit is now let go, determine the velocity communi- 
cated to the particle when the string becomes slack. 


27. If V is the velocity of a simple pendulum at its lowest point, 
show that at any time ¢ after passing through the lowest point its 
velocity is V cos 2rt/7, where 7 denotes the time of one complete 
oscillation. 

28. In a railway worked by gravity, two stations on the same level 
and 2a feet apart are connected by a line which dips 4 feet below the 
level of the stations, the line being in the shape of an arc of a vertical 
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circle. If is small compared to a show that the time between the 
stations is ma / /(2gh) seconds, if frictional resistances are negligible. 


29. If the greatest velocity in a harmonic oscillation is « ft./sec., 
find the velocity half-way between the centre and the extreme posi- 
tion, and also the velocity when half the time has elapsed from the 
centre to the extreme position. 


30. A particle is performing harmonic oscillations between two points 
A and B, whose distance apart is 1 foot. 0 is the middle point of AB, 
and C the middle point of AO. If the particle travels from A to 8 in 
1 second, find the velocity of the particle at C and at 0; and the 
average velocity of the particle between A and C, and between C and 0. 


31. A particle is performing a harmonic oscillation between two 
points A and B, whose distance apart is 2a, under an acceleration px, 
toward the centre 0, where x is the distance from 0. If C bisects AO, 
find (i) the average velocity between A and B, (ii) the average velo- 
city between A and @, (iii) the average velocity between C and 0. 


Cala Peek | x Ver f: 
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249. Direct Impact.—Derrinition.—When two bodies 
strike against or collide with one another they are said to 
impinge on one another, and the collision is termed an 
impact. 

A sphere is said to impinge directly on a fixed plane, 
if the direction of its velocity, just before impact, is per- 
pendicular to the plane. 

A direct impact of two spheres is one in which the 
centres of the spheres, just before colliding, are moving 
along the same straight line. 

From common experience (derived from the collision of 
billiard balls, the rebound of tennis balls, and the like), we 
know that after an impact the two impinging bodies 
usually rebound and separate. In cases of direct impact 
it is obvious (from considerations of symmetry) that the 
motion after impact is in the same straight line as before. 
The object of the present chapter is to investigate the 
velocities with which two bodies rebound after an impact 
between them. 

The problem which we first require to solve may be 
stated thus :— 


Given the masses of the two spheres (say M and m), and 
their velocities before direct impact (say U and w), find their 
velocities after impact (say V and v). 


DYN. x 
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250. The equation of momentum.—We have already 
seen in Chapter VII. that, in the case of direct impact, 
the algebraic sum of momenta after the impact 

= the algebraic sum of momenta before ; 


the words “algebraic sum” being used to denote that the 
momentum of each body is to be reckoned positive or 
negative according as the body is moving in the positive 
or negative direction. From this principle we have also 


in the same chapter derived the equation 
MV +m = MU 4+ mw wi. Acticin (1). 


This one equation is, however, insufficient to determine 
the two unknown quantities Vandv. Moreover we know, 
as a matter of ordinary experience, that what happens 
after the collision does not depend only on the masses of 
the spheres and their velocities before impact, but also 
on their mutual elasticity. 


251. Newton’s Law of Impact.—The manner in 
which the elasticity affects the motion after impact can 
only be determined by experiment; and the result of 
Newton’s investigations was to establish the following 
law :— 


The ratio of the relative velocity after impact to 
the relative velocity before impact depends only on 
the materials of which the bodies are composed ; and 
is Eat a of the actual velocities or the masses of the 
bodies. 
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For instance, if two spheres be made of glass, then the ratio of the 
relative velocity after impact to the relative velocity before impact 
is always approximately 1%. 


This ratio is usually called the coefficient of restitu- 
tion for the given materials; sometimes it is called the 
coefficient of elasticity* ; in formule it is usually 
represented by the letter e. 

Hence the law is often quoted in the form— 


velocity of separation = ex velocity of approach. 


If e were equal to 1, the two bodies would separate at 
the same rate as they approached; they would then be 
called perfectly elastic. 

If e were equal to 0, the two bodies would not separate 
at all; in which case they would be called perfectly 
inelastic. 

In practice e is always found to be between 0 and 1, no 
known solids being either perfectly elastic or inelastic. 

We will now express the law in mathematical language. 

The relative velocity of M to m before impact is 
obviously U—u; and after impact it is V—v. Also these 
two relative velocities are in opposite directions and 
therefore of opposite sign; for the spheres are approaching 
each other before the impact, and receding apart after. 

Thus V—v and e(U—u) are numerically equal, but of 
opposite sign. 

a ay a ON — IL) neces cca nentsve (2). 


This equation may be called the equation of restitution. 
252. To determine the velocities of two given 


spheres after direct impact, we therefore write down 
the equation of momentum (with the notation of § 249) 


MY nS MU Ft voc cvssorsccvecen(h)y 
and the equation of restitution 
V—v = 6 (U— 4) wor recceccsesreeee (B)s 


If the value of e is known, equations (1) and (2), when 


* Both names should be remembered, but the term “‘ coefficient of restitution ” 
is the better, as the term “ coefficient of elasticity ” has several other meanings 
besides the present one. The term “ coefficient of resilience” is also used. 
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solved as simultaneous equations, are sufficient to deter- 
mine the two unknown quantities V and v. 


It is important that the student should understand that the above 
formule include doth cases of impact, viz., when the spheres before 
impact are moving in opposite directions, and when they are moving 
in the same direction. The argument is most easily followed if we 
assume all the velocities to be in the same direction, and take this as 
the positive direction. But it is equally true in all cases if we assign 
the correct signs to all the velocities when substituting in the formule, 
velocities in the direction opposite to the positive one being considered 
negative. 


Lxanple.—A sphere of weight 20 lbs., moving with velocity 10 ft. 
per sec., impinges directly on a second sphere of weight 4 lbs. moving 
in the opposite direction with velocity 30 ft. per sec. If the coefficient 
of elasticity is °5, find the velocities after the impact. 

Let the velocities after the impact be V and », Then we must 
substitute the following values in equations (1) and (2) :— 

M= 20, Mm=0d, ¢=4, 
Ui= 10 tie —3 0s 


Fig. 77. Before impact. 


Direction 
ECULOy 
of rebound. 


Fig. 78. After impact. 


\ 
We thus obtain the equations 
20 V+ 5v = 50, 
V—v= —20. 


Solving these, we find V = —2, v =18. 

Comparing the signs of U and w with the signs of V and v, we 
notice that the direction of motion of each sphere has in this case 
been reversed. : 
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253. Direct impact against a fixed plane.—lIn this 
case the velocity of rebound will be e times the velocity of 
impact; where e is the coefficient of elasticity for the 
materials of which the sphere and plane are respectively 
composed. 


254. Loss of kinetic energy in impact.—To express 
the loss of kinetic energy in a direct impact between two 
spheres in terms of the masses and velocities before impact. 


The total kinetic energy of the two spheres after 
impact is 
4 MV*+43 mv’, 
and their kinetic energy before impact is 
5 MU? +3 mu’. 


Hence, if L denote the kinetic energy lost in impact, 


= 4 (MU? +mu’) —3 (MV? 4 mv")... (a), 
where V and »v are given by the equations 
MV + mv = MU + mw o.....c0ecees vena Cli) 


V0 6 (UH 0) ied sa ivens antes 


Hence all that now remains is to find the values of 
V and v by solving (1) and (2), and substitute them in 
(a), and simplify the resulting expression. 

From here on the work is mere algebra. 

The dest plan would be for the student to work out the result as an 
exercise, proving that 


iT eee 1—-@ Mm_ 


2 ‘M+m 


If this should be found too difficult, the following will be found the 
shortest way of getting the result :— 

Squaring (1) and (2), we have 

M?2V242MmVo0 + mv? = M202 +2Mmn Vu + m?, 
V2-2Vo +e =e (U2 —-20u +2). 

Now Z does not contain the produced Vv. To get rid of this we 
multiply the second of these equations by Mm, and add to the first, 
giving 
(M2? + Mm) V? + (m? + Min)v? 

= W202 + 2MinUu + mu? + eM (U2? - 200 +). 


(U—w)?. 
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The left-hand side is equal to 
(M+m)(MVA+mv) 
= 2(M-+m) x kinetic energy after impact. 
Hence, subtracting from both sides the expression 
(M+ m) (MU? + mu), 
we have 
(M+ m){ (MV 2 +mv*) — (MU? + mu*)} : 
= M2U24+2MmUu + me — (M? + mil) U2 — (m2 + Mn) 
+¢Mm(U2—2Uu + w), 
or (M+m)x(—2L) = — Min (U?—2U0u + u?) + Mm (02-20 + u*) ; 
2(M+m)L = (1—e) Mn (U2—20u +2), 
1—e Mn 


a a —4)2 
or L= ; ae WU) cn wacpae cetctonteens (3). 


255. This expression for the loss of kinetic energy, in 
terms of the masses and of the original velocities, gives 
us some very important results. 

Firstly, e is never greater than 1, and therefore this 
expression can never “be negative ; ‘that is to say, the 
kinetic energy 1s never increased. by the impact. 

If e=1, the kinetic energy is unaltered ; of e<1, tt ts 
diminished. 

In the latter case the lost kinetic energy mostly reappears in the 
form of heat energy, while part of it is expended in producing 
sound vibrations (as exemplified by the click of billiard balls). From 
the principle of Conservation of Energy we infer that this total energy 
which reappears in these forms is equal to the lost kinetic energy. 


256. To find the total impulse between the two spheres at 
the instant of collision. Let Z denote the impulse of the blow 
given by I to m; then, since the impulse is measured by the change 
of momentum produced i in m, 

I= m(v—u). 

Now, eliminating 7 front (1), (2) by multiplying (2) by J, and 

subtracting from (1), we have ; 

(m+M)v = M0 +mu+eM (U—-u). 
Subtracting (m+ IL) w from both sides 
n+ M)(v—u) = M(U—u)+eM(U—u); 
M(1+e)(U—w), 
M+m 
Mm (1 +e) (U—u) 
Mt TT eeeenesenetene (4), 


and the impulse of the blow which m gives to M is, of course, equal 
and opposite to this. 


V—-u= 


e L=m(v—u)= 
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*257. Before we proceed to deduce further conclusions from the 
algebraical results of §§ 252, 256, we must analyse more closely the 
history of an impact. 

The whole action between the balls takes place in an extremely 
short space of time, but this time can be divided into two distinct 
periods: firstly, the period of compression, during which each ball is 
approaching towards and compressing the other ; secondly, the period 
of restitution, during which each ball is trying, more or less, to regain 
its original shape, and in so doing is pushing the other away from it.* 
During the first period, the two centres are approaching one anotler ; 
during the second, they are separating ; and at the instant of greatest 
compression their relative velocity is zero ; that is to say, they are travel- 
ling with acommon velocity. But, if the balls were perfectly inelastic, 
there would be no period of restitution; the balls would make no 
attempt to regain their original shape, but would go on travelling 
together in their compressed state, with common velocity. 

It follows from this that to find the common velocity at the instant 
of greatest compression we need only find what the ultimate velocity 
would be, if the balls were inelastic; and to find the measure of the 
impulse during the period of compression we need only find the total 
impulse, supposing the balls inelastic. 


Now let Z, and J, be the measures of the impulses during the 
periods of compression and restitution respectively ; then, obviously, 


L=1,+J). 

Again, by the preceding argument, J, is found by putting 
e = 0 in formula (4), 

Mn (U—1) , 


te M+m 
also In = L—L, 
Mm(\+e)(U—u) _ Mn(UV—uw) 
M+m M+m 
_ ¢Min(U—4) 
M+m ~ 
Hence we see that nO ea annsetseeecnosnten seose cess: - (4c). 


Again, by putting ¢ = 0 in formula (3), we see that loss of kinetic 
energy during the period of compression is 
, Un ( U—u)? , 
> M+m 


* This is well exemplified by the case of a collision between two railway 
carriages fitted with spring buffers. Here the compression and subsequent expan- 
sion of the buffers can be very easily observed. 
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thus total loss of kinetic energy 
= (1—€) x loss during period of compression, 
= loss during compression —¢ x loss during compression, 
during the period of restitution there must be a gain of kinetic 
energy equal to ¢? x loss during period of compression. 


258. Oblique impact.— Dzrinition.—W hen the impact 
between two bodies is not direct it is said to be oblique. 

Thus a sphere is said to impinge obliquely on a plane 
when its direction of motion before impact is not at right 
angles to the plane. 


259. Oblique impact of a sphere on a perfectly 
smooth plane.—Let the velocities of the sphere before 
and after impact be w and v, and let their directions make 
angles a and 8 with the plane respectively. (Fig. 79.) 


Given wand a, required to find v and 8. Since no 
friction is supposed to act, the blow which the plane 
inflicts on the sphere is perpendicular to the plane, and 
therefore does not affect the resolved velocitw of the sphere 
parallel to the plane. 

The resolved velocity perpendicular to the plane is 
altered according to the same law as in the case of direct 
impact. Thus we have:— 


(a) resolved velocity parallel to the plane after impact 
= resolved velocity parallel to the plane before impact ; 


(b) resolved velocity of separation perpendicular to the 
plane after impact = ex resolved velocity of approach per- 
pendicular to the plane before impact, these velocities being 
of course in reverse directions. 


IMPACT OF SMOOTH SPHERES. 313 


From these statements we derive the two equations— 
MEGOS (i= Ig COS Oe onc mein eye GOs 
ust. CU ISU -ows..-.62 ts een ad (Oe 

Hence v* = v’ cos’ B+" sin’? 8B = uw? cos’ a+ eu? sin’ a, 

vsinf _ ewsina 

veosB  wucosa 


and tan B = 


=etana; 


whence v and B are determined. 


260. Oblique impact of smooth spheres. 


If at the moment of impact two spheres are not both 
moving along the line joining their centres, the impact is 
said to be oblique. 

Given the direction of the line of centres at impact and 
the magnitudes and directions of the velocities of the spheres 
before impact, to determine the velocities after impact. 

Let ACB be the line through the two centres at the 
moment of impact (Fig. 80). Let U and w be the respec- 
tive velocities of the spheres before impact, and let their 


Fig. 80. 


directions of motion make angles « and 8 with AB respec- 
tively. 

Let Vand v be the respective velocities after impact, 
and let their directions make angles y and 6 with AB 
respectively. 
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We are given M, m, U, wu, a, 8, and e; we are required 
to find V, v, y, and 5. 

Suppose all these velocities resolved along and perpen- 
dicular to AB; viz., U into Ucosa and UT sin a; &.. 

Now the spheres are smooth, and therefore the blow 
which m gives to M will be perpendicular to the common 
ptifacerat C, i.e., will be along the line CA. This blow 
will therefore not alter the resolved velocity of M perpen- 
dicular to AB, but only the resolved velocity along AB. 

Thus ts) resolved velocity of eae to AB after 
the impact = resolved velocity of M perpendicular to AB 
before the impact. 

In the same way we can show that— 

(b) Resolved velocity of m perpendicular to AB after the 
impact = resolved velocity of m perpendicular to AB before 
the impact. 

Again, exactly the same arguments and laws apply to 
the resolved parts of the velocities of the spheres along AB 
as in the case of direct impact (§§ 250, 251). We shall 
therefore obtain the two following results :— 

(c) The algebraic sum of momenta along AB after the 
impact = algebraic sum of momenta along AB before the 
impact. 

(d) The difference of the velocities along AB after the 
impact = —ex difference of the velocities ae AB before 
the impact. 


From these four statements we obtain the following 
four equations :— 


from:(¢), ..V sin'y = U0 sin a... ata eC Zan 
from (b), wsind=wsin8 . aie 1 AS) 
from (c), \ MV cos y+mv cos ‘= = iar cor ee cos B 
es oes (9); 
from (d), V cos y—v cos 8 = —e (U cos a—weos f) 
ie tiowe (10). 


These four equations are sufficient to determine the 
four unknown quantities, V,v, y, and 6. 


IMPACT OF SMOOTH SPHERES. 3815 


261. The method of solution requires careful attention. 


Eliminate » cos § between equations (9) and (10), 7.¢., multiply (10) 
by 2, and add (9); from the resulting equation we obtain 


MU cos 4+ mu cos B—me(U cos a —w cos B) 
M+in 


Using this last result with equation (7), we find 


V cos y = 


V2=V? sin? y+ V? cos? y 
ae —me a 2 
Bite a: aes a+mu cos B —me (U cos a—u cos ay ‘ 


M+m 
whence V is known. 


V cos ees MU cos a + mu cos B —me(U cos a—w cos B) 
V sin y (+m) Usina 


whence y is known. 


Also, coty = 


In the same way, if we eliminate V cosy between (9) and (10), we 
can determine » cos 6; and, taking this result in conjunction with 
equation (8), we can find 0 and 8. 


The student should remember the statements (q), (0), (c), and (d), 
and should be able to write down at once the equations (7), (8), (9), 
(10), which are derived from them. 


Example.—Two smooth spheres of mass 1 Ib., each moving with 
velocity 20 ft. per sec. in directions at right angles to one another, 
impinge in such a way that the line joining their centres is the direc- 
tion of motion of one of them. If ¢=%, determine the subsequent 
motion, 


“a 


| 
| 
I 
| 
Vv 
20 
Fig. 81. 


Using the accompanying figure (81), we have 


velocity of A perpendicular to PQ after impact 
= velocity of A perpendicular to PQ before impact = 0; 
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velocity of B perpendicular to PQ after impact 
= velocity of B perpendicular to PQ before impact = 20. 
(Of. § 260 (a) and (4).] 
Again, if «and v be the respective velocities in the direction PQ 
after impact, we have 
utv = 20, [Ef. §260 (¢)] 
u—v = —}4(20—0) = —10; [Cf. § 260 (d)] 
whence u = 5, v= 10. 


Thus the final velocity of A is 5 ft. per sec. along PQ; and the final 
velocity of B is the resultant of 16 ft. per sec. along PQ and 20 ft. per 
sec. perpendicular to PQ. The magnitude of this resultant 


= 15? + 20?) = 5 »/(3?+ 4?) = 26 ft. per sec. 
P 


262. Pressure of a falling chain on an inelastic plane. 


Example.—A perfectly flexible chain is hanging from a point with 
its lower end just in contact with a horizontal plane. Ifit is allowed 
to fall, find the force of pressure on the plane at any time during the 
motion. 


Let the mass of unit length of the chain be m. 

The pressure on the plane after any time ¢ is due to two causes :— 
(a) the weight of that portion of the chain which is already lying 
coiled up on the plane; (0) the continuous impact of fresh p-rtions of 
the chain on the plane. : 


(a) After time ¢ the chain has fallen a distance 3gt2; hence a length 
gt? of the chain is lying coiled up on the plane. The mass contained 
in this length is m x 3g¢?, and the weight of it is therefore 


mx 3g? x g poundals = }mg???. 


(6) Let P be the reaction of the plane due to the continuous impact, 
and let 7’ be a very small interval of time during which the velocity 
of the chain may be considered as constant. 

Then, since the chain has been falling for time ¢, its velocity is gt. 
Thus, during the interval 7, a length gt7' (and therefore a mass mgtZ’) 
falls on to the plane; thus, in time 7’, the force P reduces the velocity 
of a mass mgt7’ from gt to 0. 

Hence (§ 84, formula 1), we have 


> PT = mgtT (0—gt) ; 


whence P= —mg*é? (the negative sign merely denoting that the re- 
Fees of the plane is in the opposite direction to the motion of the 
chain). 


Combining (@) and (4), we obtain the total force of pressure on the 
plane, viz., Angel + mgt? = &mg?t? 
= three times the weight of the portion lying coiled up on the plane, 
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Summary oF Resuuts. 


In direct impact the velocities are found from the 
equations— 
MY Pt a MU AI: Soirce cnn ee cacs sus hb), 


Vere e(Uau) Eee). 


Loss of kinetic energy in an impact 


= alin ae SUI Aaa) 
Measure of impulse = ee Sioa be Re TaD 5 
ET = a0 Dem Men eteatciec crete cree ree (4a). 

For oblique impact against a fixed plane 
Vetoes =U COMG co.cc sere, ames 
WABI Si CU SIT O) es Raa eae (6) 


Results of oblique impact between two spheres determined 
from equations— 


Vista ye sag Uie aa 6m Boeci.c to sdvamienleions 

DBI Ovser SUIS acetate ame ONS 

MV cos y+mvcosd = MU cosa+mucosB ... (9); 
V cos y —v cos 8 = —e (Ucosa—uecos PB) (10). 


EXAMPLES XVIII. 


(Selected Problems :—1, 2, 4, 6, 7, 9, 10, 12, 14, 17, 18, 19, 20, 25, 
26, 28, 29.) 


1. A sphere of mass 10 ibs., travelling with velocity 20 ft. per sec., 
overtakes a sphere of mass 20 lbs., travelling in the same direction 
with velocity 10 ft. per sec. If the coefficient of elasticity be °5, find 
the velocities after impact. 


2. If in the last question the spheres were moving in opposite direc- 
tions, determine the subsequent motion. 
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3. Two spheres of masses 6 and 8 lbs. are moving directly towards 
one another, each with velocity 20 ft. per sec. After impact the 
velocity of the first sphere is reversed ; find the coefficient of restitu- 
tion and the subsequent motion of the second sphere. 


4, A sphere impinges directly on another sphere at rest; the coefli- 
cient of restitution is e; the first sphere is reduced to rest by the 
impact; prove that the masses of the spheres are in the ratio ¢: 1. 


5. A sphere impinges directly on another sphere at rest; the 
coefficient of restitution is ¢; the final velocity of the second sphere is 
equal to the initial velocity of the first; prove that the masses of the 
spheres are in the ratio 1 : e. 


6. After a direct impact two spheres are observed to be moving in 
the same direction with velocities 20 and 10 respectively ; their masses 
are 1 and 3 lbs. respectively ; the coefficient of restitution is known to 
be 1/3; find the velocities before impact. 


7. The centres of two equal and perfectly elastic smooth spheres 
are moving with equal and opposite velocities along parallel lines. If 
the distance between the parallel lines is “2x the radius of either 
sphere, show that after impact the velocity of each spherg will be at 
right angles to its former direction. 


8. A smooth sphere of mass 6 lbs., travelling with velocity 20 ft. per 
sec., impinges on another of mass 10 lbs., travelling in a direction at 
right angles to its own with velocity 10 ft. per sec. Atthe moment of 
impact the centre of the first is on the line of motion of the centre of 
the second. Determine the subsequent motion, if e = °d. 


9. A body, dropped from a height 2 on to a horizontal plane, 
bounces up and down, and finally comes to rest. If the coefficient of 
restitution ba ¢, prove that— 

(a) The velocities at the beginnings of two consecutive rebounds 
are in the ratio 1 : ¢. 

(b) The times occupied by two consecutive rebounds are in the ratio 
Lore: 

(c) The distances travelled in two consecutive rebounds are in the 
ratio 1 : 6. 
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10. Using the results of Question 9, find the time before a ball is 
teduced to rest which falls from a height of 16 ft. and bounces on a 


horizontal plane, if the coefficient of elasticity is -5. Find also the 
total space traversed. 


11. Considering the earth as a sphere of infinite mass at rest, 
investigate the subsequent motion if an elastic ball of finite mass 
impinges directly on the earth, deducing the result of § 253. 


12. A sphere of mass 1 lb., moving with velovity 27 ft. per sec., 
impinges directly on a sphere of mass 3 lbs. at rest. The second 
sphere then impinges directly on a plane, and afterwards impinges 
again on the first. Determine the final velocity of the first sphere, if 
the coefficient of restitution for each impact is 1/3. 


13. A ball in a square courtyard with smooth walls and floor is 
projected along the ground in a direction parallel to one of the 
diagonals; prove that it will constantly be returning to the. point 
from which it started, provided that ¢ = 1. 


14. A smooth sphere, moving with velocity w, impinges on an equal 
smooth sphere at rest; the impact is oblique and perfectly elastic. 
Prove that after impact the two spheres are moving at right angles. 


15. A ball is dropped from the top of a tower 100 ft. high, and at 
the same instant another is thrown vertically up from the foot of the 
tower. The two balls impinge directly, and the first ball just reaches 
the top of the tower in the rebound. If the balls are perfectly elastic, 
find the velocity with which the second was thrown up. 


16. Three imperfectly elastic particles, of masses 1, 1, m3, respec- 
tively, and of the same material, are lying at rest in one straight line. 
If the first be projected toward the second with velocity w, and if the 
second impinging on the third imparts to it a velocity v, prove that 

(2, + 7g) (My +3) V = MyMa (1 +e)? 


17. In the case of direct impact between two elastic spheres, under 
what circumstances will they interchange their velocities? 


18. A body of mass m travelling with velocity « impinges directly 
upon a body of mass M travelling with velocity U in the same direc- 
tion. If the first body is brought to rest by the impact, find how 
much energy is degraded. 
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19. Two perfectly elastic spheres of masses P and Q impingé 
directly. Prove that the transfer of energy isp Top wU; where 


m is the total momentum, and U the relative velocity. Find also the 
transfer of momentum. 


20. Two perfectly elastic balls, equal in all respects, are in contact, 
and are impinged upon simultaneously by a third ball, in all respects 
equal to each of the former, moving with velocity « perpendicular to 
the line of centres of the two former. Find the velocity of the balls 
after the impact. 


21. A geries of 21 inelastic particles of equal mass are arranged at 
equal intervals in a straight line. The first particle is projected in 
the direction of the second, and strikes it in one minute. Find the 
total time before the last impact. 


22. What would be the result in the last question if the masses 
were proportional to 1, 1, 2, 4, 8, &c.? 


23. Two elastic spheres, equal in all respects, are moving towards 
each other with equal velocities, their centres being on two parallel 
lines whose distance apart is d, (less than d, the diameter of either 
sphere). Prove that after impact they will move away from each 
other with equal velocities, so that their centres are on two parallel 
lines whose distance apart d, is given by the equation 


d,? {d? + (1—e) dp} = Pd. 


24, A sphere moving with a velocity v impinges directly on another 
of twice its mass. Find the velocities after impact (i.) if the two 
spheres are inelastic, (ii.) if they are perfectly elastic. 


25. An imperfectly elastic ball impinges upon a plane at an angle 
of 30°, and is deflected from it at an angle of 60° from the perpendic- 
ular. Fini the coefficient of elasticity. 


26. Two spheres, of masses m and ”, moving in the same right line 
with velocities w and v, being supposed to interchange velocities by 
direct collision with each other ; required their ratio of masses, and 
coefficient of elasticity. 


27. An elastic ball, moving vertically under the action of gravity, 
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being supposed to fall through a height # upon a horizontal plane; 
required its coefficient of elasticity in order that, after rebounding 
from the plane, it may ascend again to a height & above it. 


28. wo equal spheres are travelling in opposite directions with equal 
velocities along parallel lines; if these lines are at such a distance that 
the line joining the centres at the moment of contact is inclined at an 
angle a to the direction of motion, and if the coefficient of resilience 
is ¢, find the condition that after impact both balls should be travelling 
at right angles to their original direction. 


29. A ball is dropped vertically on to a fixed smooth plane inclined 
to the horizontal at an angie a. If the coefficient of resilience is e and 
if the ball strikes the plane with velocity w, determine the range of 
the first bounce. 


30. A particle of mass m is dropped on to a smooth hemisphere of 
mass M resting with its plane surface in contact with a smooth 
horizontal table. It the coefficient of resilience between the ball and 
the hemisphere is ¢, and between the hemisphere and the table is zero, 
and if the particle strikes the hemisphere with velocity w at the 
extremity of a radius whose inclination to the horizontal is a, 
determine the velocity imparted to the hemisphere. 


DYN. ava 


(oe) 
wo 
bo 
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EXAMINATION PAPER IX. 


1. Prove fully that a particle projected horizontally describes a 
parabola whose vertex is the point of projection and whose axis is 
vertical. 


2. A particle is projected from the foot of an inclined plane; its 
first impact with the plane is direct: prove that 3 cos a = cos (a—28), 
where a and £ are the inclinations to the horizon of tue initial direc- 
tion of motion, and of the plane, respectively. 


3. A particle describes a circle of radius r with uniform speed: 
show that its acceleration is directed towards the centre of the circle 
and is equal to v?/r. 


4, If a point P describes uniformly a circle, whose centre is 0, 
show that M, the foot of the perpendicular from P on any diameter, 
moves with an acceleration which varies as OM, and find (i.) the 
period of the motion of M, and (ii.) its velocity when at a given dis- 
{ance from 0. 


5. Find the period of a small oscillation of a simple pendulum. 


6. On a certain planet the length of the seconds pendulum is 
exactly 2 metres. How far will a body fall in 1 second on that planet ? 


7. An imperfectly elastic particle, moving with given velocity, 
impinges obliquely on a smooth fixed plane: find the magnitude and 
direction of the velocity after impact. 


8. A particle impinges directly on a second particle of three times 
its own mass, initially at rest; the second particle then impinges 
directly on a fixed plane; the coefticient of restitution for both impacts 
is ¢: prove that there will always be a third impact unless e = 1. 


9. A particle of mass Jf impinges directly on a particle of mass m 
initially at rest: determine the condition that exactly half the kinetic 
energy should be lost in the impact. 


10. At any point within a solid sphere the attraction towards the 
centre varies directly as the distance from the centre. Supposing a 
small hole were bored straight through the earth, and a stone dropped 
down it, determine roughly with what velocity the stone would reach 
the centre (y = 32; diameter of earth = 8,000 miles), and after what 
time it would come up at the other side of the earth, 
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MOMENTS OF INERTIA. 


263. Rigid Dynamics.—In the preceding chapters we 
have considered only the motion of particles and bodies 
which move as a whole without rotation. That portion 
of dynamics which deals with the motion of rigid bodies 
when rotation takes place is called Rigid Dynamics. 

By a rigid body is meant a body which always remains 
of the same size and shape however it is moved about. 
This implies that the line joining any two particles of a 
rigid body always remains of the same length, and, if three 
particles are joined together, it follows that the angles as 
well as the sides of the triangle so formed are constant in 
magnitude, 


264. Angular velocity of a rigid body. 

If a rigid lamina is revolving in its own plane about a 
fixed point in itself, it is clear that, since the lamina is 
rigid, all points on it describe equal angles about the fixed 
point, and hence we can measure its rate of revolving by 
measuring the angle described per unit time by any 
straight line in the lamina which passes through the fixed 

oint. 
: In the same way, if a rigid body be revolving about a 
fixed axis, we measure its rate of revolving by measuring 
the angle described per unit time by any straight line in 
the solid which passes through and is perpendicular* to 


* A line not perpendicular to the axis would describe a cone instead of revolving 
through a plane angle in any given time, as does a line which is perpendicular, 
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the fixed axis. This angle measures the angular velocity 
of the lamina or solid body. 

In investigating the rotation of rigid bodies under 
forces, certain quantities called moments of inertia are 
constantly occurring. We now proceed to defire these 
and to show how they enter into the expressions for the 
kinetic energy of rigid bodies. 


265. Moments of inertia.— Derinition.—lIf a series of 
particles of masses m,, m., ms, &c., are arranged at perpen- 
dicular distances 1,, 7, 7, doc. from a given line, then the 
moment of inertia of the system about this line is the 
quantity 

2 a2 ‘ Beh & 
MYPPHMyry $M 51's + GC. ceeecseeceeeee (1). 


Fig. 82. 


This expression may be conveniently represented by 
the notation 3 (m2). The symbol } (the Greek capital 
S, called sigma) is used in Mathematics to denote swm- 
mation. %(mr’) denotes the sum of all the terms formed 
on the model of the term mr’. 

In this connection the term axis is usually applied to 
the given\line about which the moment of inertia is 
taken. 

If, instead of a system of particles, we are dealing with 
a continuous rigid body, we may divide the body up into 
a very large number of parts, and make these parts so 
smail that each may be regarded as a single particle. 
The value of 3 (mr’) for these particles will be defined 
to be the moment of inertia of a body. 
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266. Kinetic energy of a rotating body. 

Suppose a body rotating about a 
fixed axis with angular velocity w; 
and let I be its moment of inertia 
about this axis. Let m, m,, ...; 
1, %, ... have the same meanings 
as in § 265. 

Then, by § 234, velocity of mm, is 
wr,; hence the kinetic energy of m 
is $mw'r. Thus, since w is the 
same for each of the masses, the 
kinetic energy of the body 


= 3 (Amw'r?) = 2myw re +imw re timers +... 
= dw? (mare t mre time t ...) = yw'd (m7) 

—s al 2 

east ool WEE Goode sob onGeOtoGar DH AOR een moan O mR IOG. (2). 


Examples.—(1) Masses 1, 2, 3, 4 grammes are placed at the corners 
of a square ABCD whose sides are 10 cm. long. To find their moments 
of inertia about straight lines through their centre of gravity parallel 
to AB and perpendicular to the plane of the square respectively. 

Let x be the distance of the c.g. from DA, y 
its distance from AB. By a well-known formula 
in Statics, we have 


= 120+2.10+43.1044.0 


ee ee bom 
LAD RB aed con? 
LOD 0 EB, WOE. 10 
Wes : =7 cm. 
7 i634 4 ia 


(i.) If an axis be taken through @ parallel to 
AB, the points A, B are distant 7 cm. from it on 
one side and B, C are distant 3 cm. on the other 
side; if the former distance be called +7, the 
latter will be —3, and the moment of inertia will be 

1.742.743. (—3)2+4(—3)? = 49498 + 27 +36 

= 210 gramme-centimetre units. 

Since moments of inertia ‘are the result of multiplying masses by 
the squares of lengths, we write the above result thus :—210 gm.-cm.?. 

[Note also that it is not necessary to take account of the signs of the 
various distances, since the negative ones on being squared give a 
positive result. | 

(ii.) When the axis is perpendicular to the plane of the paper ABCD, 
the lengths AG, BG, CG, DG are the perpendicular distances from it, 
and therefore, the moment of inertia 

=1,AG@?+2.8G+3.CG?+4. DG. 
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By Geometry, 
AG? = B= 57+7, CG = DG = 5? + 3?; 


whence we find required moment of inertia = 460 gm.-cm.?. 


(2) When a foot and a pound are units the measure of a certain 
moment of inertia is 14. To find its measure when an inch and a 
hundredweight are units. 

The moment of inertia is evidently equal to that of a single mass of 
141bs. placed at a distance 1 ft. from the axis, 7.e., j4, cwt. at a dis- 
tance 12 in. from the axis. Hence, in the new units, 

the moment of inertia = (mass) x (distance)? 
= j4 x 122? = 1x 144 = 18 units. 


- 212 
Otherwise thus: 
14 lbs.-ft.2 = 14 (1, ewt.) (12 ins.)? = 14 x =1, ewt. x 12? ins.? 
= 14x 4, x 12? ewt.-ins.? = 18 cwt.-ins.?. 


267. Relation between the moments of inertia of a 
lamina.—Given the moments of mertia of a lamina about 
two axes in its own plane at right angles to one another ; 
required to determine the moment of inertia about the line 
through their point of intersection perpendicular to the plane 
of the lamina. 


Let OX, OY be the two axes at right angles (Fig. 85). 
Let mm, m,, &c., be the masses of the various particles of 
which the lamina is composed; let y,, y,, &c. be their 
respective perpendicular distances from OX; a,, %, &., 
their respective perpendicular distances from OY; and 
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1%, %% &¢., their respective distances from 0. Then 
r =a +y,, &e. Also 7, 7, &e., are the respective 
perpendicular distances of the particles from the line 
through 0 perpendicular to the lamina. Let J, J, 
and I, be the moments of inertia about OX, OY and the 
new axis respectively. Then 
T= myrf~t+mry + ce. 
= my (@) +") + my (&y’ + ys") + Ke. 
= ny, +m,y,’ + &e. 
+m, a7 + myx," + &e. 
But 
= my~tmyyt+... and = mwax,+m eet... 
DIGI, ak eet naee (3). 


268. The principle of parallel axes.—(iven the 
moment of inertia of a lamina about any axis in its plane 
through its centre of gravity, required to find tts moment of 
inertia about a parallel axis also in the plane of the lamina 
at a distance h from the original axis. 


Let AB be the axis through G, the centre of gravity of 
the lamina; and @D the parallel axis (Fig. 86). Let the 


Fig. 86. 


moments of inertia about AB and CD be I and I’ respect- 
ively. 

Let M be the total mass of the lamina; m,, m,, &c. the 
masses of the particles of which it is composed ; %, 2, &c., 
their distances from AB, the signs of x, %, &c. being 
reckoned positive or negative according as the particles 
are on the positive or negative side of AB. 
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Then Pes Ona): 
Again, the distance of m from CD will be a—h*; and 
similarly for m,, &c. 
Thus 
I =m, (a,—h)? +m, (a,—h)’ + &e., 
or, on squaring outand rearranging, 
= ma +m x, + &e. 
—2h (may + mya,+ &e.) 
+h? (m,+m,+ &e.) 
= & (ma’) —2h3 (ma) + Mh’, 
where 
M = 3% (m) = total mass of the Fig. 87. 
lamina. 
Now the distance of G from AB = 0; which gives, by 
a well-known proposition in Statics, 


> (max 
ae care 
hence > Cnn) == 0: 
Thus I’ = (ma?) +Mi 
we i) fee eee . (4). 


Now Mi? would be the moment of inertia about CD of a 
single particle of mass M at G. 


Hence the moment of inertia of a lamina about any axis in 
its plane 1s equal to the moment of inertia about the parallel 
axis through the centre of gravity, together with the moment 
of inertia about the given axis of the whole mass collected at 
the centre of gravity. 


This property is known as the principle of parallel 
axes. 


The same principle is also true for a solid body about any axis, or a 
lamina about an axis not in its own plane; but the proof is more com- 
plicated. 


*This is true, taking account of the sign of 2, no matter on which side of AB 
my, may lie. 
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Example.—To deduce the Principle of Parallel Axes for a lamina 
when the axes are perpendicular to its plane. 


Let the axes AB, CD cut the lamina in its centre of gravity @ and 


in 0. In the plane of the lamina, draw Y’GY, H’OH perpendicular to 
GO, and produce GO to X._ Let A, B be the moments of inertia of the 


lamina about GX, GY, Zand J’ its moments of inertia about AB and 
CO respectively. 

Then, by what, has just been shown, if GO = h, the moment of 
inertia about HOH’= B+ M7i?, and then, by § 267, we have 


he al Selby 6 IE ANE ISS I URES OR a) Mare) BEE) 7H 


269. The following well-known theorems in Algebra 
will be used in the ensuing paragraphs :— 


(2) 14248+..40 = 22+), 
(b) PaO te BP te te = Met DOnt1), 
ae - ; 
34 98 4 93 so noth 
(c) 13+2 +34... 40b= {Grd 


The sums in these formule may be written 
>(7), & (v7), & (n’*). 


In what follows we shall in general suppose the bodies 
to be of uniform density, so that the masses of equal 
volumes (however small) in different parts of the same 
body are equal. In dealing with lamine, or thin flat 
sheets of matter, we shall suppose them of uniform thick- 
ness and density, so that the masses of equal areas are 
equal. 
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270. To determine the moment of inertia of a 
rectangular lamina about one side. 


Required the moment of inertia of the rectangle ABCD, 
about the side AD (Fig. 89). 


Fig. 89. 


Let AB = a, BC = b, total mass = M, and let the lamina 
be divided into n equal strips by lines parallel to AD, 
where n is some very large number. 

Then the breadth of each strip = a/n, and the mass of 
each strip = M/n. 

Let PQSR be the qth strip from AD; then AQ = qa/n. 
Also, since this strip is very narrow, ali the particles 
which compose it are approximately at a distance galn 
from AD. 

Hence the moment of inertia of this strip about AD 

M ( qa ) Ma. 
— - xX = 

n n nm 2 

The moment of inertia of all the strips about AD will 
be obtained by giving to q in this expression the succes- 
sive values 1, 2, 3, ..., n. 

Thus the moment of inertia of the lamina about AD 

= sumsof moments of inertia of the strips about AD 


denice PEA oy pu 37 ee en 2 


Mal (124984984, eae Me au eaters 1) 


— _ Me (2+=+ =). 
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Now, if we make n infinite, this result will be no longer 
merely approximate, but exact; thus we obtain the value 


Ma 


Cor.—If I, be the moment of inertia of the rectangle 
about a line through the o.¢. parallel to AD, then, by the 
principle of parallel axes, since the distance of the c.c. 
from AD is 3a, 


of the moment of inertia as 


_ Mv’ _ Md’ _ Md 
3 4 ~ 12 


Ma (2)", 


I) . (6). 


271. Kadius of gyration.—Suppose a mass Jf equal to that of the 
lamina in the last paragraph collected at a point at distance / from 
AD. ‘Then the moment of inertia of this mass about AD is Mk?, 
This will be equal to the actual moment of inertia of the Jamina, if 
k=a//3. a//3 is then called the radius of gyration of the lamina 
about AD. Hence we have the following :— 

Derinition.—The radius of gyration of a body about a given 
axis is the distance from that axis at which a particle of equal mass to 
the body must be placed in order that it should have the same 
moment of inertia about that axis. 


272. To find the moment of inertia of a straight 
line about an avis through one extremity, perpendicular to 
the line. 

This may be deduced at once from § 270, for, if b = 0, 
the rectangle becomes a line; and the required moment 


of inertia is Hl] ATG) DAGREOMe es Breer ree oar ai (QE 


278. The moment of inertia of a parallelogram ABCD 
about the side AB can be found by 
dividing its area into an infinitely 
large number of equal narrow strips 
by lines parallel to AB. If h is 
the perpendicular distance between 
AB and DC, and there are » strips, 
the distance of the gth strip from 
AB is gh/n, and its mass is JZ/n ; ; 
whence, as in the case of a rect- Fig. 90. 
angle, we find that the moment of 


inertia about AB = 1M}? = 4M. BC? sin? ABC. 


382 MOMENTS OF INERTIA. 


274. To find the moment of inertia of a triangle 
about a line through either vertex parallel to the opposite side. 


Let ABC be a triangle of mass M. Draw AX parallel to, 
and AW perpendicular to, BC (Fig. 91) ; let 
AN=p, BC =a. 
Divide AW into a large number (7) of equal parts. 


Fig. 91. 


Let LM be the qth of these parts, counting from A. 
Divide the triangle into strips by lines through the points 
of division of AN, and let PQRS be the strip cutting AW in 
LM. Then the area of the strip is practically equal to 
LM xS8R, since the strip is very narrow. 

Now, by similar triangles, 

SR: BC =AR:AB=AM .AN=q in; 

whence SR =agq/n. Also LM = p/n. Hence 

area of PORS = qpa/n’. 

Again, 

mass of PQRS : mass of ABC = area of PORS : area of ABC 
= gpaln® : pa/2 ; 

whence mass of PORS= 2qM/n’. 

Also, distance of this mass from the axis AX 


= A = nN. 
the moment of inertia of PORS AE A axis AX 
_ 29M ( gq ms 
re (4 y p= oMp © 


Hence, giving to q the successive ie I oe aoa 108 
and summing, we see that the moment of inertia of the 
whole triangle about AX 


8 3 3 
= the limit of 2Mp’ x Tepe reeet 
nN 
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2 2} \ 
= Oe viet tD = aut! { 7 pa 
— An* ~ A, ee 2 +73 


Putting n = o, we obtain 


moment of inertia = A ee ee (8). 

Cor.—The moment of inertia about the side BC can 
easily be deduced from the principle of parallel axes. 
Let I and JI, be the moments of inertia about BC and 
about a parallel to BC through the c.g. ‘Then, since the 
distances of the c.c. from BC and from AX are 1p and 2p, 
respectively, we have, by (4), 


Mp’ 
2 


Seah ay ands 1h M (2p) 
Toa e ot M (3p)* an =1,+M (3p)’, 
yy? 
Mp° and Mp 
18 


f= 


. (9). 


whence LS 


Example.—TYo find the moment of inertia of a rectangle about a 
diagonal. 

Let ABCD be the rectangle (Fig. 92); let AB = a, BC = }, and let 
the mass of the rectangle = A. Draw AN perpendicular to BD. 


Fig, 92. 
Then, moment of inertia of ABCD about BD 

= sum of moments of inertia about BD of 

As ABD, CBD 
= twice moment of inertia of AABD 
2 

a9 a ae (§ 274, Cor.) 

Also AN.BD = 2 area of AABD = ab; 
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275. The moment of inertia of a uniform circular 
wire of radius r about an axis through its centre perpendicu- 
lar to ats plane is obviously 

aL) pe os ea At ie (1 OE 

For every particle is at the same distance r from the 
axils. 

We can now determine the moment of inertia of a circu- 
lar wire about a diameter. 

Let this be J. Then if we take two diameters, at right 
angles, and apply the theorem of § 267, we see that 
the sum of the moments of inertia about these two dia- 
meters = moment of inertia about the axis through the 
centre perpendicular to the plane of the wire; 1.e., since 
the moments about the two diameters are equal, 


2 = Mire 
2 
whence r= wavvak sereaea ae 


276. To find the moment of inertia of a circular 
lamina of radius 7 about an axis through its centre 
perpendicular to its plane. 

Let OA be a radius of the lamina (Fig. 93). Suppose 
OA divided into a large number (n) of equal parts, and 


Fig. 93. 


suppose the Jamina divided into concentric rings by 
means of circles drawn with centre 0, through the points 
of division of OA. 


Let LM be the pth division. Then the area of the 
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ring corresponding to LM is practically the circumference 
of the ring x its breadth 


= 270M XML = 207, 
nn 


Again, mass of the ring : mass of the lamina = area of 
ring : area of lamina; whence mass of the ring 


_ 2pM 
2” 
Hence moment of inertia of this ring about the given 
axis See pn ees 
ee n 


Hence moment of inertia of the lamina 
= sum of moments of the rings 


= limit of 2M" (94.054... +n’) 
= ur ee “;). (§ 269) 
2. 0 
Making n infinite, this reduces to 
My” 
: (13) 


By a similar argument to that of § 275, we see that the 
moment of inertia of a circular lamina about a diameter is 
given by 


Cor.—The moment of inertia of a solid cylinder of radius 7 about 
its axis is also equal to }M7?, because the cylinder can be split up into 
thin laminz by planes perpendicular to its axis, and the ee of 
inertia of each lamina is equal to its mass multiplied into 4 


277. Sphere, and Spherical Shell. We give the following 
results without proof :— 


The moment of inertia of a uniform thin spherical surface of radius a 
about a diameter SAITO? coconpnnovancbonsconbs0s 00 scianbaC (15). 

That of a solid sphere of radius a about a diameter 
See IY Caen teats uslenslsiscigsisiessdenisisee odes (16). 
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Example.—To find the moment of inertia of a hollow sphere of 
radius @ containing a concentric cavity of radius 6. 


Let d be the density of the matter in the hollow sphere. 

The moment of inertia is clearly the difference between that of a 
solid sphere of radius a of density d, and that of the matter which 
would fill the cavity, 7.¢., that of a solid sphere of radius 4 and of the 
same density d. 

The masses of the solid spheres are 47a*d and 41b3d; hence the mass 


of the hollow sphere is 42r(@—d3)d = WU, say. 
The moments of inertia of the two spheres are therefore 
Arad x 2a? and 43d x 202. (from above) 
Hence the moment of inertia of the hollow sphere 
= trakd x 20? —4nb3d x 2b? = 4nd x 2 (a — 0°) 


Sayese 


278. Problem.—Given the moments of inertia of a lamina about two 
perpendicular axes in its plane, with respect to one at least of which it is 
symmetrical ; required to find its moment of inertia about another axis in 
its plane through their point of intersection making an angle a with one of 
the given axes. 


Let m, be the mass of any particle at P. Let OX, OY be the two 
given axes (Fig. 94), and let PV and PM, the perpendiculars on OY and 


Fig. 94. 


OX, be x, and y;, respectively. Suppose the lamina symmetrical with 
respect to OY. Draw PK perpendicular to the new axis OR. 
Then it can be easily shown that 


PK = y, coSa—2 sin a. 
Thus the moment of inertia of m, about OR is 
Mm, (Y; COS a— ay SiN a)?, 
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Hence the moment of inertia of the lamina is 
my (Y; COS a— 2% Sin a)? + mg (¥2 COS a— 2%, Sin a)? + &e. 
= cos? a (1,7 + moyq? + &e.) + sin? a (1,2)? + mote? + &.) 
—2 sin « cos a (myry, + myxoy2 + &e.). 
Now, since the lamina is symmetrical to OY, there will be another 


particle of equal mass to m, (say m,) at a point P’ on PN produced to 
the opposite side of OY, such that NP’ = PN. Hence 


MiP’ = MP and NP’ = PN: 


whence Yr =Y, and a, = —a. 
Also My = My. 
Hence My LyYr +My ty, = 0. 


Since all the particles can be paired off in this way, it follows that 
MLY + Moog + Ke. = 0. 
Hence the moment of inertia about OR 
= 608? a (My)? + Moo? + &C.) + sin? a (myxP + mgr? + &.) 
=f COS70-}- 9, B10 @ eesti tees menos (17), 


where J, and J, are the given moments of inertia about OX and OY 
respectively. 


*279. If the body were not symmetrical about either 0X 
or OY, the equation for J would generally take the form 
I = J, cos?a+ J, sin?a—2 sina cosa & (may). 
= (my) is called the product of inertia about the two axes OX, OY (9a). 
If this product of inertia be known as well as J, and J,, the moment 
of inertia of the lamina about any line through O in its plane can be 
found. 


* Fxamples.—(1) Given the mass of a lamina, the position of its 
centre of gravity, and the moments of inertia about any three lines in 
its plane, no two of which are parallel, to find the moment of inertia 
about any other line in the plane of the lamina. 

First, let the three lines intersect in the c.c. of the lamina, and let 
them make angles a, 8, y with the axis of z. Then, if A, B, Care the 
moments of inertia about them, we have, with the notation of the 
above paragraph, 

A = I, cos*a+J,sin?a—23 (may) sin a cosa, 
B = I, cos? 8B + J,8in? B—2 5 (may) sin B cos B, 
C= I, cos? y+ LT, sin? y—23 (may) sin y cos y. 

These three equations suffice to determine J, J, and 3 (mzy). 

The moment of inertia about any other line through G can now be 
found, and the moment of inertia about any line not through G can be 
deduced from the principle of parallel axes. 


“DYN. Zz 
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If the lines about which the moments of inertia are 4, B, C do not 
pass through @, let them be at distances a, },¢ from G. By the 
principle of parallel axes, the moments of inertia about three lines 
through G parallel to them are 4 —Ma?, B—Mi?, and C—Me’, respect- 
ively, and, these being known, we proceed as in the first case. 


*(2) The moment of inertia of a triangular lamina of mass M about any 
axis is the same as that of three equal particles of mass 1M placed at the 
middle points of its sides. 


The three particles have the same mass and the same c.c. as the 
triangle; hence we only have to show that their moments of inertia 
about three straight lines in the plane of the triangle are the same. 

Take these lines to be the sides of the triangle. If » isthe distance 
of A from BC, the middle points of AB, AC, BC are distant $y, $y, and 
0 from BC. Hence the moment of inertia of the particles about BC 


= LIL (3p)+ 4 (Bp)? +0 = Ba? 
= moment of inertia of triangle about BC. (§ 274, Cor.) 


Similarly, the moments of inertia of the particles and triangle about 
CA and AB are the same, and therefore their moments of inertia about 
any straight line are the same. The particles are therefore said to be 
equimomental to the lamina. 


Summary or Resutts. 


The moment of inertia of a system of particles 


= Sar tact een eee 

Kinetic energy of a rotating body = 41w* ......... (2). 

The moments of inertia of a lamina are connected by 

the relation foi (8 264 ae ee sas) 
< 


The Principle of Parallel Axes gives 
I’= I+Mi? (§ 268) ......... (4). 
The moments of inertia of a symmetrical lamina about 
different directions give 
I= I, cos*a+J,sin’a (§ 278) ... (17). 
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Moment of inertia of 


a rectangle about one edge = Me Beosceessre usenet res (5), 
vs about parallel axis through centre = ae ‘( ie 
a straight line about one end = ae eh testa oa cace teres (rane 
a triangle about line through vertex parallel to one side 
2 
St eres alae aeitote (8), 


where p is the altitude, 
about line through ¢.G. parallel to side 


” 


My? 
= Tat Poe creeee cee cescensseeee (9), 
2 
ny about one side = ae Pee Eee (2)is 
27,2 
a rectangle about a diagonal = *. a7 shit alts CLO); 


a circular wire about an axis through its centre, perpen- 


dicular to its plane = Mr’ ......... (1); 
2 

- about a diameter = ue Massena ante (12); 
a circular lamina about an axis through its centre perpen- 
dicular to its plane = ae enon (13), 

2 
a about a diameter = 4" ceeusosecet. CLAN 
a spherical surface about a diameter = 2Mu? ......... (15) ; 
a solid sphere about a diameter = BAAR ES scawacke nes (16% 


a triangle about any axis is same as that of masses 5M at 
middle points of SideS .............20.++-+-+ (See § 279), 
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EXAMPLES XIX. 
(Selected Problems :—1, 2, 5, 6, 8, 11, 12, 15, 16, 17, 18.) 


1. ABC is an equilateral triangle, whose sides are 1 ft. long, D, FE, F 
are the middle points of its sides. If masses of 1 lb. are placed at A, 
B, C, and masses of 2 lbs. at D, F, F, find the moment of inertia of the 
system of masses (i.) about BC, (ii.) about DEF, (iii.) about a line 
through the centre of gravity parallel to BC. 


2. In the last example find the moments of inertia of the system 
about axis drawn at right angles to the plane of the triangle (i.) through 
A, (ii.) through D, (iii.) through the centre of gravity of the triangle. 


3. Taking a foot and a pound as units, the moment of inertia of a 
certain body is 54. What is its amount when a yard and an ounce 
are taken as units? 


4. The measure of a certain moment of inertia is 260 when a 
centimetre and a gramme are units. What is its measure (i.) when a 
millimetre and a kilogramme are units, (ii.) when a metre and a 
milligramme are units, (iii.) whena metre and a kilogramme are units? 


5. If equal masses m be placed at the corners of a regular hexagon 
whose side is a, find their moment of inertia (i.) about a side of the 
hexagon, (ii.) about a diagonal, (iii.) about an axis perpendicular to 
the plane of the hexagon through its centre, (iv.) about an axis per- 
‘ pendicular to the plane through an angular point. [The Principle of 
Parallel Axes is not to be assumed. ] 


6. Verify that the Principle of Parallel Axes holds go:d in connec- 
tion with the first and second results of Example 4, as also in connec- 
tion with the third and fourth. 


7. A rectangle without mass, whose sides are 2 metres and 1 metre 
long, has masses of 1 kilogramme placed at the four corners, and 
masses of 5 kilogrammes at the middle points of the two longest sides. 
Taking a kilogramme and a metre as units, find the moments of inertia 
of the system of masses (i.) about the sides of the rectangle, (ii.) about 
its diagonals, (iii.) about parallels to the sides through its centre of 
gravity. 


8. Deduce from § 270 the moment of inertia of a rectangle about 
an axis through its centre parallel to one side, not using § 268, 
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9. Hence determine its moment of inertia about an axis half-way 
between one side and its centre. (Use § 268.) 


10. Deduce from § 273 the moment of inertia of a parallelogram 
about an axis through the centre parallel to one side. 


11. Determine the moment of inertia of a triangle about a median. 
12. Find the moment of inertia of a circular wire about a tangent. 
13. Find the moment of inertia of a circular lamina about a tangent. 


14, Verify that the moment of inertia of a triangle about a line 
through its c.c. parallel to either side is equal to the moment of inertia 
of three particles placed at the middle points of the sides, the mass of 
each particle being one-third that of the triangle. 


15. From a circular lamina of radius a, a concentric aperture of 
radius 4 is cut out. Prove that the moment of inertia of the remain- 
der about an axis through the centre perpendicular to the plane 


= }M (a2 +0). 


16. A wire of mass M and length 3a is bent into the form of an 
equilateral triangle. Find its moment of inertia about an axis through 
its centre of gravity perpendicular to its plane. 


17. A wire of mass M and length 4a@ is bent into the form of a 
square. Find its moment of inertia about a side of the square. 


18. Find the moment of inertia of a thin cylindrical shell about its 
axis, the ends of the cylinder being made of material of the same 
thickness and density as the curved surface. 


CoH eAs PAD Wee Xe 


PRINCIPLE OF WORK FOR RIGID BODIES. 


280. In the last chapter (§ 266) we proved that the 
kinetic energy of a rigid body rotating about a fixed axis 
with angular velocity w is +Iw*, where the moment of 
inertia J can be calculated for bodies of certain given 
shapes. By assuming the Principle of Conservation of 
Energy, we are now able to investigate very easily the 
motion of certain rigid bodies when acted on by given 
forces. 

It will be necessary to remember that, in the case of a body acted 
on by gravity, the work done by gravity in any change of position 
is the same as if the mass of the body were all collected at its centre 
of gravity, and is therefore equal to Mgh dynamical units of work, 
M being the mass of the body and h the vertical depth through which 
its centre of gravity has fallen. 

We may introduce the subject by the following example :— 


Example.—A rectangular lamina ABCD is free to revolve about the 
edge AB, which is horizontal. If it be held horizontally and then let 
go, determine its angular velocity when passing through its vertical 
position; given AB = 3 ft., BC = 4 ft. 


Let w be the required angular velocity; then the kinetic energy of 


2 
M16 ys - ste (§ 270) 


Also, loss vf potential energy in falling from the horizontal to the 
vertical position = work done by gravity = weight x vertical distance 
through which the centre of gravity has fallen = Wg x 2. 

But loss of potential energy = gain of kinetic energy ; 
8Mw? . 

a ans 


the lamina = tIw?=}4 


whence 2Ug = 


fy Bs 4/2 = 2/6 (radians per sec.). 
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281. To find the acceleration in Atwood’s Machine 
when the inertia of the pulley is taken into 
account. 

Let the two masses P, Q be connected by a string 
passing over a pulley. Let a be the radius of the pulley 


Fig. 95. 
in the groove where the string passes, I the moment of 
inertia of the pulley about its axis. 

Let v be the velocity of the two masses when the 
heavier, @, has fallen, and the lighter, P, has risen, 
through a distance s. 

Then, if w be the angular velocity of the pulley, it is 
clear that the velocity of the particles of the pulley in 
contact with the string is wa, and hence, if the string 
does not slip, w.a=v, whence v = wa. 

The total kinetic energy of the masses and pulley 

= £Pv’ + $Qv'+4lw’ = 40° (P+ Q4+]/e’). 
Also the work done by gravity 
= (Q—P) gs. 
Equating these, we have, by the Principle of Work, 
30 (P+ Q+I/a*) = (Q—P) gs; 
ae oe ; 
eres ae 

Comparing this with the equation for uniformly acceler- 

ated motion, v? = 2fs, we have 


ap 


acceleration ai => Q4+P+ie q: 
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If Mis the mass and & the radius of gyration of the 
pulley, we have t= 


Need pice Q=f 
and ee f= orPpmnye! eee es ceeece C1): 


The acceleration is therefore the same as if the pulley 
were without mass, and masses equal to }Mk’/a’ were 
added to each of the two masses P and Q. 


Norr.—In the present case, the tensions in the two parts of the 
string are not equal. The difference between these tensions is the 
force producing motion of the pulley. 


282. Hxample.—To determine the value of g by two observations 
made with Atwood’s Machine, the moment of inertia of the pulley 
being unknown. 


Let F be the observed acceleration when the mass P descending 
pulls the mass Qup. Let other masses y, g be substituted for P and 
Q, and let the new acceleration be observed to be f. Then 


Qe se ae =a 0 

qt+p+dla®’ 
I/a@ is unknown, and must therefore be eliminated. Writing the 
equations— Q+P+1/@ = (Q—P)g/F, 

q+p+Ia = (9-p)glf, 
we have, by subtraction, 
=P me 
+P)-(¢+p) = { Q By EA ; 
(Q+P)-(9+p) F 7 39 

whence g may be found in terms of the known accelerations F, f, and 
the known masses P, Q, p, g. 


283. To find the acceleration of a wheel rolling 
down a rough inclined plane. 


[The plane is supposed to be sufficiently rough to 
prevent the point of contact of the wheel from slipping. | 

Let M be the mass of the wheel, r its radius, & its 
radius of gyration about an axis through its centre 
perpendicular to the plane of the wheel, and let A be the 
angle of inclination of the plane. 

Let v be the velocity of the centre of the wheel when 
it has moved through a distance s. Then, by § 236a, the 
wheel is at this instant rotating about its point of contact 
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with the plane, with angular velocity w equal to v/r; 
hence, by § 266, the kinetic energy of the wheel is Zw? or 
31¢/r?, where Jis its moment of inertia about an axis 
through the point of contact, perpendicular to its plane. 

The work done by gravity 

= Mgssin A. 
Equating these, we have 
1Iv?/r? = Mgs sin A, 


whence t #0 gsin A. 8. 


Comparing this with vw’ = 2fs, 
WEP oe g 
we have fc 9 BLO A es ce SoS kone ML 


Now the moment of inertia about an axis through the 
centre perpendicular to the wheel is Mi’. 
Hence, by the Theorem of Parallel Axes, 


I = Mk? + Mr’. 
Substituting this value ia (i.), we have 
f= apg sin A... oreo nas 


Hence the acceleration of the wheel is to the acceleration 
of a body sliding down a smooth plane of the same inclination 
an the ratio of 7? tor +k’. 


Cor.—For a circular fla 


| fem CSI Se = gsin A. 
For a circular disc or ina, 

pa ts . f = 4gsin A. 
For a thin spherical shell, 

ee ee fe in A, 
For a solid sphere, 

ihm col . f= to ain A: 


By observing the acceleration of a sphere or cylinder 
rolling down an inclined plane, the value of g could be 
found. 
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284.. Examples.—(1) To find the acceleration of a truck running 
down an incline on wheels. 

Let M be the mass of the truck; m, mo, ... the masses of the 
wheels ; 7), %, ... their radii; /,, #, ... their radii of gyration about 
the axes through their centres; J,, J;, ... their moments of inertia 
about their points of contact with the ground. Let 4 be the inclina- 
tion of the incline, and, if the truck does not start from rest, let the 
velocity change from « to v when the truck moves over a distance s. 

Then the initial and final kinetic energies are, respectively, 

4 (Mh? + Tn2/r? + Lyre? + .06)y 
and a similar expression with » written for w. 
Remembering that J, = m (4,?+77), &c., 


and equating the increase of kinetic energy to the work done, we have 


24 h2 Ben ae: : 
b (ar+m, A — +m, "2 + "2 +...) (v2 — 0?) 
ry re 
= (1+m,+mo+...)gssin A. 
Comparing this equation with v?—«? = 2fs, we have 


M+ mn 


acceleration f = M+ Sm + 3 (mk*/r?) 


g sin A, 


where the symbol = indicates summation for the several wheels on 
which the truck stands. 


(2) Two spheres of the same size and mass are exactly of the same 
outward appearance, but one is solid and the other contains a hollow 
cavity, the hollow one being made of matter of greater density so as 
to make the masses equal. To find which is the hollow sphere. 


Allow the two spheres to roll down an inclined plane, starting 
simultaneously from rest. Then, from the formula 


72 . 
= ——gsin 4, 
f 47? : 


we see that the sphere for which #? is the greatest will have the least 
acceleration, 

Now the particles of the solid sphere are distributed uniformly 
throughout its volume, while those of the hollow sphere all lie outside 
the cavity. It is clear that the matter of the hollow sphere lies on 
the whole further from the centre than that of the solid one, and 
therefore further from any diameter, and hence the value of k2 (which 
may be regarded as the mean square of the distance of the particles 
from the axis) is greater for the hollow sphere. 

Hence the acceleration of the hollow sphere will be less than that 
of the solid one, and, by observing the two, they may be distin- 
guished. 
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285. Compound Pendulum.—Derinition.—Any body 
which is capable of swinging to and fro about a fixed 
axis under the action of gravity may be called a penda- 
lum. Such a pendulum is frequently referred to as a 
compound pendulum, to distinguish it from the simple 
pendulum consisting of a single suspended particle as 
considered in Chap. XVII. 

Two pendulums which will oscillate through equal 
angles in equal times are said to be equivalent. 


286. A body oscillates under gravity about a fixed 
horizontal axis. To prove that this pendulum is 
equivalent to a simple pendulum, and to find the 
length of the latter. 


Let a body of mass M be suspended from a fixed hori- 
zontal axis through 8, perpendicular to the plane of the 
diagram (Fig. 96). Let G be the c.c. of the body, so 
that in equilibrium 8G is in the vertical position SZ. 

Let the body be drawn aside from the equilibrium 
position through an angle a (so that its ¢.¢. is brought to 
H), and then let go. 

Then, if w is the angular velocity acquired when SG 
makes an angle 6 with the vertical and I the moment of 
inertia about the fixed axis, 


the kinetic energy = Iw’, 
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Fig. 97. 


and the work done by gravity 
= Mg x vertical distance of G below H 
= Mg x (SN —SM) 
= Mgh (cos 0—cosa), where h = 8G. 
Equating these, we have 
3Iw? = Mgh (cos 0—cosa) ; 


Ca gay (COSI0— GOS G.) senscscceaeoncen dene 


This equation gives the angular velocity after falling 
from the initial position through an angle a—é. 

Now compare the motion with that of a simple pen- 
dulum of mass m and length J, initially drawn aside 
through the same angle a and allowed to fall through 
the same angle a—0. If w is the angular velocity ac- 
quired, the velocity of the mass is lw, and the equation 
of energy gives 

,  -yml’w = mgl (cos 0—cos a), 
or ec = J (COS O—COS G) ....cccceseeeee (ii.). 


Comparing (1.) and (ii.), we see that the value of w 
will be the same in the two pendulums, provided that 
ee or t= as 
L I Mh 
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If 7 have this value, then, since the angular velocities 
of the simple and compound pendulums after describing 
equal angles are equal, it follows that the angular motions 
of the two pendulums are identical, so that if started 
together they will continue to swing ‘together, describing 
the same angles in the same times. 

Hence the body is equivalent to a simple pendulum of 
length I/Mh. 

Now let & be the radius of gyration of the body about 
an axis through its centre of gravity parallel to the fixed 
axis. The moment of inertia about the new axis is there- 
fore Mk’, and hence, by the Theorem of Parallel Axes, 


I[=M(# +h’). 
Substituting, we see that the length of the simple 
pendulum is given by 


Cor.—lIf a simple pendulum oscillates through a small 
angle, we know that its time of oscillation is 27 /(l/g). 
Hence the time of a small oscillation of the body is 


7.24. 4,2 
given by of bg v= is ate ee eee (4). 
1g 


287. Centres of suspension and oscillation.— The point § 
about which the body swings is called the centre of suspension, 
and, if on 8G a length 80 is marked off equal to J, the length of the 
simple equivalent pendulum, the point O is called the centre of 
oscillation. 

From this we have the following :— 


Derinit10on.—The centre of oscillation of a compound pendulum 
is the point at which a single mass would have to be placed in order 
that it should oscillate in the same time as the original pendulum. 

[Note that the time of oscillation is not the same as if the mass were 
collected at its centre of gravity. | 


Ezxamples.—(1) A rod of length 2a oscillates about a point distant h 
from its middle point. To find the length of the simple equivalent 


pendulum 
Here kh? = ta?, 
2 24 72 
and Fe TE i sg 
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(2) A pendulum consists of a sphere of mass Jf and radius @ sus- 
pended from § by a rod of mass m and length 6. ‘To find the length 
of the simple equivalent pendulum. 


The centre of the sphere is at a distance 
a+6 from 8. 
Moment of inertia of rod about § 


ee 
= 4nd?. 

Moment of inertia of sphere about centre 
= 2Ma’. 

Therefore moment of inertia of sphere about S 
= 2Me+ M (a+b). 

Therefore moment of inertia of whole pendulum 
= Iml?+ M {20° + (a+b)?}. 

Distance 8G of centre of gravity 
ss m.xb+ M (a+b) 


<7 +i : 
and total mass 
=m+, 
Hence [by the formula / = I (JLh)] we have 
ind? + {@ + (a+ b)?* 


ink? + M {20 + (a+b)?} 


imb+ M (a +) Fig. 98. 


288. The centres of suspension and oscillation are con- 
vertible. 


From (1) we have 
ie ke 


Sp fe : 
80 == coe oi th= 90 +86; 


ve pare utd 2 
. GO = 80-86 90" 


and GODSG =)h2 women (5). 


In this formula, the lengths G0, G8 are interchange- 
able ; thus we obtain 
2 ie 


@S = —. and eae i 
at Mieke Tyr ae Fig. 99. 


Y Y 
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It follows that, if the body were inverted and suspended from 0, 
the centre of oscillation would be §; in other words, the centres of 
suspension and oscillation are convertible. We notice that, the length 
of the equivalent pendulum being equal to 08, whether the body 
be suspended from § or from Q, the times of oscillation about O 
and § are equal. 


Cox.—On any straight line through G there are four Roe 
points about which the times of oscillation will be equal, 
For, if We cut off GS’ = GS and GO' = GO, the time of 3 


oscillation about 8’ is clearly the same as about § (the or 
length of the simple equivalent pendulum being 3 
i he 
=57+GS’ = — +648; 
GS’ GS 0 
and that about O’ is clearly the same as that about 0. 
We notice that the four points are symmetrically situated “o 
in pairs on opposite sides of G, that 
0S = O'S’ = 1, Fig. 100, 
and that GS .GO = GS’.GO' = F?. 


¥*289. Captain Kater’s Pendulum is a loaded bar which can be 
suspended from either of two parallel axes formed by knife edges in 
the same plane as its c.g. and on opposite sides of it. 
By varying the positions of the loads on the bar 
or of the knife-edges (all of which are adjustable), 
the period of a small oscillation about either knife- 
edge may be varied. 


To find the length of the seconds’ pendulum at any 
place, and thus determine the intensity of gravity, the 
knife-edges and loads are so arranged (by repeated 
trials) that the period of a complete small oscillation 
about either knife-end is exactly 2 secs. (§ 245), but 
the centre of gravity is not midway between the knife- 
edges. Since the periods about the two centres of 
suspension are thus equal, we know that each is the 
centre of oscillation about the other; hence the dis- 
tance between them is equal to the length of the 
simple equivalent pendulum, %.¢,, the seconds’ pendulum. By 
measuring the distance between the knife-edges, this length is found, 
and hence g is determined. 
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#290. Motion of any rigid body about a fixed axis. 


A rigid body is free to turn about a fixed axis AB, and is acted on by 
given forces. It is required to investigate the motion. 


Let P be a small portion of the body, of mass m, small enough to 
be regarded as a particle, m its mass, 7 its distance PN from the 
axis AB. 

Then, if w be its angular velocity, its actual velocity will be rw 
perpendicular to the plane ABP, and its acceleration will consist of 
two components—that along PN being of magnitude wr (since the 
particle is revolving in a circle of radius 7), and the component 
perpendicular to the plane APB being 


= rate of change of the velocity wr 
= »xrate of change of w 
rw’, 


Fig. 102. 


where w’ represents the rate of change of the angular velocity w; so 
that w’ may be called the angular acceleration of the particle. 

It follows that the resultant forces producing motion of the particle 
are mw?r along PN and mrw’ perpendicular to the plane APB. Let 
these be called the “effective forces’? on P. If, then, additional 
forces equal and opposite to these were applied to the particle, they 
would destroy its acceleration, and, if similar sets of forces were 
applied to the whole body, they would keep it in equilibrium. 

Hence the sum of the moments about AB of the actual forces 
producing motion, minus that of the effective forces, is equal to zero. 

Now the forces such as mw? have no moment about AB, and the 
moment ofsthe force mw’ 


= mrw xr = mw, 
Hence sum of moments of impressed forces 
= Smrrnw' 
= w’ x Sm? 
(since w’ is the same for all the particles) 
= w'l, 
where J is the moment of inertia about AB. 
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Hence, for angular motion about AB, the analogue of the equation 
of linear motion, 


impressed force = mass x acceleration, 
is impressed moment = moment of inertia x angular accel. 


We can thus find the angular acceleration of a body made to 
revolve about a fixed axis by given forces. 


*291. Angular momentum.-——Suppose P is a particle of mass m 
moving with velocity V in any given direction PQ, and let AB be any 
axis not in the same plane as PQ. Resolve the velocity V into two 
rectangular components, one in and one perpendicular to the plane 
APB, and let these be w and v. Drop PN perpendicular on the 
axis AB, and let NP=7. Then the product mr is called the 
angular momentum or moment of momentum of the particle 


Fig. 103. 


about AB Jence the following :— 


Derinirion.—The angular momentum of a particle about a 
given axis is thus the product of its distance from the axis into the 
resolved part of its momentum perpendicular to the plane through 
the particle and the axis. 


The angular momentum is thus the moment of the momentum 
about the axis formed in the same way as the moment of a force. 


Derrnition. — The angular momentum of a system of 
particles or a rigid body about a given axis is equal to the 
sum of the angular momenta of the particles of which it is composed. 

In the case of a rigid body rotating about the fixed axis AB, with 
angular velocity w, the velocity of any particle P is w.NP 


DYN, 24 
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perpendicular to the plane APB; hence the angular momentum ot the 


mass mm at P = mur, where r= WNP. 
Therefore the angular momentum of the body 
= Smr2w = wx Sy? = WL] vivceccscccssceseeces (6), 


where J is the moment of inertia about AB. 

It follows from § 290 that the rate of change of the angular 
momentum about AB is equal to the moment of the impressed forces 
about AB. 


*292. General Equations of Motion of a Plane Body.— 
When a plane lamina is moving in its plane under the action of forces 
in that plane, it is known from statical considerations that the forces 
can be replaced by a single force at the centre of gravity and a couple 
whose moment equals the sum of the moments of the forces about 
the centre of gravity. If P denotes the force, L the couple, M the 
mass of the body, and & its radius of gyration about its centre of 
gravity, then the acceleration of the centre of gravity takes place in 
the direction of P; and, just as in the case of a particle, it is given 


by the equation De § JT SD e REGO SORRUCLCOOSO NOSES (1). 


If w is the angular velocity of the body about its c.c., the rotational 

motion is determined by the equation 
T= M2 x; (vate of change! Of 20) ipecansseweuseeeeetes (2). 

Equation (1) expresses the fact that the rate of change of the trans- 
lational momentum is equal to the resultant of the applied forces, and 
equation (2) expresses the fact that the rate of change of the angular 
momentum about the c.@. is equal to the moment of the applied forces 
about that point. 

It may also be shown that the rate of change of the angular 
momentum of any body or system of bodies about a jixed axis is equal 
to the moment of the impressed forces about that axis. Ifthena 
system is acted on by no forces beyond the mutual actions and re- 
actions of its parts, the angular momentum of the system about any 
fixed axis remains constant ; and the same is the case when the only 
forces acting on the body intersect or are parallel to the fixed axis. 
This property is called the Principle of Conservation of 
Angular Momentum, 


\ 
Summary or Resutts. 


Acceleration in Atwood’s Machine, taking account of 
inertia of pulley, is 
Q—P 


Q+P+MR[a! i err iy 


vs Q). 
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For acceleration of wheel rolling down inclined plane 
y 


PFs aay sind desis seobawestec Ge): 


A compound pendulum is equivalent to a simple pendu- 
lum of length 


i? 4- h? ‘ 
i=- : ZEN ones neem ooo (CS 


The centres of suspension and oscillation are convertible, 


and COMSCORE enn ee (5). 


Angular momentum of a body rotating about a fixed axis 
——i:( Ti Ear eaatren erie od met cocste (Ce 


EXAMPLES XX. 
(Selected Problems :—1, 2, 4, 6, 7, 10, 12, 14, 15, 17, 18.) 


1. A circular wire, of radius 1 ft., is free to turn about a horizontal 
axis through a point in its rim, perpendicular to its plane. If it be 
held in such a position that the centre of the wire is on the same level 
as the axis, and then let go, determine its angular velocity when 
passing through the position of equilibrium. 


2. Solve the corresponding problem, given a circular lamina instead 
of a circular wire. 


8. Two masses, P and Q, are respectively attached to the rim and 
axle of a wheel and axle, whose radii are a and 0 respectively. If the 
moment of inertia of the wheel and axle is J, determine the velocity 
of the mass P after falling s ft. 


4, A mass P is attached to the end of a light inextensible string, 
which is wound round the rim of a wheel of radius 7, free to turn in 
its own vertical plane about its centre. If the moment of inertia of 
the wheel is J, determine the velocity of the mass after falling s ft, 


5, A top whose moment of inertia is 7 fuot-pound units is spun by 
pulling a string of length / feet wound round its axis, Supposing a 
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force of P lbs. weight exerted in pulling the string, what is the 
angular velocity with which the top spins ? 


6. Compare the times in which a sphere and a cylinder of the same 
radius roll down a rough inclined plane. 


7. A fine piece of string is wound round a heavy solid sphere, one 
end being attached to the sphere, and the other end to a fixed 
point. Prove that, if the sphere be allowed to fall in such a way that 
the string uncoils vertically, its acceleration will be #9. 

&. Find the corresponding acceleration of a falling solid cylinder 
round which a string has been wound in the same way, supposing the 
axis of the cylinder to remain horizontal. 

9, One side of a uniform lamina, in the form of a square of side 2a, 
ig attached to a horizontal bar by two smooth hinges. The lamina is 
held in a horizontal position and is allowed to fall im vacuo under 
the action of gravity. Determine its angular velocity when it is 
vertical, and find the length of a simple pendulum which will 
acquire the same angular velocity, if let fall in a similar manner. 


10. A triangular lamina swings about one of its sides which is 
horizontal. Prevye that the length of the simple equivalent pendulum 
is half the altitude of the triangle. 


11. Find the lengths of the simple equivalent pendulums in the 
following cases :— 

(i.) An isosceles triangle of base a and altitude % suspended 
from its vertex and swinging in its own plane. 

(ii.) The same triangle swinging about an axis through its 
vertex parallel to the base. 

(iii.) A square hung up by a corner swinging in its own plano. 
. (iv.) Arod (length 22) atthe bottom of a spherical bowl (radius 7) 
oscillating about its equilibrium position in a vertical plane. 

12. The radius of gyration of a certain body about a fixed axis 
through its\C.G. is k. Prove that, if the body be suspended about a 
parallel axis, the time of oscillation is not less than 27 4/(2k/g). 

18. P, Q, RF are three points on the rod of a compound pendulum 
such that PQ = QA, and the time of oscillation (¢) about each is the 
same. Prove that, if Z' is the minimum time of oscillation of the 
pendulum (see last example) 3¢4 = 47'4. 


14, A door consisting of a uniform rectangular lamina 7 ft. high 
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and 8 ft. wide is hinged in such a way that when swinging to its centre 
of gravity falls linch. Find the angular velocity acquired. 


15. A long rod AB, hinged at A to a horizontal plane, rests on a 
smooth cylinder of radius a which is moving along the plane toward 
A with velocity v. Prove that the angular velocity of the rod is 


2 sin? ; 5 °, where @ is the inclination of the rod to the plane. 


16, In the last example, the masses of the rod and cylinder are m 
and MM, and the length of the rod is 7, Apply the principal of energy 
to find the greatest value of v in order that the rod may not be over- 
turned ; and, supposing v to be less than this value, find the inclination 
of the rod to the horizon when it and the cylinder come to rest. 


17. Two masses P and Q are connected by a string passing over an 
Atwood pulley whose radius is a, mass M, and radius of gyration &. 
Find the acceleration of the masses, the angular acceleration of the 
pulley, and the tensions of the two portions of the string, by writing 
down the separate equations of motions of the masses and pulley (the 
latter expressing the fact that the rate of change of the angular 
momentum is equal to the difference of the moments of the tensions 
of the two parts of the string). , 

18. Find the ¢ofal angular momentum about the axis of rotation of 
the whole system consisting of the masses and pulley of the previous 
example. Verify that the rate of change of this total angular mo- 
mentum is equal to the difference of the moments of the weights of 
Pand Q about the axis. 

19. A lamina is moving in any manner in its plane. If 2, y are the 
coordinates of any particle of mass m of the lamina, w, » its component 
velocities parallel to the axes of « and y, prove that the angular mo- 
mentum of the lamina about an axis through the origin perpendicular 
to its plane is equal to =m (vu — uy). 

20. If on the lamina of the last question there be impressed an 
additional velocity whose components are Uand V and are the same 
for every particle, prove that the angular momentum of the whole is 


increased by an amount 

M(VX-—UY) 
where M is the whole mass of the lamina, and X, Y the coordinates 
of its centre of mass. 


Gil AP Re exe xale 
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293. Inversion. 


Derinition.—If 0 is any fixed point, P a point which 
travels along some curve AB, and Q a point in OP or OP 
produced, such that the rectangle OP . OQ remains constant 
(say equal to 4”), then the 
locus of P is called an 
inverse of the curve AB 
with respect to the centre 
O, and the length /is called 
the radius of inversion. 


294. To find the inverse 
of a circle with respect to 
any point without the cir- 
cumference. ™ 

Let ABE be the given circle, RL 
O the centre of inversion, and 
k the radius of inversion. Let P be any point on the circle, and Q the 
corresponding point on the inverse of the circle. ‘Then OP .0Q = k?. 


Fig. 105. 


Through 0 draw the diameter OAB, and find C@ and D, the inverse 
points of A and B respectively ; that is, find two points C and D on the 
line OAB such that 0A .0C = k*?, OB.OD=k*. Join QC, QD. 
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Now 0A .0C = OP . 00, for each=k?; thus APQC are concyclie points, 


Therefore ZPQC = 180°— ZPAC = ZPAO. 

Similarly we can prove that BPQD are concyctic pvints, and hence 
that ZPOD = VEPBAR 

‘Thus ZPQC— ZPQD = ZPAO— ZPBA, 
i.e. ZDQCG = LAPB. 

But Z APB = 90°, since AB is a diameter. 

Hence 4DQC = 90°. 


Also D and @ are fixed points. Hence the locus of @ is a circle on 
diameter DC. 


Tf 0 lies within the circumference the same result may be demon- 
strated by a slightly modified proof. 


295. To find the inverse of a circle with respect 
to any point on the circumference. 

Let 0 and & he the centre and radius of inversion. 

Let P be any point on the circle and @Q the corresponding 
point on the inverse curve. Then 0F.0Q=/2?, 


Fig. 106, 


Draw the diameter 0A, and on it find a point C such 
that OC .0A=#. Join QC. 

Since 0P.0Q0 = 0C . OA, therefore the points A, C, P, Q 
are concyclic. 

Hence ZACQ = ZAPQ = 90° (for ZAPO = 90°). 

Since the line joining C to Q is always perpendicular to 
OA, and since C is a fixed point, it follows that the locus of 
Q is the straight line through @ perpendicular to OA, 
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Thus the inverse of a circle with respect to a point on rts 
circumference ts a straight line perpendicular to the diameter 
through the centre of inversion, 


296. Peaucellier’s Cell. 

Fig. 108 represents a system of rods AC, CB, BD, DA, 
0C, OD hinged together at their extremities and capable 
of motion in the plane of the paper. OC = 0D = (say) 4; 
also AC = CB = BD = DA = (say) 6. This “linkage ” 
or system of hinged rods is known as Peaucellier’s Cell 

Let F be the point of intersection of AB and CD. 


Fig. 107. 


(i) OAB ts a straight line. 


_For it is easily proved that each of the lines 0A and 0B 
bisects the angle COD (Euclid I. 8), and hence that the 
lines 0A and OB are in the same line. 


(ii) The rectangle OA, OB is constant for all shapes which this 
linkage can assume. 


Since ACBD is a rhombus, therefore AB and CD bisect 
each other at right angles. 


Since AB is bisected at F and produced to 0, 
«, OA. OB+AF* = OF?, 
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To each side add CF?; thus, 
OA .OB+AF?+CF? = OF*+CPF?, 
or 0A .OB+AC* = 0C’, 
L.e., OA .OB = 07°-AC? = # —&, 
which proves the theorem. 


(iii) Lf the hinge O is fixed, and uf A describes any path, 
then B describes the inverse of that path with respect to the centre 
O, the radius of inversion being +f (a*—b°). 


For OAB is a straight line, and 0A.0B = a’®—0* (cf. 
§ 293), 


NorE.—It is possible to have a<d, in which case 0 lies between 
Aand 8. ‘The radius of inversion is then imaginary, but the inverse 
curve is still real. 


297.—Use of Peaucellier’s cell to draw a straight 
line.—Let the point A in Peaucellier’s cell be hinged to a 
rod AP whose other extremity P is hinged to a fixed point; 
and let the distance PO 
be equal to the length of C 
the rod AP. Then if the Ff 
system is moved, a pencil 
fastened at B will trace a 
straight line perpendicular 
to OP. 

For the only motion 
possible for the point A 
will be along the circum- \ 
ference (or a part of the 
circumference) of a circle 
passing through 0. 

But the path of B is the 
inverse of the path of A 
with respect to 0. 

Hence by § 295 the path of B will be a straight line per- 
pendicular to the diameter through 0, that is, to OP. 


| 
' 
! 
| 
| 
\ 
\ 
| 
' 
i 
u 


Fig. 108. 
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298. The Contra-Parallelogram.—This linkage (some- 
times called Hart’s linkage) consists of four rods hinged 
into a framework PQAS as shown in Fig. 109. 

PS = OR = (say) a, PQ = RS = (say) 8. 

[Note that if the triangle PRS were on the under side of 
the line PA instead of on the upper side, then PQRS would 
be a parallelogram—whence the name of the linkage. ] 


a 


er 


Fig. 109. 


Now if 0, A, B are the middle points of PQ, PS, QR re- 
spectively, then shall the points 0, A, B be collinear, and 
OA .OB = constant. 

Let C, D bisect QS, PR respectively. 

Since 0, C bisect QP, QS respectively, 
therefore OC =4PS = da. 

Similarly, 0D =30R=4a, AC=34PQ =}, 

CB=+Sh = 16, -—BD=40P =), DAS] tho — 

Hence 0, A, B,C, D are the hinges of an imaginary 
Peaucellier’s cell in which the links 0C, OD are each 3a, 
and the links AC, CB, BD, DA are each 46. Thus 0, A, B 
are in a straight line, and 0A .OB = }a?—10". 


299. Alternative Proof.— A PQ8= ASAP, by Euclid I. 8. 

Since the triangles PQS, PRS are equal in area, therefore QF is 
parallel to PS. 

Draw QK, RL each perpendicular to PS. 

Then PK = (PQ?—QK?) = /(RS?—RL?) = LS. 

Therefore QR = KL = KS—L8 = KS—PK. 

Also, PS = KS+PK. 
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Thus PS. QR = KS?—PK® = (KS?-+.9K?) — (PK2+4 OK%) 
= 0S?— PQ? = a?—?. 

Also OA = $0R, OB= $PS. 

Hence OA .0B =1P8. QR = 3(a?—2?). 


Again, OA is parallel to QR and OB is parallel to PS which is parallel 
to QR. Hence 0, A, B are collinear. 


Corollary. If the point 0 is fixed, and if A be constrained to describe 
the circumference of a circle passing through 0, then the point B will 
trace a straight line. 


300. The Pantagraph. 
This is a linkage the form 
of which is shown in Figure 
IU 

OX, XT, OP, PR are four 
rods of equal length, hinged 
atX,P,V, and U. The hinge 
at V is formed by a peg 
driven through a hole in 
each of the rods OX and PQ, 
and the hinge at U is 
formed in a similar manner. 
These holes are drilled at 
regular intervals in each of the four rods, so that, by 
using different holes for the pegs U and J, considerable 
variation may be made in the adjustment of the linkage. 
But for practical use the linkage is always adjusted in 


Fig. 111. 
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such a way that OV = VP= XU = UR. ‘Since the four 
rods are of equal length it follows that 


OVE VX = PU OF 


When adjusted in this way we can easily show that (for 
all possible positions which the linkage can assume) the 
points O, P, T are collinear, and the ratio OP : OT ts equal to 
the ratio OV : OX, 


Proof.—PVXU is a parallelogram, for its opposite sides 
are equal; thus ZOVP = ZVPU= Z PUT. 

Again, each of the A’s OVP, PUT is isosceles, and their 
vertical angles have been proved equal; hence it is easy to 
show that they are equiangular, 7.e. ZOPV = ZPTU. 

Thus 


Z’s OPV+VPU+UPT = 2’s PTU+PUT+UPT = 180°; 


whence OP and P7 are in one straight line. 
It follows from similar triangles that OP : OT = OV : OX, 
which ts a constant ratio for any given adjustment of the linkage. 


301. On the use of the Pantagraph.—The object of 
this instrument is to copy a diagram or picture on an en- 
larged or diminished scale. If the point 0 be fixed, and 
if a pointer fastened to P 
is drawn over the lines of 
the diagram then a pencil 
fastened to 7 will trace an 
enlarged copy of the dia- 
gram. 

Let P,, P,, P, be three 
different positions of the 
pointer P, and let 7, 7,, T, 


be the corresponding posi- Pig iz 
tions of the tracing-pencil 7. 
Then OF Ol ORY Ore [§ 300 
OPV OP, = OT, 20s. 


Also LP OP S=A A Ol 
hence the triangles P,OP,, 7,07, are similar. 
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In the same way the triangles 7,07, and 7,07, are 
similar to the triangles P,0P, and P,0P.. 


Therefore ZO Ae GOP PS 
TO EY AU EEE 
and, by subtracting, /7,7,7,= ZP,P,P. 

Similarly, Ziel = OOP Reg 

Thus the triangles 7,7,7, and P,P,P, are similar. 

Hence the triangle formed by any three points in the 
figure traced by 7 is similar to the triangle formed by the 
three corresponding points in the original diagram; it 
follows from this that the figure traced by 7 is a copy of 
the original diagram on an enlarged scale, 

The scale on which the diagram is enlarged is given by 
mOmeAnOnr 2 Pylon but! PP. tsi, = Ol OT, (by 
similar triangles) — ‘OV : OX (by g 300). Since V may be 
any of the peg-holes on OX, the instrument offers consider- 
able choice in the scale of enlargement. 

In the same way if a pointer placed at 7 were drawn 
over the lines of a diagram, then a pencil placed at P would 
trace a copy of the diagram on a reduced scale. 


Summary or Resorts. 


The inverse of a circle with respect to any point not on 
the circumference is a circle (see § 294), 


The inverse of a circle with respect to any point on the 
circumference is a straight line (see § 295). 

In Peaucellier’s Cell OAB is a straight line, and 0A .OB 
= constant (see § 296). 

To draw a straight line by means of Peaucellier’s Cell 
(see § 297). 

The Contra-Parallelogram—Hart’s Linkage (see §§ 298, 
299). 

The Pantagraph (see §§ 300, 301). 
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EXAMPLES XXI. 
(Selected Problems :—1, 2, 4, 6.) 


1. In Fig 107 determine a and d so that the maximum value of 0B 
is 9”, and the radius of inversion is 3”. What is then the minimum 
value of OA? 


2. In Fig. 108, if OC = 13", CA = 5", OP = 6", determine the length 
of the straight line which B can describe (assuming that 0D and 0C 
may swing over P), and the distance of this line from 0. 


3. In Fig. 108, if OP = c, determine the length of the straight line 
which B can describe assuming that QD and OC cannot swing over P. 


4, A diagram is contained within a square of side 4 inches, and it is 
required to increase its linear dimensions in the ratio 2:5, If we are 
using the pantagraph of Fig. 111, and if each arm measures 15 inches, 
how should the instrument be adjusted ? 


5. If in the preceding question the pivot 0 is to be placed at some 
point along the line bisecting two opposite sides of the four-inch square, 
find the greatest possible distance of 0 from this square. 


6. Find the length of the arm of the smallest pantagraph which 
could be used in Question 4 
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302. Motion under a central force varying in- 
versely as the square of the distance.—In this 
Chapter we shall discuss the motion of a particle P moving 
in a plane under the action of a force which is always 
directed toward some fixed point § in the plane, and which 
varies inversely as the square of the distance SP. Sis called 
the centre of force and the path P is called its orbit. 

The attraction exerted by the sun on the earth or on anv 
body in the solar system varies inversely as the square of 
the distance of that body from the sun. Hence this 
problem forms the basis of Dynamical Astronomy. 


303. Curvature.—lf a point be supposed to travel uniformly along 
any curved path, the direction of the 
tangent will change more or less FE 
rapidly, according as the path is more 
or less curved. 

Thus, in Fig. 113, AB, BC are equal G 
lengths of arc, but AB is more curved 
than BC. Also ZEHF> ZFKG; that D 
is, the change in the direction of the A 
tangent in passing from A to B is Vie. 11: 
greater than in passing from B to C. ig. 113. 

From the preceding considerations 
we see that it is natural to measure the curvature of a curve by 
the change in the direction of the tangent per unit are. 

If equal changes of direction occur im passing over equal arcs, the 
curvature is uniform, and will be measured by the change of direction 
caused by traversing unit arc. ; 

In this case if the tangents at the extremities of an arc of length 
s are inclined at an angle ¢ radians (see Fig. 114), then the curvature is 
@ radians per s units of arc, or ¢/s radians per unit arc. 

If, however, the curvature varies, we then follow the usual method 
and measure the curvature at a given point by the limiting value of 
¢/s taken for an indefinitely small arc including the given point. Thus 


; Lt ( ¢ 
curvature at any point = , { = j peter orba ore . (1). 


#* This chapter is based upon the Hodograph Method of the late Professor Tait, 
published in the Encyclopaedia Britannica, 9th Edition, in the article on 


Mechanics, ¢ 49. } : é ; 
An elementary knowledge of Conic Sections is required for this Chapter, 
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304, To determine the curvature of a circle of radius 7. 


Let PQ be any small arc, and @ the centre of the circle. Then if the 
deflection of the tangent in passing from P to 9 is ¢ radians, Z PCQ = ¢. 
Also s = are PQ = rp. 

Hence curvature at P 

=i {¢}= Lt es eae 
By rp r 
Le. curvature of a circle at any point 
= l/r radians per unit are....(2). 

CoROLLARY.—The curvature of a circle is 

uniform, since it depends only on the length 


of the radius. Conversely if the curvature 
is uniform, the curve is a circle. 


DEFINITION.—The radius of curvature 
at any given point of a curve is the radius jana. Tle, 
of that circle whose curvature is equal to 5 
the curvature of the curve at the given point. 

Let p be the radius of curvature. ‘Then the curvature of a circle of 


radius p is ae also the curvature of thecuryeis LY s%\ ; 
p DSO (CG ) 


: i So Lt {¢ : Lt 5 ) 
hence A aa \ , and therefore p = pase 3 - Thus 
radius of curvature = U4 { s \ (3 
s=olgsitt ndnuonedca Cs 


305. Areal velocity.—If a point P is moving in any 
manner in a plane, and if § is 
some fixed point in that plane, 
then the areal velocity of P about 
S is the rate at which the line §P 
traces an area. 


[The area traced by SP, as P traces 
the arc PP,, is the sector PSP2. | 


If equal areas are traced in Fig. 115. 
equal times the areal velocity is 
uniform, and may be measured by the area traced in 
unit time; or if an area A is traced in a time ¢, the areal 
velocity is A/¢ units of area per unit of time. 
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If however the areal velocity is variable the areal velocity 
at any instant is measured by the limiting value of the 
quotient A/t taken for an indefinitely small time containing 
the given instant. Thus, representing the areal velocity 
by h, we have L= Ras a alee acl ae ae (4). 

To find the areal velocity of P at P, suppose that » is its 
linear velocity, and p the length of the perpendicular from 
§ on to the tangent at P, and let SP=r. Then if P, is the 
position of P after a small time #, the areal velocity 

Lt» (SPP, 
ee eee 

But when ¢ is indefinitely diminished P, lies on the tan- 
gent, and PP, = vt. 

Hence areal velocity 


or [ae ae aa host Peete ac (5). 
Again, if the angular velocity of P at P is o, we have 
by § 236 
Sap AZ0F' 
~ sin &PY’ 
and by Trigonometry, py =r sin SPY. 
wr 
"sin SPY’ 


00. h=or 


Hence 3pv = Ar sin SPY 


306. Theorem.—// a particle moves under the action of a 
central force, the areal velocity about the centre of force ts 
constant. 


(i) Suppose that a particle of mass m is travelling with 
velocity v, in the direction AP; and suppose that on reach- 
ing P it is acted upon by an impulsive force of magnitude 
mV in the direction PS. . 


DYN. 28 
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This impulse generates a velocity component V in the 
direction PS, and the subsequent velocity of the particle 
will be the resultant of the two components v, along AP 
and Valong PS. Let this resultant be v, in the direction 
PB; and let p,, yp, be the perpendiculars from § on AP, PB 
respectively. 

Now velocities are vectors; hence any 
theorem regarding forces, which is derived 
only from the Parallelogram Law, will 
be equally valid for velocities. 

Thus the moment of v, about § is the 
algebraic sum of the moments of v, and 
V about § (Tutorial Statics, § 69); also 
the moment of V about S is zero. 

Hence p,v,=p,2,+0, Le. pr, = 2% 
or 39,0, =$),%,, whence the areal velocity 
about S is unaltered. 


(ii) Now suppose that as the particle moves it is acted 
upon by a series of small impulses in rapid succession, each 
directed towards §. Each of these impulses alters the 
velocity; but by G) none of them alters the areal velocity, 
which therefore remains constant throughout the motion. 

If, however, we suppose that each impulse becomes 
indefinitely small, and that the intervals of time between 
consecutive impulses become indefinitely diminished, we 
obtain in the limit the case of a particle acted upon by a 
continuous force directed toward § as the centre of force. 

Hence if a particle move under the action of a central 
force, the areal velocity about the centre of force is constant. 


NorE.—The same argument will obviously apply if the impulses 
are directed away from § instead of towards S. Hence the areal 
velocity is constant whether the central force is one of attraction or 
repulsion. 


It is easy to modify this argument, and prove that 

Conversely.—lI{ a particle P moves in a plane in such 
a way that its areal velocity about a fixed point § in the 
plane is constant, then the force on P is always directed 
towards §. 
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307. Theorem.—/f @ particle moves under the action of a 
central force which varies inversely as the square of the distance 
of the particle from the centre of force, the hodograph of the 
moving particle is a circle, 


Let S be the centre of force which attracts the moving 
particle P with a force varying inversely as the square of 
the distance SP. Then P will have an acceleration / toward 
S varying inversely as the square of the distance §P; 
hence 


where pis aconstant, and 
fm OF: 

Let h be the areal 
velocity of P, which is 
constant, by § 306. Then 
by § 305, 


Se ered 619 S 


where is the angular velocity of SP. 

Suppose that, in some very small interval of time 7, P 
moves from P to P,; let H, H, be the corresponding 
positions of H, the moving point which traces the hodo- 
graph; let HTL and TH,M be the tangents to the hodograph, 
and ¢ the angle between them. 


Then by formula (3) 
radius of curvature of hodograph = L' ne resis) b 


Now the velocity of H represents the acceleration of 
P in magnitude and direction; but the acceleration of P 
at P is in the direction PS, and the velocity of Z at H is 
in the direction HL; hence HL is parallel to PS. 

Similarly H,M is parallel to P,S; and therefore 


ZMTL = ZPSP,- 


But when 7 is indefinitely small, ZPSP, = 7, where o is 
the angular velocity of §P at P. 
Hence in the limit 
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Again, velocity of Hat H = acceleration of P at P=p/r’; 
also H moves from H to H, in time +. Ilence, when 7 is 


indefinitely small, Hi E Qn Oe Asa Gia 


Hence, and from (iil), 


radius of curvature of hodograph = Lt —4 HH, 


But p» and / are constants; hence the curvature of the 
hodograph is constant. Thus 


the hodograph is a circle of radius 5 Boke 


308. Problem.—A particle P is projected from a point P with a 
given velocity VY, and is attracted toward a centre of force S which 


produces an acceleration =e Determine the hodograph of the ensuing 


motion. 


(i) To determine the radius of the hodograph :-— 


The areal velocity, h, is 
constant. But, if SY be 
perpendicular to PQ, the 
initial areal velocity 


=3V.8Y =2/. Rsina; 
where 
Ti = SIP, Ghes 26720). 
Thus \ 
h=4VRsina. 
But the radius of the 


hodograph is a 
Hence 


radius = 
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(ii) To determine the centre of the hodograp' :—- 


Let 0 be the pole of the hodograph. Draw OH equal to V and 
parallel to PY; then H is on the hodograph. 


Draw HT to represent the initial acceleration of P, viz. 7 parallel 


to P&; then HT represents the initial velocity in the hodograph, and is 
therefore the tangent to the hodograph at H. 


- ye 5 
Draw HC perpendicular to HT, and of length Visina’ then @ is the 


us 


centre of the hodograph. 


Nove 1.—It is not necessary that P should be projected from P with 
the given velocity, but merely that P should have the given velocity 
when at P. 


Norn 2.—C is always on the sume side of HT as 0. This may be 
proved as follows :— 


Ifa point P traces a curve which is always concave to a point S (cf. 
Fig. 119), it is easy to see that the direction of the line §SPand the 
direction of the tangent will both rotate in a clockwise direction, or 
both in a counter-clockwise direction. 

Also, conversely, if the direction of SP and the direction of the 
tangent both rotate clockwise or both counter-clockwise, then the 
curve traced by P is always concave to 8. 

Now if P is our mov- 
ing particle and § the 
centre of force, then at 
any instant P is travel- 
ling along the tangent; 
but § is always trying 
to pull P towards itself, 
and therefore P always 
deviates from the tan- 
gent on the side toward 
8; i.e. P describes a 
curve which is always 
concave to 8. Hence &P 
and the tangent are 


always rotating both Fig. 119. 
clockwise or both coun- 
ter-clockwise. 


Again OH the ‘radius vector’’ of the hodograph is always parallel 
to the tangent at P, and the tangent to the hodograph is always parallel 
to SP. Hence OH and the tangent to the hodograph are always rotat- 
ing either both clockwise or both counter-clockwise ; i.e. the hodo- 
graph is always concave to 0. 

Hence, in Fig. 118, 0 and the centre of curvature of the hodograpn 
wiil always lie on the same side of the tangent. 
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309. Theorem.— Zhe orbit of a particle under the action of 
w central force varying inversely as the square of the distance ts 
a conte, 

Let $ be the centre of force, 0 the pole and.@ the centre 
of the hodograph; let P be any position of the particle P, 
and H the corresponding position of # the tracing point of 
the hodograph. 

Draw OK L to CH, and HL and SV L to CO; draw HT 
the tangent of the hodograph. 

E 


D 
Fig. 120. 


Now the triangles OCK and HCL are similar. 
Hence 
OK: LH=0C : CH =a constant ratio =e: 1, 
where ¢ = OC/CH. 

Again OH represents the velocity of P, and OX is parallel 
to HT and therefore to PS. Thus OX represents the velo- 
city of P resolved along PS, .e. the rate at which P is 
approaching S, or the rate of decrease of the line SP. 

Similarly LH represents the velocity of P resolved 
parallel to SW, 2.¢. the rate at which P is approaching any 
fixed line. YZ which is perpendicular to SM, 7.e. the rate of 
decrease of the line PM, where PM is perpendicular to YZ. 

Hence 
rate of decrease of SP: rate of decrease of PM =e: 1..(i). 

Now suppose YZ is chosen so that in some one position 


of P 
SP SPM a6 so ta ae neverea eae (ii). 
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Tt follows from (i) and (ii) that sf all positions of P 
SPV EM = or: 
Hence the locus of P is a conic i which § is the focus, 
YZ the directrix, and ¢ the eccentricity. 


CoroLLARY.—If 0 falls within the hodograph, e = O0C/CH <1; hence 
the orbit is an ellipse. Similarly if O falls on or without the hodo- 
graph, the orbit is a parabola or hyperbola respectively. 

Note 1.—If in Fig. 120 we take various positions of H it will be 
found that SP and Pi are either both decreasing or both increasing. 
‘This is ebviously necessary for the validity of the proof. 

Nore 2.—IJf PQ is the direction of the velocity v, it is easy to see 
that PS is decreasing or increasing according as Z SPQ is acute or 
obtuse; and PM is increasing or decreasing according as ZMPQ is 
acute or obtuse. But SP and PM are either both increasing or both de- 
creasing. Hence SPQ and MP9 are either both acute or both obtuse ; 
i.e. Sand M always lie on the same side of the normal at P. 


310. Problem.—Find the orbit of P given the initial conditions. 

We first determine the hodograph, as in § 308. Then e = 0C/CH. 

Draw PM = SP/e, in a direction perpendicular to OC (Fig. 120), 
and so that 8 and M lie on the same side of the normal at P (§ 309, 
Note 2). Through M draw YZ parallel to 0C. 

Then the required orbit is the conic whose focus is 8, eccentricity e, 
and directrix YZ. This can easily be traced. 


311. Theorem.—/Jf V is the velocity of P when SP = R, then P wiil 


describe an ellipse, parabola, or hyperbola, according as V* <= or oe 


i 
Using Fig. 118 of § 308, we have 
= OH = PiGe 2G, 
CH = Esind Ui p OEE oats 

Cor.—By § 309, Cor., the orbit is an ellipse, parabola, or hyperbola 
according as C07 — or =CAe, 
or according as -CH?+H0*—2CH.HO cos CHO< = or >CH?, 
1.¢. according as H0?< = or >2CH.HO cos CHO, 
i.e. according as V?<= or ee V cos (Z-<), 
i.e. according as V2<= or aD BA cde tM Ale: (9). 


312. Theorem.—// a particle P 1s describing an ellipse 
under a central force which produces an acceleration p/r?, show 
that at any point v® = p(2/r—1/a), where a is the semi-axrs 
mayor of the ellipse, 
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Tet 8’ be the second focus, and let SY and S’P meet at 


Q. Then we know that SY= YQ, SP=PQ. Draw the 
normal PG. 


0 
v 
H 
il Poe 
T 
PG SP 2 PG 
Then 30 = 90° 1.€. apna 
mionice Ge et ae (i). 
p a 


Again, if 0 is the pole and C the centre of the hodograph, 


2h 


HC, CO of the triangle OHC are respectively perpendicular 
to the sides GP, PS, SG of the triangle $PG 


we have OH=», CH=" = =. Also the sides OH, 
Up 


Of eaGP v PG 
Th ee = : 
ae HO” Poe ee 
ag 
: OP AG : ; 
1.0. \ Spee using (1) 
2a—r__ 2 1 
ne (Ore een 


or vam (2—Z).e pias don 
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Corottary 1.—We can use formula (10) to draw the 
elliptic orbit given the value of » and the magnitude and 
direction of the velocity of P at some point P. 

For v, 4, r are known; hence equation (10) determines a; 
hence PS’ (= 2a—r) is known in magnitude. But PS’ is 
also known in direction, since “S8’PY’= ZSPY. Thus §’ 
is determined and the ellipse can then be easily con- 
structed. 


313. Theorem.—/J/f a particle is describing an ellipse with 
uniform areal velocity about one focus, the acceleration of the 
particle at any instant rs directed towards that focus and varies 
inversely as the square of rts distance from that focus. 


Take 0 as the pole of the hodograph (Fig. 121), and let 
OH represent v the velocity of the particle at P. Then 
h=t0p, hence QOH =v = ~. 

Now draw 0C perpendicular to §S’ and HC perpendicular 
to PS. Then, since OH is perpendicular to P@ it follows 
that the triangles OHC and GPS8 are similar. 


HO us BS: 
Hence eae 
r.OH Qrh : 
: ea ed NT Nein ). 
By HG GP > GP (i) 
Again we have 
a =< Sr herr a are state aerate (11), 


for in the proof of equation (i) of § 312 we can use p’ and r 
instead of p and 1’. 
From (i) and (11) 


HC = Ble Sr constanta: 5(did)s 


BLE ese is 0 


Again SG =e.SP; 
hence OG = 0 CH= 


== COMSEARG sisinie sais {CLV )s 
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From (iv) @ is a fixed point (since OC is fixed in direc- 
tion); and from (iii) the hodograph, which 1s the locus of H, 18 
a ctrele of centre C and radius 2 : 

Now the velocity of represents the acceleration of P. 
But the velocity of /7is directed along the tangent H7, which 
is perpendicular to the radius CH, and therefore parallel 
to P§. That is, the acceleration of P 2s directed toward 8. 

Again, the velocity of i is ».CH, where represents 
the angular velocity of CH, or the angular veiocity of SP 
(for CH is always perpendicular to SP), 

Thus ; 
2awh 


acceleration of P=w.CH = mo ret ie! 
But 4or? = areal velocity = /; 
whence, and from (vy), 
2 
acceleration of P = 2ah 2h — Aah Scacrecetaens 2. GLL): 


Pt Pe 
which proves the theorem. 


314. Problem.—To determine the period of revolution of a particle 
describing an ellipse of semi-axes a and b, under a central force 
Be 


directed to the focus which produces an acceleration = 

The area of the ellipse is rab; hence if h be the areal velocity the 
period of revolution is rab/h. 

We can calculate i most easily by considering the motion of P when 
at A, the vertex nearer to 8. 

Now at A,r =p = SA = a(1-e). 

Thus from (10) 


vy | pees” 
\ wl—e) a a(l—e) 
2 2 l+e 2 
Also, h? = ivy? = 2 a?(1—e)? 
\ ¢ 40°P ah we) P( ) 
a2(1—e L2 
= qu ( a ee 
a a 
Hence, 
. . Qa Qa 2. 
Periodrot revolution, =. mal assem eae Lanterns eres sp apndan (CAN, 
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Example.—To find how long the earth would take to fall into the 
sun if its velocity were suddenly destroyed. 


If the carth’s velocity were very neurly, but not quite, destroyed it 
would describe a very narrow ellipse, very nearly coinciding with the 
straight line joining its initial position to the sun. ‘The major axis of 
this ellipse would be very nearly equal to the earth’s initial distance 
from the sun, and therefore the earth would have very nearly gone half 
round the narrow ellipse when it would collide with the sun. 

Now if » denote the earth’s distance from the sun the semi-axis 
major of this narrow ellipse = 37, and by applying formula (12) we see 
that the period for the complete revolution would be practically 


a (Ar)? ; hence the time in which the earth would fall into the sun 
Me 


TT EET ch 


Again, the earth is now describing an ellipse about the sun whose 
semi-axis major is practically r in one year. Hence by formula (12), 


lr 3 : 

PP SE =e VOCAL, tte erate he ACONIOGG006 lL. 

Vb , . 
From (i) and (ii) the required time = }(3)2 year 


= year = 644 days nearly. 

315. The following laws which govern the motions of 
the planets, were discovered by the Danish astronomer 
Kepler, in the beginning of the seventeenth century. 

I. Every planet moves in an ellipse with the Sun in one 
focus. 

II. The straight line drawn from the centre of the Sun 
to the centre of the planet sweeps out equal areas in equal 
times. 

III. The squares of the periodic times of the several 
planets are proportional to the cubes of their mean 
distances from the sun.* 

It is obvious from the present chapter that these laws 
necessitate the hypothesis that the planets are under the 
action of an attractive force exerted by the Sun, which 
produces in them an acceleration inversely proportional 
to the square of their distance from the Sun. Compare 
§§ 318, 314. 


*The mean distance = the semi-axis major of the orbit, 
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This was first demonstrated by Newton about 60 years 
after Kepler’s death. 

With the exception of Mercury, the eccentricities of the 
planetary orbits are small and therefore the orbits are 
nearly circular. 


SumMMARY oF REsuLTs, 


Curvature at any point of a curve 


Lt ( ¢ 
a = es (1). 
Curvature of a circle at any point 
= 1/r radians per unit arc. .......... (2). 
Radius of curvature at any point of a curve 
1b: 8 
=, ‘ pian eee (3). 
Lt A 
Areal velocity =h= ,_ Pee a occ (4), 
hsb 0p Whats BORE CE a (5), 
Dae OF, BO eens, en eee (6). 


If a particle moves under a central force varying in- 
versely as the square of the distance :— 


The hodograph is a circle of radius p/2h .......... GOs 
= ie \ 
= TRana (8). 


The orbit is a conic (§ 309). 
The orbit is an ellipse, parabola, or hyperbola, 


according as V Pa Or > 2) 1b ae (9). 
If an ellipse, the velocity at any point is given by the 
formula * sip 2 [n= da) ve ee ede eee (10). 
and the acceleration by the formula 
4ah? 
= by 6. 6). 6: 6.076: OO 8). 0 10) O5O Oe 2 6. (11 ) 


The period of revolution = La ERI es .(12). 
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EXAMPLES XXII. 
(Selected Problems :—1, 3, 4, 6, 8, 9, 10, 14, 15, 16, 17.) 


1. Express the curvature of a circle of radius 2 feet (i) in degrees 
per inch, (ii) in radians per yard. 


2. What is the radius of a circle whose curvature is 1° per yard? 


3. What is the circumference of a circle whose curvature is 9° per 
inch? 


4, Prove that if a particle is moving with uniform velocity its areal 
velocity about any fixed point is constant. 


5. If the areal velocity about any point is constant, the angular 
velocity varies inversely as the square of the distance from this point. 


6. A particle is travelling under the influence of a repulsion from a 


fixed centre of force which produces an acceleration ee 
of 


Prove that 


(i) the hodograph is a circle of radius aa 
v 


(ii) the pole of the hodograph lies outside it ; 
(iii) the orbit is one branch of a hyperbola, and the centre of 
force is that focus of the hyperbola to which the orbit is convex. 


7. How do you reconcile the statements that 
(i) if the force is attractive the hodograph is always concave to 
its pole [§ 308, Note 2]; and 
(ii) if the orbit described, under an attractive force is a hyper- 
bola, the pole lies outside the circular hodograph ? 


8. Show that if a body wandering through space came within the 
range of the Sun’s attraction it would not describe an ellipse about the 
Sun as focus, but would describe one branch of a hyperbola, which 
might approximate to a parabola. Is there any possibility of its 
falling into the Sun P 


9. Ifa particle is describing a parabola about a force-centre under 


. the gravitational law, prove that v? = pu, 2 
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10, If a particle is describing a hyperbola about a force-centre 
under the gravitational law prove that 
Poe oe AA 
2 = — — 
u(- a3 ‘) . 
11. Ifa particle is describing a hyperbola about a force-centre under 
a repelling force inversely proportional to the square of the distance, 


prove that 
Bh (; , 
v? = p(—— — 
a tee S 


12. A particle is projected from A with velocity V, under an 
attraction toward 8; what is the condition that the particle will 
A 


describe an ellipse and that SA should be its minimum distance from 8? 
13. What are the dimensions of pw? 


14. Determine the value of » in the earth’s orbital motion in F.P.S. 
units assuming that the earth describes a circle of 90,000,000 miles 
radius in 360 days about the Sun as centre. 


15. A particle of mass 1 gramme is placed at rest at a distance of 
1 metre from a ‘centre of force which will attract it with a force of 


ee dynes, where 7 is the distance of the particle from the centre of 
Fs 


force in metres. How long will it be before the particle reaches the 
centre of force ? 


16. If the particle in the preceding question were projected at 
right angles to the line joining it to the centre of force with a 
velocity of 4 cm./sec., determine the eccentricity of the orbit. 


17. If a particle is describing a parabola of latus rectum 4a, with 
uniform areal velocity 4 about the focus, find the magnitude and 
direction of the acceleration of the particle at a distance » from the 
focus. \ 

18. Ifa particle is describing one branch of a hyperbola with uni- 
form areal velocity A about the focus to which that branch is 
concave, find the magnitude and direction of the acceleration of the 
particle at a distance 7 from the focus; given that the transverse semi- 
axis is a, and the eccentricity is e. 
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EXAMPLES XXIII. (Miscrrtannous.) 


1. Two stations are 1} miles apart. A goods train starts from 
rest at one of them, moving with uniform acceleration 6 ins. per sec. 
per sec., until the steam is shut off and the brakes are applied so as to 
bring it to rest at the other station. If the brakes cause a retardation 
of 5 ft. per sec. per sec. in the train, at what distance from the second 
station must they be applied ? 


2. A bicyclist, riding at 20 miles an hour, passes a horseman, who 
immediately starts off in pursuit. The horse can gallop at 30 miles 
an hour, and he attains this speed with an acceleration of 11 ft. per 
sec. per sec. Find how far the cyclist has gone before the horseman 
overtakes him. 


3. Two trains on the same line are approaching one another with 
velocities U and w, respectively. When there is a distance s between 
them, each is seen from the other. Prove that it is just possible to 
avoid a collision if uF + Uf = 2Ffs, where Fand fare the greatest 
retardations which the brakes can produce in the respective trains. 
[Omit the possibility of one train being able to move back before the 
other is brought to rest. | 


4, An express train is overtaking a goods train on the same line; 
their velocities are U and w, respectively. When there is a distance s 
between them, each is seen from the other. Prove that it is just 
possible to avoid a collision if (U—w)? = 2(F+f)s, where F is the 
greatest retardation and f the greatest acceleration which can be pro- 
duced in the two trains respectively. 


5. A train weighs J tons, and the resistance of friction is p lbs. 
per ton. If the engine can exert a pull of Plbs., and the brake a 
resistance of 2 lbs., find the distances passed over in attaining a speed 
of v miles per hour from rest, and in slowing down from that speed to 
rest respectively. 


6. A pile of mass 160 lbs. is driven into the ground by a weight 
of 4 ton, which is repeatedly let fall on it from a height of 16 ft. 
If each blow drives the pile 1 ft. farther in, determine the average 
resistance of the ground. 


Q 
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7, A steam hammer of mass } ton is hammering a red-hot plate 
of steel. At every stroke the hammer falls 10 ft.; the average 
force exerted by the steam pressure behind the hammer is 43 tons 


weight. If the hammer compresses the steel 3 ins. in one blow, 
determine the average pressure of the hammer on the steel. 


8. A hammer-head of mass 14 oz., travelling with velocity 16 ft. 
per sec., strikes an inelastic nail of mass 20z., and drives it 2 ins. 
into a fixed block of wood. Determine in Ibs. wt. the average re- 
sistance of the wood to the nail. 


9. Suppose that in the last question the block of wood weighs 
20 lbs., and is free to move along a smooth horizontal plane; also 
suppose the average resistance of the wood to the nail to be 50 lbs. wt. 
Determine how far the nail will penetrate; also find the final velocity 
of the block. 


10, A mass m with initial velocity v penetrates into a mass 
initially at rest. The average resistance to penetration is 2. Prove 


2 
that the mass m penetrates a distance cae a , and ee the final 
velocity of the system is ae 

+m 


11. A rifle bullet of mass 1 oz., travelling with velocity 1,000 ft. per 
sec., passes through a block of wood 1 ft. thick, weighing 50 lbs. If 
it leaves the wood with velocity 200 ft. per sec., determine the final 
velocity of the wood. 


12. Given a smooth perfectly elastic plane and two points in space 
on the same side of it, determine geometrically in what direction a 
particle must be projected from the one point in order that it should 
pass through the other after impact with the plane. [Gravity not 
being taken into account. ] 


13. Given two smooth perfectly elastic planes and two points in 
space ; find how to project a particle from one point in order that, 
after impact with each plane, it should pass through the other point. 
(See Ex. 12.) 


14. A bullet of mass m travelling with velocity w passes through 
the centre of a sphere of wood cf mass M and diameter d, which was 


MISCELLANEOUS EXAMPLES, 385 


originally at rest on a smooth horizontal surface. If the bullet leave 
the sphere with velocity v, find (i.) the final velocity of the sphere ; 
(ii.) the time occupied by the bullet in penetrating; (iii.) the average 
pressure between the bullet and the sphere. 


15. A particle of elasticity e is projected in a direction inclined to 
the vertical, and bounces along a smooth horizontal plane. The range 
of one rebound is r; find the range of the next. 


16. A heavy slab, whose under surface is rough, but the upper 
smooth, slides down a given inclined plane. Find the acceleration 
with which a small particle laid on its upper surface will move along 
the slab. [Given inclination of plane = a, coefficient of friction = p.] 


17. A heavy particle slides from the top of a smooth sphere of 
diameter 2ft. Find at what point it will leave the sphere. 


18. A flexible heavy string, length 2/, is moving over a smooth 
fixed peg, the two unequal portions hanging vertically. Prove that 
at the instant when its middle point is at a distance x below the peg 
the acceleration of the motion is 2g/1. 


19. Determine the tension at the middle point of the string in the 
last question. 


20. A weight W hangs by a string over a pulley. A monkey takes 
hold of the other end, and at an instant when VW is at rest commences 
to climb. He climbs / ft. in ¢ secs. without disturbing W. Deter- 
mine his motion, and find his weight. If at the end of ¢ secs. he 
cease to climb, how much farther will he ascend in the next ¢ secs. ? 


21. Two monkeys of masses M and m start climbing, each with 
uniform acceleration, up the two ends of a rope which is hanging over 
a pulley. Find the relation between their accelerations if the rope 
always remains in exactly the same position. 


22. A light wheel of radius 3 ins., which is rigidly connected with 
a light axle of radius 1 in., is free to revolve in a vertical plane. A 
string wound round the rim of the wheel carries a weight of 4 lbs., 
and a string wound round the axle in the opposite direction carries a 
weight of 91bs. If the system be left to itself, determine the accele- 
ration of each weight. 


DYN, 2c 
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23. A heavy uniform perfectly flexible string is placed over a 
perfectly smooth peg in such a way that a length Z ft. hangs over one 
side, and 7 ft. over the other. The string is then left free to move. 
Prove that the velocity of the string just as it leaves the peg is 
V/2Lig/(L +1). 

24. A weightless rod 30 cm. long is hinged at one end; masses 2, 
4, and 6 grammes are attached to it at distances 10, 20, and 30 cm., 
respectively from the hinge. If it is held ina horizontal position, 
and then let go, find the angular velocity when the rod is vertical, 
and also the pull ou the hinge. 


25. Equal heavy particles are attached to the middle and end of a 
light rod. The other end is fixed. It the system be set rotating 
about the fixed end, prove that the tensions in the two parts of the rod 
are in the ratio 3; 2. 


26. If H be the greatest height of a projectile, R the horizontal 
range, and / the velocity of projection, prove that kK? = 161 (3 V?/7—H). 


27. A 11l-ton Armstrong gun, whose muzzle is 16 ft. above the 
ground, discharges a projectile horizontally to strike the ground 
750 yds. off. Neglecting the resistance of the air and the friction of 
the gun, compare the work done by gravity with that done by the 
gunpowder on the projectile. 


28. If two particles be projected from the same point in the same 
vertical plane with equal velocities , in different directions, so as to 
have the same range JZ, find the difference between their times of flight. 


29. A particle is placed on a rough horizontal plate (u = 6) ata 
distance of 9 ins. from a vertical axis about which the plate can turn. 
Find the greatest number of revolutions per minute the plate can 
make without causing the particle to slip upon it. 


30. Two guns are pointed at each other, one upwards at the angle 
of clevation a, and the other downwards at the same angle of depres- 
sion, the muzzles being 100 ft. apart. Ifthe bullets leave the muzzles 
with velocities 2,200 and 1,800 ft. per sec., prove that they will meet, 
and find after what time. 


31. Let 0, An, An-}, ...A:, Aj, A be points arranged in this order on 
a straight line. A body starting from rest at A moves towards 0 
under the influence of 4 uniform force }u (0A + 0A,) until it reaches 
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A,. Then the force becomes tu (OA, + OA;), and remains go until the 
body reaches A, Then the force becomes $u (OA, + OA;), and remains 
so until the body reaches A3, and so on; and whilst the body is moving 
from A, to 0 the force is uniform and equal to $4 (OA,). Prove that 
the body will reach 0 with velocity 0A Wu. 

Apply the result to determine the velocity with which a body 
moving in a straight line under the influence of a force, varying 
as the distance from a point on a straight line, will arrive at the 
centre of force. | 

32. 0, B, A are three points arranged in this order on a straight 
line. A particle is projected from A towards B with velocity u, and 
reaches B with velocity v, being acted on during the motion by a force 
which produces uniform acceleration «+(OB . OA) towards 0 


° i 1 
Prove that 4 (v—v?) = (a5- a) 
TOV 3 (v—v) = OB OA 
33. 0, An, An-j,... Ag, Ay, A are points arranged in this order on a 


straight line. A particle is projected from A towards A,,, with velocity 
u, and reaches A, with velocity v, being acted on during the motion 
by a force of the following nature :—Whilst the particle moves from 
A to A,, it produces uniform acceleration u/(0A .0A,); whilst the 
particle moves from A, to A, it produces uniform acceleration 
u/(OA,. OA) ; whilst the particle moves from A, to Ay, it produces 
uniform acceleration u/(OA,.OA3); and so on. 

Prove that } (2) =p (ar 2. a 

34. In Example 33 show how, by keeping the points A, A fixed in 
position, and making » infinitely great, to prove the formula 


Vite 


where is the velocity, and p/7? the acceleration at the distance r 
from OQ, and € a constant. 

35. A point moves in a plane so that its projection on the axis of « 
performs a harmonic vibration of period 1 second with an amplitude 
of 1 foot, whilst its projection on the axis of y (which is at right 
angles to the axis of x) performs a harmonic vibration of period 2 
seconds with an amplitude of 1 foot. Find the equation of the path 
of the point, it being given that the point, whose coordinates, 
measured in feet, are 1, 0, is on the path. Draw the path. 
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36. Ifa bullet weighing w lbs. is fired with velocity v at a body 
weighing JV lbs., advancing with velocity V, the body will retain the 
velocity 


WV —we w 
ee OL) v—U 
Wa ee 
according as the bullet is imbedded, or perforates and retains a ve- 


locity w. 

In the former case calculate the energy liberated, and thence infer 
the average resistance of the body from the length d perforated by the - 
bullet. 


37. The value of g at the surface of a planet is directly proportional 
to the mass of the planet and inversely proportional to the square of 
its diameter. Find the length of the seconds pendulum at the surface 
of a planet whose mass is 100 times that of the earth, and whose 
diameter is four times that of the Earth ? 


38. A train running at 30 miles per hour is stopped in 10 seconds 
with uniform retardation: show that during this time a heavy body 
suspended by a cord from the roof of one of the carriages will hang 
obliquely, and will pull on the cord with a force exceeding its weight 
by nearly 1 per cent. 


39. A wheel is rotating with constant acceleration. If it perform 
3 revolutions in the first second, and 5 in the fifth second, what is its 
acceleration ? 


40. Find in H.P. the rate of working ofa pile-driving engine which 
drops a weight of 2 cwt. from a height of 9 feet six times per minute. 

If the mass of the pile is 8cwt., and if under this treatment it sinks 
3 inches per minute, find the mean resistance to the penetration. 


41. If the point of suspension of a simp!e pendulum be moved hori- 
zontally with an acceleration of 4 ft./sec.?, what angle does the string 
make with the vertical in the position of relative equilibrium ? 


42. Two balls each of mass mm are connected by an inelastic string of 
length @ and are placed together on the ground. If one ball be pro- 
jected vertically upwards with velocity due to the height 4, show that 
the other ball will rise to a height }(%—a). 

Find and explain the loss of energy that occurs at the instant that 
the string is tightened, 
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43. A block of wood weighing W lbs., free to recoil, is struck by a 
bullet weighing w lbs. travelling at the rate of v ft./sec. If the bullet 
penetrates a feet, prove that the resistance to penctration is a force of 
wae : aE lbs. wt., and that the time of penetration is os seconds, 

Wa 
W+w 

44. A smooth wedge of mass Jf rests with one face on the floor of 
a room, and with its edge in contact with the bottom of the wall. A 
smooth sphere of radius 7 and mass H is placed touching the wall and 
the wedge and then let go. If the slant face of the wedge slopes at 
an angle 30° to the horizontal determine the velocity with which the 
sphere strikes the floor. 


during which time the block moves feet. 


45. A smooth wedge of mass M (of the shape represented in Fig. 42, 
§ 195) rests upon a horizontal plane. A light inelastic string passes 
over the edge CC’ and connects two particles of masses m and 3m 
respectively of which the first is in contact with the vertical and the 
second with the slant face of the wedge. If the system is left to itself, 
determine the acceleration of the wedge; given that the slant face 
slopes at an angle 30° to the horizontal. 


46. A particle is projected horizontally with velocity a from the top 
of a smooth fixed sphere of radius 7. At what depth below the point 
of projection will the particle leave the sphere ? 


47, A particle slides down the inner surface of a smooth hemi- 
spherical bowl of radius 1 ft., starting from rest at the rim. [ind the 
depth of the particle below the rim when the vertical resolute of the 
yelocity isa maximum. (Use squared paper.) 


48. The initial velocity of a body is 10 ft./sec., and at the end of 
the first, second, third, fourth, and fifth ‘seconds, the velocities are 
respectively 13, 18, 25, 34, 45 ft./sec. By means of a diagram drawn 
on squared paper, determine the probable accelerations at the end of 
the second and fourth seconds respectively. 


49. A particle is oscillating under a force which varies directly as 
the distance of the particle from its mean position. If the amplitude 
of the oscillation is a, find the distance of the particle from its mean 
position when the rate of working of the force is a maximum. 
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50. A xvigid rod is moving in uny manner ina plane. Prove that at 
any moment the resolutes of the velocities of the extremities of the rod 
taken along the rod are of equal magnitude. 

51. A ladder placed against a wall is slipping down. Find the 
inclination of the ladder to the horizontal when the velocity of the 
upper extremity is 4/3 times that of the lower extremity. 

52. In the preceding question, if the length of the ladder is 2a, find 
the angular yelocity of the ladder when at an angle a with the 
horizontal, if the velocity of the lower extremity is then w. 

53. Ina triangle ABC, AC is a rod hinged to a fixed point at A, and 
jointed at C toa secondrod@8. If B isapproaching A with a velocity 
u, prove that the angular velocity of AC is wu cos B/bsin C. 


54, A reel of thread of radius 7 is free to revolve about its axis 0. 
If A, the end of the thread, is moved with velocity w along a fixed line 
OX, prove that the angular velocity of the reel at any moment is 


u(4 aa) 
i> OAZ 


55, A plane is inclined at an angle @ to the horizontal ; a sphere of 
radius 7 is placed above the plane with its centre at a distance py from 
the plane. Calculate the time of quickest descent from the surface of 
the sphere to that of the plane. 

56. A plane is inclined at an angle a to the horizontal ; above the 
plane is a point at a distance py from the plane. ITind the time of 
quickest descent from the point to the plane down a rough wire, if the 
angle of friction is 0. 

57. Find the least velocity with which a ball can be thrown if it is 
to strike the top of a pole which is « feet from the point of projection 
and y feet high. 


58. Find the magnitude and direction of the initial velocity of a 
projectile, if the velocities after 1, 2, 3 seconds respectively are in the 
ratio 1: 8: 4/7. 

59. A ball of mass m is attached to the top of a pole by a light 


inelastic string of length eye, If it is projected horizontally 


from the top of the pole with velocity w, determine the impulsive tension 
when the string tightens, and the velocity with which it strikes the 
side of the tower. 
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60. Prove that it is possible for two particles of masses Mand m, 
on a smooth horizontal table connected by a light inelastic string, to 
describe circles with equal angular velocity about one point on the 
string which will remain at rest. Find the ratio of the lengths into 
which this point divides the string. 


61. Three particles of masses 1, mg, m3 on asmooth horizontal table 
are attached to a light inextensible string AC at points A, B, C respec- 
lively. Prove that it is possible for the three particles to revolve with 
equal angular velocities about a certain point 0 on the string. If 
AB = x, BC = y, determine the length A0. 


62. A particle of mass m is acted upon by a force toward a centre 
0 which varies directly as the distance of the particle from 0. If the 
magnitude of this force at unit distance from 0 is F, and if the particle 
is projected towards 0 with velocity w from a distance x, determine 
the velocity of the particle on reaching 0, and the greatest distance to 
which the particle will travel on the opposite side of 0. 


63. A solid ball of radius 7 rolls down the cuter surface of a rough 
fixed sphere of radius 2 from rest at the highest point. Find the 
vertical distance travelled by the centre of the ball at the moment 
when it is leaving the surface of the sphere. 


64. In the last question determine the velocity of the centre of the 
ball when it is on a level with the centre of the sphere. 


65. Show that an electric railway, with stations at half-mile 
intervals, to work at an average speed of 12 miles per hour, including a 
half-minute stop at each station, can be worked principally by gravity, if 
the line is curved downward between the stations to a radius of about 
46,000 ft. ; and that the dip between the stations will be about 20 ft., 
the inclines at the stations about cne in 33, and the maximum velocity 
23} miles per hour. 


ANSWERS. 


EXAMPLES I. (PAGES 24-26.) 

1. (i.) 88. (ii.) . @ii.). 3. 2. (i.) 1200. Gi.) 1760. ii.) 1760 
8. 960 ft. 4. 9 yds. 5. 396 ft. 6. 1368. 
7. 194ft. per sec. 8. 225 yds. 9. 210 yds. 10. 20w. 
11. (i.) -6. (ii.) 036. (ili.) -0315576. 

12. (i.) 1250. (ii.) 750. (iii.) 3754, days. 18. 30 miles an hour. 
14. +3; mile. 15. 9:6 miles an hour. 16. 12 miles an hour. 
17. 574 miles an hour. 18. 193 minutes. 19. 5? minutes. 


EXAMPLES II. (PAGES 34, 35.) 


i 


(i.) Diminished to 4 of its former value. (ii.) Increased to 3600 
times its former value. 

2. (i.) 384. (ii.) 38400. (iii.) 785455%. 

8. 11784. 4. 33 ft. per sec. per sec. 5. 128574. 

6. 11 ft. per sec. per sec. 7. 88. 8. 207, 1200f. 

9. (i.) 36; 35280. (ii) 129-6; 127008. 10. —2,2°%,cm. per sec. per sec. 

11. 53 sec. 12. —#2it./sec.2 18. 7% sec. 14. 65 ft./sec. 

15. +5 sec. 16. —20,000 ft./sec.? 17. 800 ft. /sec. 

18. 180,000 ft./sec.2 


EXAMINATION PareR I, (PAGE 36.) 


1. See § 31. 2. See §§ 18, 28, 31, 40. 8. See $f 9-11. 
4. +4, , 5. 23xAzft, per sec. 6. 390. 
7. 242 ft. ;‘22 secs. 8. 19 miles an hour: 133 mins. past one. 


ExaAmpues III. (PAGES 50-52.) 


1. 1600 ft.; 320 ft. per sec. 3. 4sec..3( /2—1)sec.,3( 3 — 4/2) sec. 
4. 4ft. per sec. per sec.; 5 secs. 5. ft. per sec. per sec. 

6. -30ft. 7, 28/(w+v). 

8. 50, 100, and 150 metres per sco. respectively 
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10. Time = (w+ 1? +2af) /f; 
& has travelled over («+ af+u /u?+2af)/7. 


11. 160 ft. 12. 374 sec. NSE Yeaate 

14, 1289000 ft /sec.2; ga%sp Sec. 15. 848°5 ft./sec. 
16. 163 ft./sec. 17. -01414 sec. ; 00586 sec. ; -00449 sec. 
18. 968 feet. 20. 848°5 ft,/sec. 21. 1 inch. 


22. The train comes to rest after travelling another 4083 metres, 
23. About 235 ft. 24. About 76 feet. 25. About 16°5 ft. HK. 


EXAMPLES IV, (PAGES 68-70.) 
a @ 


‘ ; 160 ft., or 4900 cm. per. sec. 
ae 


) 400 ft., or 12,250 cm. ; 
) 14,400 ft., or 441,000 cm. ; 960 ft., or 29,400 cm. per sec. 
) 12,960,000 ft.or 396,900,000 cm.; 28,800ft.or 882,000cm.per sec. 
) 16 ft., or 4:°9cem.; 3:2 ft. per sec., or 98 cm. per sec. 
2. (i.) 80 ft. per sec. ; 24 secs. (ii.) 240 ft. per sec. ; 7% secs. 
(ii.) 4 ft. per sec. ; $ sec. (iv.) 1400 cm. per. sec. ; 1} secs. 
8.2. 4. 900ft. 5. 160ft. persec. 6. About 277 ft. per sec. 
8. 324 ft.; 144 ft. per sec.; 4ft. 9. 80 ft. per sec. ; 88 ft. per sec. 
11. 400 ft.; 10 secs. 12. 53 ft. 14. 1% secs. 
15. 4080 ft. 16. 72 it. per sec. downwards. 18. 3 secs. 
19. 63ft.; 2 sec. 20. 6 secs. 21. 209 ft. 22. 5 secs. 
PIS We Uh 24. va: Vb. 25. 136 ft. above the ground. 
26. 56; {t. below the edge of the cliff. 27. 256 ft. 


EXAMINATION PAPER II. (PAGE 71.) 


1. See § 42. 2. See § 49. 8. See §§ 51-53. 

4. 24 ft. per sec. per sec. 6. 32°18 ft. per sec. per sec., nearly. 

7. See § 68. 8. 53 secs. 9. 1200 ft. per sec. 
10. +4 vi secs.; +2/ above the ground. 


EXAMPLES V., VI. (PAGES 86-88.) 


1. (i.) 4 F.P.S. units. (ii.) 896 F.P.S. units. (iii.) 3 /10 C. G.S. 
units. 

2. 935; it. per sec. 8. 240 pdls. 

4. 14,336,000 pdls.; 1,433,600 F. P. S. units of momentum, or 640 
tons-ft./sec. 

5. 440 ft. ; 1971200 pdls. 6. 65702 pdls. 

7. (i.) 8% pdls. (ii.) 5 secs. 8. 100,000 dynes; 50,000 dynes. 
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9. °3 cm. per sec.; ‘003 cm. per sec, 10. 15:2 2: 11. 14: 45. 


12. 12000 yds. ; 1200 ft. per sec. 13. 852 tons. 

14. (i.) 6-4 pdls. (ii.) 36°4 pdls. 15. 30 pdls. 16. 480 cms. 
1'7. 2-5 metres. 18. 30 seconds from rest. 19. 49 pdls. 
20. 200 dynes. 21. 10 boles. 22. 293 F. P.S. units. 
28. 37°5 boles; 18750 pdls. 24. 16 boles. 


25. (i.) 82 ft./sec. (ii.) 24 ft./sec. (iii.) 14 boles. 


Exame.es VIL. (PAGES 98, 99.) 


2. See § 71; 2it. persec. 3. 4323 ft. per sec. 4. 32 ft. per sec. 
5. } ft. per sec. 6. ft. per sec. 7. 12 it. per sec. 
8. 10 ft. per sec. 9. 15 ft. per sce. 10. 9 ft. per sec. 
11. 64 metres per sec. 12. 100 cm. per sec. per sec. ; 200 dynes. 


EX\MINATION PAPER ILI. (PAGE 100.) 


1. See §§ 79, 89 (3). 2. See § 84. 3. See §§ 90, 91, 96 (2). 
4. (a) +4 ton weight, or 657063 poundals. 
(6) +4 ton we ght, or 109514 poundals. 
5, (i.) 7 ft. per sec. per sec. ; 1920 F.P.S. units. 
(ii.) 5000 cm. per sec. per sec. ; 300 C.G.S. units. 
6. See §§ 77, 76. 7. 4744 ft. per sec. 8. 4 ft, 
9. 2240 F.P.S. units. 10. 3:2. 


ExampLes VIII. (Paces 118-122.) 


1. (.) 4 ft. per sec. per sec. ; 240 ft. per sec. ; 7200 ft. 
(i1.) 3200 ft. per sec. per sec.; 64000 yards per sec.; 1090}? miles. 
(ill.) 140 ft. per sec. per sec. ; 2800 yds. per sec. ; oe seis 
(iv.) *981 cm. per sec. per sec. ; 58°86 cm. per sec. 765° 8 cm. 
2.28800 ft. 8. 2304 F.P.S. units. 4. 3200 F.P.S. units, 
5. 33 ft. per sec. per sec.; 48 Ibs. 6. (i.) 744, (ii.) 2373 lbs. weight. 
ho Tap 2, WIPO). 8. At the bottom. 9. 15034 lbs. weight. 
10. 23 sec’. ; 2 of the weight. 11. 2 ft./sec.? upwards. 
12. (i.) 240 lbs. weight, (ii.) 80 lbs. weight. 18. 103 lbs. weight. 
14. 63-5688 metres ; 26°01197 cm. per sec. per sec. 
15. (P—W)g/V ; nP,if nm be the fraction of the chain below the point 
considered. 
16. + 02. weight. 18. 96 gallons. 
19. 30°5 lbs. weight. 20. 1} lbs. weight. 
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21. (7) 2248 Ibs. weight. 4°; Ibs. weight. (4) 10 Ibs. weight. Zero. 


22. 8°5 Ibs. weight. 6°8 lbs. weight. 23. 4 ft./sec.* 
24, 2 lbs. weight. 25. 6 inches. 26. One mile beyond the station. 
27. 067 lbs. weight approximately. 28. 1 1b. weight. 

29. 350 lbs. weight. 31. 68:5 sec. 32. 4 min. 29°4 sec. 


33. 3} tons weight. BPs 132 inches. 36. 6 ft. Bio AOL si 
38. (i.) 25 ft./sec.  (ii.) ee sec. (ill.) 16114 lbs. weight. 


( 
39, (i.) 16 ft./sec. (ii.) 128 F.P.S. units per second. (iii.) 6 lbs. weight. 


EX\MINATI.N PAPERTIV. (PAGE 123.) 


See §{ 5, 6, 106, 107,114. 2. See §§ 113, 115, 116. 

. 5 Ibs. weight. 4. sshi¢ kilogrammes weight. 5. 64 ft. 
. 6 boles. 7. 1b. of tea, § 1b. of sugar. 8. 4432 tons. 

3 sec. 10. 382% ft. /sec. 


OD 0H 


EXAmpLes IX. (PAGES 140-142.) 


1. (i.) 154@ lbs. weight; 2 ft. per sec. persec. ; 31} lbs. weight. 
(ii.) 1$ oz. weight; 28 ft. per sec. per sec.; 32 oz. weight. 
(iii.) 28 Ibs. weight ; 24 ft. per sec. per sec. ; 56 lbs. weight. 
(iv.) +4 lb. weight; 27%; ft. per sec. per sec. ; 143 lbs. weight. 
(v.) 44 lbs. weight; 3§ ft. per sec. per sec. ; 8 lbs. weight. 


(wi.) 62 lbs. weight; 213 ft. per sec. per sec. ; 13} lbs. weight. 
(vil.) Ae hee weight; 1 cm. per sec. per am ; 980332om. weight, 
(vili.) 165yo%gm. weight ; 819 cm. per sec. per sec. ;  SS0zoeemE weight. 

2. (i.) (a) 17, (b) 15 ft. per sec. per sec.; 732 lbs. weight. 

(ii.) (a) 30, b) 2 ft. per sec. per sec. ; 4° oz. weight. 

(iii.) (@) 28, b) 4 ft. per sec. per sec. ; 4 lbs. weight. 

(iv.) (@) 1725, (0) 1474 ft. per sec. per sec. ; 3 lb. weight. 

(v.) (@) 173, (6) 14§ ft. per sec. per sec. ; 2$ lbs. weight. 

(vi.) (a) 262,  ‘b) 54 ft per sec. per sec.; 383 lbs. weight. 

vil.) (@) 491, b) 490 cm. persec. persec.; 24554? grams. weight. 
(viii.) (a) 900, b) 81 cm. per sec, per sec,; 823%%; grams. weight. 
3. ee sec. , 32 4/28 ft. per sec. 5. 58 ft. 

6. 8 ft. per sec - 12 lbs. weight. 7. 12 secs. 
8. os between 3 lbs. mass and 5 lbs. mass = 5$ Ibs. weight 


tension between 4 lbs. mass and 6 lbs. mass = 53 lbs. weight 
tension cf portion over pulley = 8§ lbs. weight. 
Q. 222ft. per sec. per sec 10. 428ft. per sec. persec. 11. 4ft.; 37sec. 
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12. Tension between P and R =(2Q+h) P/(P+Q4+2); 
9 between Qand R =(2P+2) Q/(P+Q+2#). 

13. 93 ft./sec.? 14. Uniform velocity of 33 ft./sec. 

15. 4 ft. 7 in. 16. 133 boles. (ee o lte 

18. The 7 oz. mass has an acceleration of +g downward; the 3 oz. 
mass, $2 g upward; the 4 oz. mass, $2 g downward. 

19. The 7 0z. mass has an acceleration of #3; g upward; the 3 oz. 
mass, <i gy upward; the 4 oz. mass, 3 g downward. 


EXAMINATION PAPER V. (PAGE 143.) 


1. See §§ 120, 131. 2. See §§ 126, 128. 3. 44 oz. and 32 oz. 

4. See § 182. 5. See § 126. 

6. Tension = } 1b. weight; pressure on pans = 63 oz. weight and 
54 oz. weight. (P—Q) (Q+P,) h 


* (P+ Q) (Q-Py) 
8. Hach mass = 49493 grammes ; rider = 10$3¢ grammes. 


4 1 3 
9. pt Ga Re 
EXAMPLES X. (PAGES 165-168.) 

1. 300 lbs. weight. 2. 404 lbs. weight. 

8. 24000 ft.-Ibs.; 160 ft. per. sec. 4. (i.) 384 f{t.-poundals ; 0. 

5. The velocity is doubled. 6. 351564 poundals ; 345 secs. 

7. 8 ft. per sec. 8. 848; ft.-lbs. 9. 200 miles per min. 
10. 7 min. 11. 275 ft. per min. 12. 9900 Ibs. 
18. 44. 14, 4531 lbs. 15. 735°75 watts. 
16. 1 f{t.-poundal per sec., or z7$oo horse-power. 17. 1320 lbs. weight. 
18. (i.) Lem. = *033178 ft. (1i.) 1 gramme = -00228 Ib. 


(iii.) 1 dyne = -0000757 poundal. 
(iv.) 1 erg = °000000785 ft.-poundal. 
19. 12375, 85204n tons. 20. 2400 ft.-pdls. 21. Ft?/2m ft.-pdls. 
22.45 H.P. 23. 15 ILP. 24. 720,000 ft.-lbs. 25. 11:9. 
26. 4°47 ft/sec. 27. 12-4 ft. /sec. 28. 334 ft.-pdls. 
29. 3 ft.-Ib. 30. -92 ft.-lb. 


EXAMINATION PAPER VI. (PAGE 169.) 
1. See §§ 134, 135, 155. 2. See §§ 77, 139, 142. 
8. 887040 ft.-lbs. 4. 562 miles per hour. 5. 320. 7. 3733. 
8. 325 lbs. 83 oz. weight. 9. 554 lbs. 10. 300,000 ft.-lbs. 
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EXAMPLES XI. (PAGE 179.) 


1. -0000715 pdl. 2-093 pdl. 8. -007716 cm./sev.2, 771600 ergs. 


4. 1°436 sec. 5. °717 ft./sec.?. 6. 36 grammes. 
3 

7. 3°125 ft., +8125 sec. 8. = grammes per cub. cm. 

9. P= kms, 10. P= kmvt—, 11. s = kW 3m. 


12. In Formula (ii) the dimensions in length are not correct. 


Exameies XII. (PAGES 198-200.) 
1. 302 ft. 2 ins., nearly. 2. South-east. 38. 13°66 ft. per sec. 
4. Ina line making 60° with the line on the paper, and with the 
same velocity as that with which it crawls along the paper. 
5. 61 ft. per sec. ‘7. 10 miles an hour from the north-west. 
8. 22 ft. behind the object, measured parallel to the direction of the 
train’s motion. 
9. 7milesan hour. 10. 1650 ft. per sec. 11. 353° east of north. 


12. 18° west of south. 13. tan“ ACOUNE west of south. 
v+tu cos d 
14. 10 miles an hour. 15. 14:14 miles an hour south-east. 
* 5 av 
17. 1:104 miles. 19. After a time Poe 
20. 24:49 miles an hour, 21. 26-8 miles an hour. 


EXAMPLES XIII. (PaGEs 214-215.) 


1. 20 /2 ft./sec. N.E. 2. 4/2 pdls. S.E. 3. 4/3 pdls. 
4. 96 ft./sec. 30°S. of E. 
5. 20 cm./sec. toward centre of hexagon; 200 C.G.S. units of 


impulse. 
6. N.W. ace. of 2 /2 ft./sec.?; 11 4/2 ft./sec. N.E. 7. 5% sec. 
8. 11 sec. 
9. (i) 25 Ibs., (ii) 17 02., (iii) 29 cwt., (iv) 60 grammes wt. nearly. 
10. 25 lbs.; 1 Ib. 11. 40-16 ft. nearly. 


13. 64 4/3 ft./sec.?; 3 /3 lbs. wt. 14. 133 mls./hr. 15. tan}. 
16. 20 /3/3 mls. /hr. 


EXAMINATION PAPER VII. (Page 216.) 


1. See § 161. 2. See § 164. 8. 60° with the bank, up stream. 
4. 4/2 miles an hour from N.W. 6. 10 miles an hour, W. 
@. 10/2 ( 3-1) mls./hr. 9. 10 2 ft. 
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ule 


EXAMPLES XIV. . (PAGES 239-244.) 


8 ft., 16 ft. per sec.; 8/2 ft., 16/2 ft. per sec,; 8/3 ft., 
16 4/3 ft. per sec. 


. 80°. 8. 21:1 miles per hour. 4. 16 feet per sec. 5. 13 tons. 


6. 520 /3 ft.-lbs. ‘7. 14:93 lbs. per ton.; 1792 H.P. 8. 480. 
100 50 1/2 100 V3 

9. 107:96 lbs. wt; 1870ft.-lbs. 10. jer om oem. a em. 
11. 4905 ergs; 4905 /2 ergs; 4905 /3 ergs. 

NOE (Gig) 23 Os aGtie)) (PS BOs 18. 22° \/7 ft. per sec. 
day WS, 16. (.) +259; (ii.) °5039; (iii.) °7229. 17. $9 73 tt. 
18. 48 ft./sec. 19. 20 ft. 20. 100 ft. 21. °5. 
Py. Ih A 28. 4 ft./sec.?, Zw lbs., 4 /3 ft./sec. 
25. Through the given point draw a line vertically up, and a line 


26. 


29. 


30. 


31. 
32. 


34, 


38. 
42. 
43. 


perpendicular to the given line; bisect the angle between 
these two lines. 

The line from the point to the circumference which, if produced, 
passes through the highest point of the circle. 

The line which, if produced both ways, passes through the 
highest point of the first circle and the lowest point of the 
second. 

The line which, if produced, passes through the highest point of 
the circle. 

860 secs. on level, 270 secs. down, 206 secs. up (to the nearest sec.). 

9  29s(m—M sin @), ,... (M+) (m— I sin 6) 

(i) o% = 5 (Gad) Se . 

m+ Me AL(1+ sin @) 

35. The line in either case bisects the angle between the vertical 
and a perpendicular to the given line, and, when produced, 
passes through the highest point of the circle in Ex. 34, the 
lowest point in Ex. 35. 30 120% 

20°48 H.P. 389. 1:0185 miles. 40. 4:242 lbs. wt. 

macos 0/M; tan-!{ M tan 6/(I + m)}. 

me sin*a/ (I +m sin? a). 44. (4f+m)g tana. cH Or alls 


EXAMINATION PAPER VIII. (PAGE 245.) 


See § 192. 2, 2P, acting along the direction of the middle one. 


. See § 193. 4. See § 198. 6. 24 lbs. 10 og. 7. See § 201, 
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ExamMpies XV. (PAGES 262-266.) 


1. 32 /2 ft./sec. ; 32 /5 ft./sec.; 32/10 ft./sec. 2. 12 secs. 
8. Té sec. 6. 3,500 ft. 7. 100 ft./sec, 8. 13:2 lbs. wt. 
9. 350 ft. 10. 1003 ft./sec. 11. 1,600/9 ft./sec. 18. 52 ft. 
14. (i.) 6,400 /3 ft. ; 1,600 ft. ; 20 secs. (ii.) 312°5 ft. ; 78°125 ft. ; 


4-419 secs. (ili.) 40,000 3 ft.; 30,000 ft.; 50 4/3 secs. ; 
(iv.) 8,840 ft. ; 400 ft.; 10 secs. (v.) 19,200 ft. ; 6,400 ft. ; 
40 secs. 15. After 1 or 5 secs. ; 16 /1383 ft., or 80 4/10). 


16. 12(10 /3—3) ft. 17. 44/(4h+d2/h) ft/sec. 21. 96 ft./sec. 
22. 40 /2 ft./sec. 23. 20 17 ft./sec. 24. 300 ft. 
25. 36, or 3:0625 ft, 26. {(16H + R*/)g/3} ft./see, 

BZ) 192 fi.lsec. 28. 64 3 thjsec, 30, M—" th. 81. 2/9. 
33. 5584 ft. 34, 39° 12’ or 50° 48’, oo 529 lbs. 

AOR os { /(u? sin? a+ 29h) —wsin a}- 

41 5 sin a+ (4 sin? a— Ae 


. iv a distance d { 


IT 


\ 
Tah aly from the pole. 


43. V{g(2h+h)}; 3 /(k?+4hk) —h} from the house, 
44. 9sin (24+) + sin z pe n(b— bo sin B 
g Cos* B g cos” B 
45. tan-1(2 tan B+ cot 8). 
46 wsin? a 20 cosa. 2u” sin? a 
gsinB’ gsin 8 Sgn e 
EXAMPLES XVI. (PAGES 284-289.) 

1. 544°5 Ibs. wt. 2. 4/7. 3. ‘05ton wt. 5. Tqual. 

6.2:1. 7. 16 ft./sec.; 502. wt. 8. 20z. wt. 9. 11 oz. wh. 
10. 8 /2 ft./sec. 1X, Sstone. 12. 10:73:38. 18. 3°5 oz. wh. 
14. When the particle has fallen a vertical distance of 8 ins. 
16. tan}. 17. About s45 or :0034 approx. 18. 10:97. 
20 ea/25 
21. A circle whose diameter is the line joining the given point to 


26. 


the point of contact. 


. aw perpendicular to BC, 23. 40? R/T. 25. tan v?/gr. 


lesetanmcs 


400 
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. The intersection of the vertical through the lower extremity and 


the horizontal through the upper extremity. 


. vp/r* radians per second. 
. 14:14 mls./hour in a direction 45° below the horizontal. 
. 10°2 mls./hour in a direction tan! -2 below the horizontal. 


; ” lr 
82-2117 pdis. 82. 26-5 ft/sec. 83.7, 84. wa/ 


. 984 ft. /sec. 37. 22,360 miles. 40. v/(27 sin a). 
. The lower particle must never be travelling down a less steeply 


sloping portion of the tube than the upper. 


42. (i.) When the particles are in the same vertical line. (ii.) 
V{gr(3— ¥2)}. 
43. 4rna 2. 44. The middle point of AB. 
45. The point where 42 produced meets the rim of the wheel. 
; p cos 0 » yee p COs O Z 
46. (i.) Vigap? sin%6) ° w}; (ii.) { 1+ PCa) \ pw sin 6. 
47. The intersection of 4B produced with the line through @ at right 


angles to AC. 


EXxaMPLes XVII. (PAGES 300-304.) 


1. 7/20 sec.; 5 4/2 cm. from 0; 50 /2 cm. per sec. 
2. 1 sec.; 40m? dynes. 3. vt/2r. 4. (Ps/m). 
5. 1°92 secs, 6. 32:08. 7. 986°96. 8. 169/144 ft. 
9. Lengthened by 7/43200 of original length, approximately. 
13. 4°892 ft. 14. (i.) 32°182. (ii.) 32-09. 
18. by8(a?—b2)* ; Ing 8 (a2— 0%). 19. 125 mls. /hour. 
b ‘ é 2 
20. ana /. 21 eA 22. 134°6. 28. “1 percent. 
24. -278 second. 25. 75°18 cms, 26. 8 ft./sec. 
29. du 3; gu /2. 
80. 1°36 ft./sec. ; 1°57 ft./sec.; 75 ft./sec.; 1°5 ft./sec. 
BiG au Gi) S2NH. Gin) SAR 
Tv T 
EXsMPLES XVIII, (PAGS 317-821.) 
1. 10, 15 ft./sec. 
2. 10, 5 ft./sec. direction of motion reversed in each sphere. 
8. °75; returns with velocity 10 ft./sec. 
6. 20 ft./sec., 10 ft./sec. ; in opposite directions, 
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. The 10-lb. mass proceeds in its original line of motion with 


velocity 5 ft./sec.; the 5-lb. mass proceeds obliquely with 


velocity 10 4/5 ft./sec. 10. 3 secs., 26 ft. 8 ins. 
12. 3. 15. 80 ft./sec. 
17. If they are perfectly elastic and of equal mass. 

2P Ry 

18. Sj (lu mu — 20). 19. a U. 20. 44, 20/3, Zu 4/3. 
21. 3:5 hrs. 22. (220-1) min. 24. (i.) dv. (il.) —40 and $v. 
25. 4. 26) m =n, e=1. 27. V(k/h). 
OS oa tants 29. 2eu? sin a(l+e) 30. 2% sin a cos a(1+<¢) 


M+m cos*a 


JEXAMINATION PAPER IX. (PAGE 322.) 


. w? metres. 9. M=m(1—2e?). 10. 17700 mls./hr., 42°5 mins. 


IXAMPLES XIX. (PAGES 340, 341.) 


ik, (Gis) Bs (Gti) Aes Gb A WR) a GB) ee Whuie)) 

3. 96. 4. (i.) 26. (ii.) 26. (iii.) -000026. 
5. (i.) ldma?/2. (ii.) 38ma?.  (iii.) 6ma?.  (iv.) 12ma?. 

Chos (He) UB ARS, (Clie rar ss (eatin) BER 

8. Moa?/3 (2a = side of rectangle). 9. 7Ma?/12. 

10. Mp?/3 (2p = breadth of parallelogram), 


. Uq?/6 (¢ = perpendicular from angular point on the median). 
. 8AG2/2. 13. bMr?2/4. 16. Mat/6. 7. 5Me?/12. 18. Mr. 


EXaMPLres XX, (PAGES 355-357.) 


1. 4 1/2 radians per sec. 2. $6 radians per sec. 
8. v? = 2ags(Pa— Qb)/(Pa? + Qo? +1). 4. y? = 2v?gsP/(Pr?+T). 
5. {2Pl/T} radians per sec. 6. (14/15). 8. 29. 
9. +/(8g/2a) radians per sec.; 44/3. 
11. i.) £(8A4+@/h). (ii) 34/4. (ili.) 2 /2a/8, (a = side of square). 
(iv.) (87? —2a?)/ (7? —@?), 14. 1} radians per sec. 
16. A/ { mgl (1—sin 0) ) [Og a n‘ 5) iy ‘ 


17. 2 


“ Mi,4 P 0 
-1 ae TT tea 
a (Fr (5 aE a* Gr ) 7 dame }. 


(P—Q)g/(2P4+2Q4+M); 2(P-Q)g/a2P+2Q+M); 
P(AQ+M) 9 /(2P+2Q4+M); Q(4P+M)g/(2P+2Q+M). 
DYN. 2D 
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EXAMPLES XXI. (PAGE 366.) 


Me a On eS Pry DORE, GS (Or) 2 {02 — - 2— 9)1 fe, 
4. OV = VP =XU=UR = 6". 5, PPM 6. pk: 


EXAMPLES XXII. (PAGE 381, 382.) 


1, 2°38° per inch; 1:5 radians peryard. 2. 57°3yds. 3. 40 inches. 

7. H does not traverse the complete circumference of the hodograph. 

8. Yes, if its original velocity relative to the Sun is directed toward 
the Sun. 


12. V must be perpendicular to 8A,and V?> os << ae : 
18. 3 in length and —2 in time. 14. 4:38x1074. 15. 11°1 secs. 


16aSi Ole 18 
ar? ar (e*—1) 


EXAMPLES XXIII.—MISCELLANEOUS. (PAGES 383-391.) 


1. 640 ft. 2. 176 ft. 
5. 77 Mv?/5400 (P— Mp) miles; 77 Mv?/5400 (R+ Mp) miles. 
6. 53/7 tons wt. 7. 205 tons wt. 8. 294 oz. wt. 
OF is;s6.im. per sec: 11. 1 ft. per sec. 
2. From send point P drop PM perp. on plane; produce it to P,, 
making MP, = PM/e, and project particle towards P,. 
14. m(u—v)/ IM; 2Ms /{M(u+r) —m (u—v)}; 
m (u—v) {M (u+v) —m (w—v) } / 2Ms. 
15. er. 16. wycosa. 17. After falling a vertical distance of 4 ins. 
19. (J—«x)/27x weight of as 


20.. Uniform acceleration of 2 = Sb, /sec.? ; aos Ws _ Bhgt : 
gt+2h 2(h-+9(?) 

21. M(g+Ff) =mygt+s). ‘ 22. 9/3; 9/9. 

24. 7 /14/3 radians per sec. ; 83°7 gr. wt. 27. 256 : 1265625. 

28. 2 V(u—gR)/9. 29. 160/r. 80. -025 sec. 


B31. —2u(/3—1)/5; w(24+ 8)/5. 85. w= 2y?—-1, ory? =F (241), 

36, Ww (V+0)?, Ww (V+)? 
2(W + w) 21(W + w) 

37. 20 ft. 3 in. approximately. 39. m radians/sec.? 

40. °37 H.P.; 4°82 tons weight. 41. tan? 3. 42. ding(h—a), 


44. 


47 


52. 


56. 
59. 
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V (egr 73). 45. 3ng V3/{40+ Tm. 46. see 
. 6°9 in. 48. 6, 10 ft./sec.? 49. kav2. 51. 30°. 
. I(97— 4% 
u/(2a sin a). 5D. sect A met), 
sec % 4 J Bese . 57. Yiglytv (2 +y7)j}}. 58. 9. 30°. 


2 


62. (w +2 a\t; Pt au 
30 9(R + 1) 
64, 4/ Het”, 


f w(u ‘ 
Fmu2; w(4/2—3k). 6O.m:M. 61. oi SASL SE 


My + Mag -+ In 
63. x (+7). 


EXAMINATION QUESTIONS 
(LONDON UNIVERSITY). 


Intermediate Science.—July 1900. 


1. Show that when a rod is in motion in any manner in 
a plane it possesses at each instant an instantaneous centre 
of rotation. 

Draw a triangle ABC having the angle at A large; pro- 
duce BC toD. AB isarod hinged to a fixed point at B, 
and hinged at A to the extremity of another rod AC, whose 
other extremity C is free to move in a smooth groove BD. 
Supposing AB to begin to rotate about B in the plane ABC, 
compare the initial velocities of the points A and C. 


2. Explain how a velocity is specified, and how velocities 
are compounded. 

If a particle is to move uniformly with velocity v round 
the perimeter of a regular polygon of sides, show that at 
each angular point a certain velocity must be impressed 
upon it: find the full specification of this velocity. 


3. If a heavy body be moving uniformly in a circle 
determine what forces are acting upon it at any instant. 

A string, three feet long, is stretched horizontally: one 
end is fixed and a weight of 1 lb. attached to the other 
end; if the weight be allowed to fall, find the tension of 
the string (i) when it is inclined at 60° to the horizon, (11) 
when it is vertical. 


4. Define simple harmonic motion; prove that the accel- 
eration is proportional to the distance from the middle point 
of the motion. 
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Show how to compound two simple harmonic motions in 
the same line, which have equal amplitudes and equal 
periods but differ in phase. 


5. Explain the measurement of work (i) when done by a 
constant force, (ii) when done by a variable force; giving 
graphical illustrations. 

Determine the horse-power of a river at a place where 
the breadth is 70 yards, the mean depth 10 feet, and the 
mean velocity 44 miles per hour. Assume a cubic foot of 
water to weigh 62°5 lbs. 


6. State fully the principle of linear momentum. 

Two spheres of masses J/ and m, moving in the same 
direction with velocities U and uw, come into direct collision ; 
if the smaller one m is stopped dead, find how much energy 
is degraded in the collision. Is the answer exact or only 
approximate? Specify the units employed in the answer. 


7. Ten horse-power is transmitted from one shaft to 
another by means of a belt moving over two pulleys with 
a linear velocity of 250 feet per minute ; find the difference 
of tension on the two sides of the belt, in pounds weight. 


8. The pull of the locomotive exceeds the ordinary resist- 
ances to the motion of a train by 3s of its whole weight ; 
and when the breaks are full on there is a total resistanc2 
of js of its whole weight. Find the least time in which 
the train could travel between two stopping stations on 
the level 3 miles apart. 


9. A pendulum is observed to lose 20 seconds a day 
when taken to a different locality, after all corrections for 
temperature, etc., have been applied. Find approximately 
the difference between the intensities of gravity in the two 
places. 


Answers.—1. cos @: sin A. 2. 2vsin/n toward the centre, 
8. 2°6 lbs. wt.; 3 lbs. wt. (oy, AN) dala) et, 


6. ae Mu 2.0 — mu \ dynamical units. 7. 1320 lbs. wt. 
8. 44 min. Os Gi Gh SS Vlas Wiles). 
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Intermediate Setence.—July 1901. 


1. Define Work, Energy, Power, and Horse-power, and 
explain the various units in which they are measured. 

Prove that to transmit  horse-power by a shaft making 
NV revolutions a minute, the turning moment must be 


5,200 H/N foot-pounds. 


2. Establish the Triangle of Velocities, namely,—if the 
vector ab represents the velocity of B relatively to A, and 
be represents the velocity of C relatively to 4, then ae will 
represent the velocity of C relatively to 4. 

Prove that a pedestrian, who walks at half the speed of 
the traffic, must not start to cross a street in front of a 
vehicle later than when he sees the direction of the vehicle 
at an angle of 30° with the line of the street; and then, 
keeping his eyes on the vehicle, he must walk in a line at 
right angles to the way he is looking. 


3. Prove that the acceleration of a body describing a 
circle with uniform velocity V feet per second in 7’ seconds, 
or making the circuit of C feet V times a second, is given 
by the expressions 

20 V/T, 2rNV, 2C/T*, or 2rCN*, 
and illustrate by a conical pendulum. 

Seen from a train going at full speed of V feet per 
second round a curve of radius r feet tall chimneys appear 
to lean away from the vertical at the centre of the curve at 
an angle tan’ V?/gr; explain this. 


4. Prove that an elastic stick, let fall vertically from a 
height of feet on a hard pavement, and rebounding each 


time vertically with ¢ times the striking velocity, will have 
described 
1+2 


—¢ 


: 2 
h feet, in be). 28 seconds 
l—e g 


before the rebounds cease. 
Work this out for 4 = 1, ¢ = 7/9. 
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5. Prove that if a train weighing JV tons, acquires a 
velocity of v feet per second in s feet and ¢ seconds from 
rest at one station by a propulsive force of P tons, and 
is brought to rest again at the next station in s’ feet and ¢’ 
seconds by a retarding force of P’ tons, 


(i) Ps = ae we, 


36 Wo 
IN) (ies 
( g 


— Pit, 
Gil) (s+<s')/(¢+7) = 0. 

It is required to run trains of 100 tons on a level electric 
railway, with stations half a mile apart, at an average 
speed of 12 miles an hour, including half a minute stop at 
each station. Prove that the electric locomotives must 
weigh at least an additional 8 tons, taking a coefficient of 
adhesion of one-sixth, and supposing the trains fitted with 
continuous breaks. 

Neglect passive resistances, 


6. Supposing a gun elevated to 90° can send a shot to a 
height of / feet, to keep in the air 7’ seconds, prove that 
at elevation a the range on a horizontal plane will be 
2h sin 2a, with a time of flight of 7’ sin a seconds, and the 
greatest height attained will be / sin? a; neglecting the 
resistance of the air. 

Prove that the velocity required for a range of 20 miles 
will be at least 1,840 feet per second, with a tame of flight 
of 81°3 seconds. 


7. Illustrate the convertibility of work and kinetic energy 
by reference to some simple familiar examples. 

Determine the charge of powder required for the range 
of 20 miles in the last question, supposing the shot to 
weigh a ton, and the strength of the powder capable of \ 
realising 100 foot-tons per pound of powder. 


8. Explain how the formula ¢ = 7 4/(d/g) 
is arrived at for the time ¢ of a single swing of a simple 
pendulum of length J. 
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Prove that the electric railway of question 5 can be 
worked principally by gravity, if the line is curved down- 
wards between the stations to a radius of about 46,000 feet ; 
and that the dip between the stations will be about 20 feet, 
the inclines at the stations about one in 33, and the maxi- 
mum velocity about 283 miles an hour. 


Answers.—4. 4;; ft., 2 sec. 7. O28 dbs. 


Intermediate Science.—July 1902. 


1. State and prove the formule required in rectilinear 
motion with constant acceleration and retardation. 

Tf an express train from London is doubled, the first half 
being given 5 minutes start, and attaining its maximum 
booked speed of 48 miles an hour in a mile, prove that the 
two halves will run about 4 miles apart, but the first half 
will have gone 3 miles before the start of the second half. 


2. Prove that if, in the absence of resistance, the time 
of flight of a shot is 7’ seconds over a range of X feet, the 
elevation is 


tang T?/X; 


and determine the maximum height, and the velocity of 
projection. 

Prove that the claim for a rifle, that the bullet does not 
rise more than one inch in a range of 100 yards, implies 
that the velocity must be greater than 2078 feet per 
second. 


3. How long, in time and distance, will a bicycle run 
freely down an incline of one in 16 before attaining a 
velocity of\15 and 30 miles an hour? 

Prove that the time occupied on a railway worked by 
gravity between two stations at the same level, connected 
by two equal inclines of length a feet, descending a depth 
h feet, is 4a/1/(2gh) seconds ; the train passing the junction 
of the inclines without shock, and neglecting passive 
resistances, 


S 


% 
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4. Prove that the time of a single swing of a simple 
pendulum of length / feet is undistinguishable from 
T/ wig) seconds, when the amplitude of oscillation is 
small. 

Prove that if the inclined planes of the last question 
are replaced by a single circular arc, the time is reduced to 
mal V 2gh seconds. 


5. Enunciate the Triangle of Velocity. 

It is observed that the streaks of rain on the glass of a 
railway carriage change from an inclination of 30° to the 
horizontal when the train is standing at a station to 
15° when the train has reached 30 miles an hour. Prove 
that the vertical velocity of the raindrops is 22 feet per sec. 


6. Prove that the shortest time from rest to rest, in 
which a chain, which can bear a steady load of P tons, can 
lift or lower a weight of W tons through a vertical distance 


of h feet is 
J (2 — 7) seconds. 


Up an incline of one in 100, from rest at one station to 
stop at the next a mile off, an engine which can exert a 
constant tractive force of 4 tons can take a train weighing 
240 tons, without using the breaks, in about 4? minutes. 


7. Prove that if a body is thrown into the air, the centre 
of gravity will, in the absence of resistance, describe a 
parabola. 

Two balls weighing W, and W,lb. are connected by a 
thread a feet long; and W, is held in the hand while JV, is 
whirled round. Determine the motion which ensues if 
W, is released from rest when W, is moving with velocity 
V at inclination a; and prove that in the air the tension of 
the thread is 

TGS WA pounds. 
W,4+ W, ga 

8. Determine the velocity and the period of revolution in 


\a conical pendulum, when the weight is swung round at 
\ 
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the end of a thread a feet long in a horizontal circle of 
radius 6 feet. 

Determine the speed in miles an hour suitable for a 
circular bicycle track of 80 laps to the mile, banked at a 
slope of 45°. 


9. Prove that an interchange, without loss, of momentum 
takes place in the collision of bodies; but that there is in 
general a dissipation of energy. 

If a bullet weighing w Ib. is fired with velocity » at a 
body weighing JV lb., advancing with velocity V, the body 
will retain the velocity 


or [ee 


according as the bullet is imbedded, or perforates and 
retains a velocity w. 

Calculate the energy liberated, and thence infer the 
average resistance of the body from the length perforated 
by the bullet. 


10. Define Work and Horse-power: and prove that one 
horse-power is the equivalent of 375 mile-pounds per hour. 

Calculate the horse-power required to drive a motor car 
weighing one ton up an incline of one in 14 at 24 miles an 
hour, supposing it to reach the same velocity when running 
fr cely down this incline. 


Answers.—2. 3gT?, 4(4X24-9274)3/T, 

8. 11 sec., 121 ft.; 22 sec., 484 ft. 

7. The C. G. of the balls eee the same path as a particle pro- 
jected\with velocity VW./(W,+ WV.) at an inclination a, and the 
balls revolve about their C. G. with angular velocity V/a. 

8. bg3(a2—22)-4, 2mg-3(a2—02)E; 4 4/21 ft./sec. 

9. Liberated energy = 4Ww(V+0)2/(IV+w) or 
x(v—u){2V+v-+u—wlv—u)/W}; to find the average resistance 
divide by the length perforated, 

10. 20-48 H, P. 
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Intermediate Seience.—July 1908. 


1. Calculate the time in seconds at which a body will be 
at a given height y feet, when projected vertically with 
given velocity V f/s; determine the greatest height ascend- 
ed, and the whole time in the air. 

A body was observed to take ¢ seconds in falling pasta 
hatchway to the bottom of a hold / feet deep; prove that 
it fell 

1 bps BIN 

shen, (pail ase a) Ma | 

29 ane ) test 
and struck with velocity 


De ceil 
: + 57 f/s. 


2. Prove that the centre of gravity of a body thrown 
in the air describes a parabola, in the absence of resistance. 

If a circular hoop is projected, spinning steadily without 
wobbling, the centre describes a parabola, and the tension 
of the rim is the weight of a length v/g of the rim, where 
v denotes the rim velocity relatively to the centre of the 
hoop. 


3. Write down the formula for the period of a simple 
pendulum, and calculate the °/. of change due to one °/, 
change in length or gravity or both. 

Calculate the length of a pendulum to beat time to 100 
paces a minute; and the speed of march in miles an hour, 
with a pace of 30 inches. 


4, Determine the period and velocity of a conical pendu- 
lum, in which the plummet is swung round by a thread 
1 feet long at an angle a to the vertical. 

Calculate the length of the equivalent simple pendulum 
making small plane oscillations. 


5. Investigate the formulz 
Gi) at =o — FV, (li)as= 40? — 3 VY, 
for rectilinear motion with constant acceleration a. 
Prove that if a motor car going at 100 kilometres an 
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hour can be stopped in 200 metres, the breaks can hold the 
car on an incline of about one in 5; and determine the 
time required to stop. 


6. Prove the dynamical formulee 


r. 7 72 TV 
Gi ge AAT yay ee ae 
y y zy 2g 


explaining the notation. 

Calculate the time and distance in which the velocity of 
a 100 1b. shot will fall from 2,010 to 1,990 f/s, against an 
average air resistance of 800 pounds, neglecting gravity. 


7. Prove that if the graduations of a spring balance arc 
uniform, a weight suspended will perform vertical oscilla- 
tions which are simple harmonic. 

Determine the length of the equivalent simple pendulum. 


8. Prove that if a hammer weighing WhIb., striking a 
nail weighing w lb. with velocity V f/s, drives it a feet 
into a fixed block of wood, the average resistance of the 
wood in pounds to the penetration of the nail is 

We V2 
WA w 2ga 

If, however, the block is free to recoil and weighs JfIb., 

the resistance obtained would be 
__ uy a 
(M+ W4+w)(W+w) 29a 


9. Prove that the horse-power of an engine which 
overcomes a resistance of & pounds at a speed of S miles 
an hour is LS = 375. 

Calculate the power required to drive a motor car 
weighing WV tons at S miles an hour, 

(1) on the level, 

(ii) up an incline of one in m, 
when the car is found to get up to the same speed in 
running freely down this incline. 
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Answers.—1.{V + ¥ (V2—2gy) 93 V2/2g 3 2V/g. 

8. 3 per cent., + per cent., no change; 1°17 ft., 2°84 mls./hr. 

4. 2m /(1 cos a/y) ; sina (gl sec a) ; 7 cosa. 

5. 14:4 sec. 6. <: sec. ; 156+ ft. 

7. nd; where n is the measure of the mass in lbs., and d is the distance 
between two successive pound graduations on the scale. 

9, (i) 448. SIF , 896 STF 

75 79 


Intermediate Science.—July 1904. 


1. Deduce (preferably by means of a diagram) the rela- 
tion between the distance travelled and the treme in the case 
of uniformly accelerated rectilinear motion. 


A train is moving through a station with a speed of 6 
miles per hour, while its motion is being accelerated at 
the rate of 3 miles per hour per minute. If this rate con- 
tinues, how far will the train be from the station after 20 
minutes ? 


2. Define the ¢mpulse and the work of a constant force. 


A body, whose mass is 5 lbs., moving with a speed of 
160 feet per second, suddenly encounters a constant resist- 
ance equal to the weight of } lb., which lasts until the 
speed is reduced to 96 feet per second; for what time and 
through what distance has the resistance acted ? 


3. A pile is being driven in by repeated impacts of a 
falling weight. How does the extent to which the pile is 
driven in by each blow depend (1) on the magnitude of 
the weight, and (2) on the height to which it is raised 
before being released? Give reasons for your answers. 


If the weight be 1 ton, and the height from which it 
falls be 10 feet, and the pile be driven in a tenth of an 
inch, find the resistance in tons. 
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4. Find the acceleration of a particle down a smooth 
inclined plane, stating clearly the principles assumed in 
the proof. 


A railway carriage runs with a uniform velocity of 10 
miles an hour down an incline of 1 in 250, and on reaching 
the foot of the incline runs on the level. Find how many 
yards it will run before coming to rest, assuming the 
resistance to be constant and the same in each stage of the 
motion. 


5. Find the pressure on the pulley in the simplest ideal 
form of Atwood’s machine; and prove that it is never 
greater than the sum of the suspended weights. 


A uniform chain of length / and weight W passes over a 
smooth peg, hanging vertically on each side. If the chain 
be running freely, prove that when the length on one side 
is z, the pressure on the peg is 


4x(l— 2x) 


We 
P 


6. A uniform chain, 6 feet long, having a mass of 2 lbs. 
per foot, is laid in a straight line along a rough horizontal 
table, for which the coetficient of friction is 3, a portion 
hanging over the edge of the table so that slipping is just 
about to occur. If a slight disturbance sets the chain 
slipping find the tension at the edge of the table when 

feet have slipped off. 


7. Prove that the path of a particle which is projected 
in any way at the surface of the earth and acted upon by 
no force but its own weight is a parabola. 


A, B, U are three points in order in a horizontal line, 
AB being 640 feet; a particle is projected from A with a 
velocity of 390 feet per second in a direction making 
tan 3, with 4C’; at the same instant another particle is 
projected from B with a velocity of 250 feet per second in 
a direction making tan-!? with BC; show that these 
particles will collide, and find when and where. 
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8. Prove that the small oscillations of a pendulum are 
simple harmonic; and find the period, in terms of the 
length. 


If the pendulum swing from rest to rest, through a 
space of 8 inches, in 38 seconds, find its length. Also (in 
feet per second) its velocity at the lowest point. 


9. Apply the principle of work to find the pressure 
which can be exerted by a smooth screw in the direction 
of its axis, when a given twisting couple acts on it. 

For example, suppose the screw to have 4 turns to the 
inch, and the couple to be 18 foot-pounds. 

Answers.—1. 12 miles. 2. 5120 ft. 3. 1201 tons. 
4. 42014 approx. ges BL bs. 7. 1440 ft. trom A. 


8. 7-2 ft. and 17:8 ft. approx. 9. 5443 lbs. approx. 


Bachelor of Arts.—November 1903. 


1. Write down formulas connecting angular velocity, 
linear velocity in feet/second, revolutions/minute, and 
period of revolution in seconds. 


Prove that a bicycle geared up to D inches requires 
336 S/D 


revolutions/minute of the pedals for a speed of S miles/hour, 


2. Explain the theory, units, and notation of the 
formulas 


: Wy Ke Wry SR S$ 
fe JERS ae Say, 
G) g ’ (11) 8 2g ’ (iii) v P 


Supposing that one in m is the steepest incline a train 
can crawl up with uniform velocity, and one in x is the 
steepest incline on which the breaks can hold the train, 
prove that the quickest run up an incline of one in p from 
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one station to stop at the next, a distance of a feet, can be 
made in 


+5) si 
Viens 


m p p 


seconds. 


ng 

Calculate for m = 50, n = 5, p = 100, a = 5280. 

3. Prove that if a body is resisted by a force proportional 
to its displacement, the body is in a position of stable 
equilibrium, about which it will perform harmonic oscilla- 
tion in an invariable period; and mention some familiar 
illustrations. 

Prove that the free oscillation of the mercury of a baro- 
meter in a U tube of uniform section will synchronize with 
a pendulum of half the length of the mercury column. 


4, Calculate the velocity at any point in a Ceatrifugal 
Railway and the thrust on the rails of a car, where its C.G. 
describes a vertical circle of radius a feet, due to entering 
at the lowest point from an incline with a fall of / feet 


vertical. 
Prove that 4 should not fall short of 2a, and the car 


should be strong enough to sustain the weight sixfold. 


5. Prove that the length of the pendulum to beat seconds 
in London is 
39°14 inches. 
To gain or lose one second in one hour or 24 hours in a 
clock, the length must be altered 0:02175, or 0°000906 
inch, 


Answers.—2. 185°9. 
4. When the car has travelled through an 26 from the lowest point 


vel. = V2 (A— a) +2ga cos 0. 


pressure =sim 7 3 cos 042 ( ~ 1) 
a 
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Practical Geometry and an Introductory Chapter on Drawing and 
Measurement. Is. 


Euclid.—Books I.-IV. By Rupert Deakin, M.A. With Problems 


in Practical Geometry and an Introductory Chapter on Drawing 
and Measurement. 2s. 6d. 


“The propositions are well set out, and useful notes are added. The figures and 
letterpress are both well printed.”’— Cambridge Review, 


Euclid.—Books V., VI., and Xi. By RupeRY DEAKIN, M.A. ls. 6d. 


Geometry, Deductions in. A Collection of Riders and Practical 
Problems, ByT. W. Epmonpson, B.A., Ph.D. 2s. 6d. 


Hydrostatics, The Matriculation. By Wm. Briaes, LL.D., M.A., 
and G. H. Bryan, Sc.D., F.R.S. 2s. 


“ An excellent text-book.”—Journal of Education, 


Mechanics, The Matriculation. By the same authors. 3s. 6d. 


“It is a good book—clear, concise, and accurate.””—Journal of Education. 
“Affords beginners a thorough grounding in dynamics and statics.”’— Knowledge. 


Mechanics, Junior (or The Preceptors’), By F. Rosenpere, M.A.,- 
B.Sc. 2s. 6d. 
“The book possesses all the usual characteristics and good qualities of its 
tellows.”’—Schoolmaster, 
Mensuration of the Simpler Figures. By Dr. Wm. Briaas, and 
Dr. T. W. EDMONDSON. Third Edition. 2s. 6d. 


Mensuration and Spherical Geometry: Being Mensuration of the 
Simpler Figures and the Geometrical Properties of the Sphere. 
Specially intended for London Inter. Arts and Science. By 
the same authors. Third Hdition. 3s. 6d. 

The book gomes from the hands of experts; we can think of nothing better 
qualified to enable the student to master this branch of the syllabus, and to 
promote a correct style in his mathematical manipnlations.’’—Schoolmaster. 


Navigation, Modern. By WILLIAM HALL, B.A., R.N. 6s. 6d. 
“A valuable addition to the text-books on navigation.”—Maritime Review. 
Statics, The Tutorial. By Dr. Wm. Briaas and Dr. G. H. 
Bryan. Third Edition, Revised and Enlarged. 38. 6d. 


“This is a welcome addition to our text-books on Statics. The treatment is 
sound, clear, and interesting.’’—Journal of Education. 
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Matbematics and Mechanics —conicnued. 


Trigonometry, Junior (or The Preceptors’). By Wm. Bricas, 
LL.D., M.A., and G. H. Bryan, Sc.D., M.A., F.R.S. 2s. 6d. 
“The explanations are clear, and the illustrative examples well selected.”— 
Guardian. 
Trigonometry, The Tutorial. By Wm. Bricas, LL.D., M.A., 
F.R.A.S., and G. H. BRYAN, Sc.D., M.A., F.R.S. 3s. 6d. 


‘The book is very thorough.”—Schoolmaster. 


Chemistry. 


Analysis of a Simple Salt. With a Selection of Model Analyses. 
By Wm. Briees, LL.D., M.A., F.C.S., and R. W. STEwarr, 
D.Sc. Lond. 1s. 6d. Tastes or ANALYSIS (on linen). 6d. 

“The selection of model analyses is an excellent feature.””—Lducational Times. 

Chemistry, A Preparatory Coursein. By G. H. BAILEY, D.Sc., Ph.D. 

1s. 6d. 


Chemistry, A Safe Course in Experimental. By W. T. Boone, B.A., 


B.Sc. 2s. 

This is not a text-book of Chemical Analysis, but a practical course 
designed to illustrate the fundamental laws and principles of the 
subject. 

“ Quite up to the standard of the best of modern elementary books on practical 
chemistry. The book deserves a good reception.’’—Wature. 

Chemistry, The Tutorial. By G. H. Barney, D.Sc. Lond., Ph.D. 
Heidelberg, Lecturer in Chemistry in the Victoria University. 
Edited by WM. Briees, LL.D., M.A., F.C.S. 

Part I. Non-Metals. 3s. 6d. Part II. Metals. 3s. 6d. 

“The descriptions of experiments and diagrams of apparatus are very good, and 
with their help a beginner ought to be able to do the experimental work quite 
satisfactorily.””—Cambridge Review. 

The New Matriculation Chemistry. Part I. (containing The Tutorial 
Chemistry, Part I., with Chapters on Electrolysis and Metals, 
Acids and Bases). By G. H. BattEy, D.Sc. Lond. Edited 
by Wm. Brrees, LL.D., M.A., F.C.S. 4s. Part II. (The 
Chemistry of Daily Life). By R. H. Aprg, M.A., B.Sc. 2s, 

Carbon Compounds, An Introduction to. By R. H. Apiz, M.A, 
B.Sc. 2s. 6d. 


“To students who have already a slight elementary acquaintance with the 
subject this work cannot fail to afford valuable assistance.’”’—Wature. 


Chemistry, Synopsis of Non-Metallic. With an Appendix on Calcu- 
lations. By Wm. Briegs, LL.D., M.A., F.C.S. Is. 6d. 
“ Arranged in a very clear and handy form.”’—Journal of Education. 
Chemical Analysis, Qualitative and Quantitative. By Wm. 
ee ee eee EEE EEE 


Briees, LL.D., M.A., F.C.S.,andR. W. Stewart, D.Sc. 3s. 6d. 
“The instructions are clear and concise. The pupil who uses this book ought to 
obtain an intelligible grasp of the principles of analysis.””—Nature,. 
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Physics. 


THE TUTORIAL PHYSICS. By R. WALLACK STEWART, D.Sc. Lond., 
First in First Class Honours in Physics at B.Sc., and KE. Catcr- 
PooL, B.Sc. Lond., qualified for the University Scholarship in 
Physics. In Four Volumes. 

J.Sound, Text-Book of. By E.CarcHroon, B.Sc. 4h Ldition. 33.6. 


ConvtENTS :— Vibratory Motion—Progressive Undulation—Velocity 
of Sound—Interference—Forced Vibration—Fourier’s Theorem—The 
Ear and Hearing—Reflection of Sound—Stationary Undulation— 
Vibration in Pipes—''ransverse Undulation—Acoustic Measurements. 


Il. Heat, Higher Text-Book of By R. W. SrEwaRT, D.Sc. 6s. 6d. 

ConTENTS :—Thermometry—Expansion of Solids—of Liquids—- 
of Gases—Calorimetry—Liquefaction and Solidification—Vaporisation 
and Condensation—Hygrometry—Conduction, Convection, Radiation 
—The First Law of Thermo-Dynamics—Graphic Methods. 


III. Light, Text-Book of By R. W. Srewart, D.Sc. Third 
Edition. 38. 6d. 

ConrEeNts:—Rectilinear Propagation of Light—Shadows—Photo- 
metry—Reflexion at Plane Surfaces—at Spherical Surfaces—Refraction 
at Plane and Spherical Surfaces—Refraction through Prisms and 
Lenses—Dispersion—Velocity of Light—Optical Instruments. 


IV. Magnetism and Electricity, Higher Text-Book of. By R. W. 


STEWART, D.Sc. 6s. 6d. 

CONTENTS :—ELECTROSTATICS. — Electrification — Induction — Dis- 
tribution on Conductors—Frictional Machines—Potential and Capacity 
—The Electric Field—Condensers—Electrometers—Specific Inductive 
Capacity—Induction Machines—Hlectriec _Discharge—Atmospheric 
Electricity. MacNrrisM.—Fundamental Phenomena and Theory— 
Simple Measurements—Terrestrial Magnetism—Magnetisation—The 
Magnetic Field. Current ELecrriciry.—General Effects of Currents 
--Ohm’s Law—Measurements of Capacity-—-Chemical Effects of 
Currents—Heating Etfects—Electromagnetic Induction—Measure- 
ment of Inductance—Alternating Currents—Ilectric Waves—Hlectric 
Units—Thermo-lectricity—Practical Applications, 


Matriculation Physics: Heat, Light, and Sound. By R. W. 
Stewart, D.Sc. Lond., and JoHN Don, M.A., B.Sc. Lond. 
4s. 6d. 

‘CA student of ordinary ability who works carefully through this book need not 
fear the examination.” —Schoolmaster. 

‘«The authors show themselves able to explain in a helpful manner.’’—Zduca- 
tional Times. 

HEAT AND LIGHT, ELEMENTARY TEXT-BOOK OF. By R. W. 
Srewart, D.Sc. Lond. Zhird Edition. 38. 6d. 


** A welcome addition to a useful series.’’—School Guardian. 


Heat, Elementary Text-Book of. By R. W. Stewart, D.Sc. Lond. 2s. 
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Biology. 
Botany, The New Matriculation. By A. J. Ewart, D.Sc. 3s. 6d. 


Botany, Text-Book of. By J. M. Lowson, M.A., B.Sc., F.L.S. 


Third Edition. 6s. 6d- 


“Tt represents the nearest approach to the ideal botanical text-book that has yet 
been produced.”’—Pharmaceutical Journal. 

“An excellent book.’’—Guardian. 

“A workmanlike and well graded introduction to the subject.’’—Scotsman. 


Zoology, Text-Book of. By H. G. WELLS, B.Sc. Lond., F.Z.S., 
F.C.P. Enlarged and Revised by A. M. DAyiEs, B.Sc. Lond. 6s.6d. 


“The information appears to be well up to date. Students will find this work 
of the greatest service to them.’’— IVestminster Review. 

“This book is a distinct success, and should become the standard work for the 
London Intermediate Examinations. It is carefully written throughout, clear and 
concise, and yet is extremely interesting reading.” —Glasgow Herald. 


Biology, Text-Book of. With Plates and numerous Questions. By 
H. G. WELLS, B.Sc. Lond., F.Z.8., F.C.P., with an Intro- 
duction by G. B. Howngs, F.L.S., ¥.Z.8. In ‘Two Parts. 

Part I., Vertebrates. Third Edition. 2s. 6d. 
Part II., Invertebrates and Plants. 2s. 6d. 


“Tt is well arranged, and contains the matter necessary in a concise and logical 
order.” —Journal of Education. 

“Mr. Wells’ practical experience shows itself on every page; his descriptions 
are short, lucid and to the point.”’—Zducational Times. 


Modern history. 


Matriculation Modern History. Being the History of England 
1485-1901, with some reference to the Contemporary History of 
Europe and Colonial Developments. By OC. S. FEARmNSIDE, 
M.A. Oxon. 3s. 6d. 

“ An excellent manual. The international history, especially in the eighteenth 
century, where most text-books fail, is very carefully treated.”—School World. 

“A work that gives evidence of scholarship and clever adaptability to a special 
purpose, and on the production of which much care, forethought, and patient labour 
have evidently been expended.’’—Gwuardian. 


The Tutorial History of England. (To 1901), By OC. S. Frarmn- 
SIDE, M.A. Oxon. 4s. 6d. 


‘Provides a good working course for schools.””?—Gwuardian. 


The Intermediate Text-Book of English History: a Longer History 
of England. By OC. S. Frarensmpn, M.A. Oxon., and A. 
JOHNSON Evans, M.A. Camb., B.A. Lond. With Maps & Plans. 

VoL. I., to 1485 (In preparation). Vou. III., 1603 to 1714. 4s. 6d. 
VoL. II., 1485 to 1603. 4s. 6d. Vou. IV., 1714 to 1837. 4s. 6d. 


“Tt is written in a clear and vigorous style. The facts are admirably marshalled.” 
— Westminster Review. 
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English Danguage and Witerature. 


Matriculation English Course. By W. H. Low, M.A. Lond., and 
JoHN Briees, M.A. Camb., F.Z.8. 3s. 6d. 


CoNTENTS :—Historical Sketch—Sounds and Symbols—Outlines of 
Accidence and Syntax—Common Errors—Analysis—Parsing— The 
Word, the Sentence, the Paragraph—Punctuation—Rules for Com- 
position—Simple Narrative—Compound Narrative—Descriptive Coms 
position—The Abstract Theme—'lhe Kssay—Paraphrasing—Précis+ 
Writing—Letter- Writing and Proof-Reading—Index, 

“The matter is clearly arranged, concisely and intelligently put, and marked by 
accurate scholarship and common sense.’’—Guardian. 

“The book will prove distinctly useful.’’—School JVorld. 

“The chapters on précis writing and indexing are excellent.”— Westminster 
Review. 

“Candidates may take this book as a trustworthy guide.’’—Schoolmaster. 

“The chapter on précis-writing is unusually good.”—ducational News. 

“We can heartily recommend this book. Particularly good is the chapter on 
précis-writing.”—J’ractical Teacher. 


Précis-Writing, Text-Book of. By T. C. Jackson, B.A., LL.B. 
Lond., and Jomn Briacs, M.A. Camb., F.Z.8. 2s. 6d. 


[In preparation. 


The English Language: Its History and Structure. By W. H. Low, 
M.A.Lond. With TES? QUESTIONS. Siath Kdition, Revised. 3s. 6d. 


“A clear workmanlike history of the English language done on sound principles.” 
—Saturday Review. 

““The author deals very fully with the source and growth of the language. The 
work is scholarly and accurate.’”’—Schoolmaster. 

‘“‘Tt is in the best sense a scientific treatise. There is not a superfluous sentence.” 
—Fducational News. 


English Literature, The Tutorial History of By A. J. Wyarz, 
M.A. Lond. and Camb. Second Edition. 2s. 6d. 
“This is undoubtedly the best school history of literature that has yet come 
under our notice.” — Guardian. : 
“A very competent piece of workmauship.”—Educational News. 
‘The scheme of the book is clear, proportional, and scientific.” —Academy. 
“A sound and scholarly work,.’”’—S¢t. James’ Gazette. 


The Intermelliate Text-Book of English Literature. By W.H. Low, 
M.A. Lond., and A.J. Wyatt, M.A. Lond. and Camb. 6s. 6d. 


‘Really judicious in the selection of the details given.”—Saturday Review. 

“his volume seems both well-informed and clearly written. Those who need 
a handbook of literature will not readily find a more workmanlike example of 
this size and price.”’—Journal of Education. 

“The historical part is concise and clear, but the criticism is even more valuable, 
and a number of illustrative extracts contribute a most useful feature to the volume. 


As a compendium for examination purposes this volume ought to take high rank.’ = 
School World. 
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English Classics. 


Bacon’s Essays, 1.-KX. By A. F. Wart, M.A. Oxon. Is, 6d. 
Chaucer.—Prologue, Knight’s Tale. By A. J. Wyatt, M.A. Lond. 
With Glossary. 2s. 6d. Also separately, The Prologue, 1s. 

“Quite up to date. The Glossary is excellent.”—Morning Post. 
Chaucer.—Prologue, Nun’s Priest’s Tale. By A. J. Wyart, M.A. 
With Glossary. 2s. 6d. 
Chaucer.—Prologue, Man of Lawes Tale. 
With Glossary. 2s. 6d. 
Chaucer.—Prologue, Squire’s Tale. 
Glossary. 2s. 6d. 
Dryden.—Essay of Dramatic Poesy. By W.H. Low, M.A. 3s. 6d. 
Dryden.—Defenee of the Essay of Dramatic Poesy. By ALLEN 
MaAwWeER, B.A. Lond. and Camb. 1s. 6d. 
Dryden.—Preface to the Fables. By ALLEN MAwer, B.A. 1s, 6d: 
Johnson.—A Journey to the Western Islands of Seotland. By. J. 
Tomas, M.A. St. Andrews, B.A. Lond. 2s. 6d. [Jn the press. 
Langland.—Piers Plowman. Prologue and Passus I.-VII., Text B, 
By J. F. Davis, D.Lit., M.A. Lond. 4s. 6d. 


By A. J. Wyatt, M.A. 


By A. J. Wyart, M.A. With 


Milton.—Paradise Regained. By A. J. Wyatt, M.A. 2s. 6d. 
“The notes are concise and to the point.””—Cambridge Review. 
Milton.—Samson Agonistes. By A.J. WyarTr, M.A. 2s. 6d; 


“A capital Introduction. The notes are excellent.’’—Kducational Times; 


Milton.—Sonnets. By W. F.Masom, M.A. Lond. and Camb. 1s. 6d. 


Shakespeare. By Prof. W. J. Rotre, D.Litt. In 40 volumes. 
2s. 6d. per Volume. 

Richard II, Henry V. Cymbeline 

Comedy of Errors Henry VI. Part I. Coriolanus 


Merry Wives of Windsor 
Love's Labour's Lost 
TwoGentlemen of Verona 
The Taming of the Shrew 
All’s Well that Ends Well 
Measure for Measure 
Henry IV. PartI, 
Henry IV. Part Il. 


Merchant of Venice 

Tempest 

Midsummer Night’s 
Dream 


Shakespeare.—Henry VIII. By W. H. Low, 


Spenser.—Faerie Queene, Book I. 
and GLOssaRY, by W. H. Hitt, M.A. Lond. 


Henry VI. Part II. 
Henry VI. Part III, 
Richard III, 

Henry VIII, 

Romeo and Juliet 
Macbeth 

Othello 

Hamlet 


2s. per Volume. 


As You Like It ; 
TMuch Ado About Nothing 
Twelfth Night 

Winter’s Tale 


Antony and Cleopatra 
Timon of Athens 

Troilus and Cressida 
Pericles 

The Two Noble Kinsmen 
Titus Andronicus 

Venus and Adonis 
Sonnets 


King John 
King Lear 
Julius Caesar 


M.A. Lond. 2s. 


With Inrropuction, NOoreEs, 


2s. 6d. 
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Philosophy. 


Ethics, Manual of. By J.S. Mackenzrp, Litt.D., M.A., Professor of 
Logic and Philosophy in the University College of South Wales 
and Monmouthshire, formerly Fellow of Trinity College, Cam- 
bridge, Examiner in the Universities of Cambridge and Aberdeen. 
Fourth Edition, enlarged. 6s. 6d. 

“Tn writing this book Mr. Mackenzie has produced an earnest and striking con- 
tribution to the ethical literature of the time.” —Mind. 
“This excellent manual.’—Jlnternational Journal of Ethies. 


“Written with lucidity and an obvious mastery of the whole bearing of the subject.” 
—Standard. 


Logic, A Manualof. By J. Wenton, M.A. Lond. and Camb., 
Protessor of Education in The Yorkshire College, Victoria 
University. 2 vols. Vol.I., Second Edition, 8s. 6d.; Vol. II., 6s. 6d. 


This book embraces all those portions of the subject which are 
usually read, and renders unnecessary the purchase of the numerous 
books hitherto used. The relative importance of the sections is 
denoted by variety of type, and a minimum course of reading is thus 
indicated. 

Vol. 1. contains the whole of Deductive Logic, except Fallacies 
which are treated, with Inductive Fallacies, in Vol. I. 

“4 clear and compendious summary of the views of various thinkers on important 
and doubtful points.” —Journal of Education, 

“Unusually complete and reliable. The arrangement of divisions and subdivisions 
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is excellent.””—Schoolmaster. 
‘The manual may be safely recommended,’’—Educational Times. 


Psychology, A Manualof. By G. F. Srour, M.A., LL.D., Fellow 
ot the British Academy, Professor of Logic and Metaphysics in 
the University of St. Andrews, late Examiner in Mental and 
Moral Science in the University of London. Second Ldition, 
Revised and Iinlarged. 8s. 6d. 


“Ttis unnecessary to speak of this work except in terms of praise. There is a 
refreshing absence of sketchiness about the book, and a clear desire manifested to 
help the student in the subject.’—Saturday Review. 

“The book is a model of lucid argument, copious in its facts, and will be invaluable 
to students of whatis, although one of the youngest, perhaps the most interesting 
of the sciences.” —Critic. 

‘rhe student’s task will be much lightened by the lucidity of the style and the 
numerous illustrative facts, which together make the book highly interesting .”»— 
Literary Workd. of 


Psychology, The Groundwork of. By G. F. Srour, M.A., LL.D. 
4s. 6d. 


«ALL pylons of peer eb both beginners and those who would describe them- 
selves as ‘advanced,’ will do well to ‘read, mark, learn, and inwardly digest’ thi 
book.” —Oxford Magazine. : , Ted teoeh'g Sha 

“This work can be recommended to the student as a good introduction to a some-~ 
what modern subject.’’— Vestminster Keview. 
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French. 


Junior (or The Preceptors’) French Course. By E. WEEKLEY, M.A. 
Lond. and Camb., Professor of French at University College, 
Nottingham. 2s. 6d. 

“he execution is distinctly an advance on similar courses.”’—Journal of 
Education. 

‘A clear and satisfactory book on the elements of French Grammar. The use 
of tenses and irregular verbs are well treated, and the exercises well chosen,’ — 
Academy, 

The Matriculation French Course. By E. WEEKLEY, M.A. 3s, 6d. 


‘«The rules are well expressed, the exercises appropriate, and the matter accurate 
and well arranged.”—Guwuardian. 
The Tutorial French Accidence. By ERNEST WERKLEY, M.A. 
With EXERcISsES, Passages for Translation into French, and a 
Chapter on Elementary Syntax. Third Edition. 3s. 6d. 


“We can heartily recommend it.””—Schoolmaster. 


The Tutorial French Syntaz. By ERNEST WEEKLEY, M.A., and 
A.J. Wyatt, M.A. Lond. and Camb. With Exercises. 38s. 6d. 

“Tt is a decidedly good book and should have a ready sale.” —Gwardian. 

““Mr. Weekley has produced a clear, full, and careful Grammar in the ‘ Tutorial 
French Accidence,’ and the companion volume of ‘Syntax,’ by himself and Mr. 
Wyatt, is worthy of it.”—Saturday Review. 

The Tutorial French Grammar, Containing the <Accidence and the 
Syntax in One Volume. Second Iidition. 48. 6d. Also the 
Exercises on the Accidence, 1s. 6d. ; on the Syntax, 1s. 


French Prose Composition. By EH. WEEKLEY, M.A. 3s. 6d. 

‘The arrangement is lucid, the rules clearly expressed, the suggestions really 
helpful, and the examples carefully chosen.’’—Educational Times. 

Junior (or The Preceptors’) French Reader. By HK. Wi&eKury, M.A. 
Lond.andCamb. With Notesand Vocabulary. Second Edition. 1s.6d. 

“A very useful first reader with good vocabulary and sensible notes.’’—School- 
master, 

French Prose Reader. Kdited by S. BARLET, B. és Sc., Examiner 
to the College of Preceptors, and W. F. Masom, M.A. Lond. 
and Camb. With Notesand Vocabulary. Third Edition. 2s. 6d. 

“ Admirably chosen extracts. They are so selected as to be thoroughly interesting 
and at the same time thoroughly illustrative of all thatis best in French literature.” 

—School Government Chronicle. 

The Matriculation French Reader. Containing Prose, Verse, Notes, 
and Vocabulary. By J. A. PERRET, Officier d’Académie, Uni- 
versity of France. 2s, 6d. [In the press. 


Advanced French Reader. LHdited by S. Barer, B. és Sc., and 
W. F. Masom, M.A. Lond. and Camb. Second Edition. 2s. 6d. 


“‘Chosen from a large range of good modern authors, the book provides excellent 
practice in ‘ Unseens.’’’—Schoolmaster, 


Higher French Reader. Kdited by ERNEST WEEKLEY, M.A. 3s. 6d. 
“The passages are well chosen, interesting in themselves, and representative of 
the best contemporary stylists.”—Journal of Education. 
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Datin and Greek Classics. 


The editions of LATIN and GREEK CLASSICS contained in the UNI- 
VERSITY TUTORIAL SERIES are on the following plan :— 

A short INTRODUCTION gives an account of the Author and his 
chief works, the circumstances under which he wrote, and his style, 
dialect, and metre, where these call for notice. 

The TEXT is based on the latest and best editions, and is clearly 
printed in large type. 

The distinctive feature of the NOTES is the omission of parallel 
passages and controversial discussions of difficulties, and stress is 
laid on all the important points of grammar and subject-matter. 
Information as to persons and places mentioned is grouped together 
in a HISTORICAL AND GEOGRAPHICAL INDEX; by this means the 
expense of procuring a Classical Dictionary is rendered unnecessary. 

The standard of proficiency which the learner is assumed to possess 
varies in this series according as the classic dealt with is usually read 
by beginners or by those who have already made considerable progress. 
A complete list is given overleaf. 

VOCABULARIES, arranged in order of the text and interleaved with 
writing paper, are issued, together with Test Papers, in the case of 
the classics more commonly read by beginners; the price is 1s. or (in 
some instances) 1s. 6d. A detailed ‘ist can be had on application. 


Caesar.—Gallic War, BookI. By A. H. Atucrorr, M.A. Oxon., and 
F. G. Prarstowsr, M.A. Lond. and Camb. 1s. 6d. 
“A clearly printed text, a good introduction, an excellent set of notes, and a 
historical and geographical index, make up a very good edition at a very small 
price.” —Schoolmaster. 


Cicero.—_De Amicitia and De Senectute. By A. H. ALLcRorr, M.A. 
Oxon., and W. F. Masom, M.A. Lond. and Camb. 1s. 6d. each. 


“The notes, although full, are simple.” — Zducational Times. 


Horace.—Odes, Books I.—ITI. By A. H. Anicrort, M.A. Oxon., and 
B. J. Hayes, M.A. Lond. and Camb. 1s. 6d. cach. 


“Notes which leave no difficulty unexplained.’’—Schoolmaster. 
“The Notes (on Book III.) are full and good, and nothing more can well be 
demanded of them.’”’—Journal of Education. 


Livy.—Book.I. By A. H. Attcrort, M.A. Oxon., and W. F. Masom, 
M.A. Lond. and Camb. Third Edition. 2s. 6d. 

“The notes are concise, dwelling much on grammatical points and dealing with 
questions of history and archzeology in a simple but interesting fashion.””— Education, 
Vergil— Aeneid, Books I.—XII. By A. H. Attororr, M.A. 

assisted by F. G. PLAISTOWE, M.A., and others. 1s. 6d. each. 


Xenophon.—Anabasis, Book I. By A. H. Attcrorr, M.A. Oxon., 
and F. L. D. RicHARDSON, B.A. Lond. ls. 6d. 


‘The notes are all that could be desired.’’—Schoolmaster, 
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Editions of Latin and Greek Classics. 


(INTRODUCTION, TEXT, AND NOTES.) 


AESCHYLUS — Eumenides, 3/6 ; 
Persae, 3/6; Prometheus, 2/6; 
Septem contra Thebas, 3/6. 

ARISTOPHANES—Ranae, 3/6. 

CarEsAR—Civil War, Bk. 1, 1/6; 
Gallic War, Bks. 1, 2, 3, 4, 
ie Opal am 1/6; Gallic ue 
Bike lsa@h= 1-29, 1/6; Gallic 
War, Bk. 7, Ch. 1- 68, 1/6; 
Invasion of Britain (IV. 20-V. 
23), 1/6. 

CicEro—Ad Atticum, Bk. 4, 3/6; 
De Amicitia, 1/6; De Finibus, 
Bk. 1, 2/6; De Finibus, Bk. 2, 
3/6; De Officiis, Bk. 3, 3/6; 
Philippic II., 3/6; Pro Cluen- 
tio, 3/6; Pro Milone, 3/6; Pro 
Plancio, 3/6; De Senectute, In 
Catilinam I., Pro Archia, Pro 
Balbo, Pro Marcello, (each 
Book) 1/6. 

DEMOSTHENES—Androtion, 4/6. 


EvRIPIDES—Alcestis, 2/6; Andro- 
mache, 3/6; Bacchae, 3/6; 
Hecuba, 3/6; Hippolytus, 3/6; 


Iphigenia in T., 3/6; Medea, 
3/6. 
Heropotus—Bk. 3, 4/6; Bk. 4, 


Ch, 1-144, 4/6; Bk. 6, 2/ 
Bk. 8, 3/6. 


24, 3/6; 
Odyssey, Bks. 9, 10, 2/6; 
Odyssey, Bks. 11, 12, 2/6; 
Odyssey, Bks. 13, 14, 2/6; 


Odyssey, Bk. 17, 1/6. 

Horace—Fpistles, 4/6; Epodes, 
1/6; Odes, 3/6; Odes, (each 
Book) 1/6; Satires, 4/6. 


IsocnatEsS—De Bigis, 2/6. 


JUVENAL—Satires, 1, 3, 4, 3/6; 
Satires, 8, 10, 13, 2/6; Satires, 
a Ulla je 14, 3/6. 

liv Pee 1, 5, 21, 22, (each) 
2/6; Bks. 3, 6, 9, (each) 3/6; 
Bk. 21, Ch.1-30, 1/6. 

Lucian—Charon and Piscator, 
3/6 (shortly). 

Lys1As—Eratosthenes and Ago- 
ratus, 3/6. 

Nrpos—Hannibal, Cato, Atticus, 
1/0. 

Ovinp—Fasti, Bks. 3, 4, 2/6; Bks. 
5, 6, 3/6 (shortly); Heroides, 1, 
5, 12, 1/6; Metamorphoses, Bk. 
1, 1-150, 1/6, Bk. 3, 1-130, 1/6; 
Bks. 11, 138, 14, (each) 1/6; 
Tristia, Bk. 1, 3, (each) 1/6. 

PLato—Apology, Ion, Laches, 
Phaedo, (each) 3/6; Huthyphro 
and ee 4/6. 

SALLust—Catiline, 1/6. 

SoPHOCLES—Ajax, 3/6; 
gone, 2/6; Electra, 3/6. 

Tacirus—Agricola, 2/6; Annals, 
Bk. 1, 3/6; Bk. 2, 2/6; His- 
tories, Bk. 1, 3/6; Bk. 3, 3/6. 

TERENCE—Adelphi, 3/6. 

Bk. 7, 3/6. 

Verein—Aeneid, Books 1-12, 
(each) 1/6; Lclogues, 3/6; 
Georgics, Bks. 1, 2, 3/6; 1, 4 
3/6. 

XENnopHON—Anabasis, Bk. 1, 1/6, 
Bk. 4, 1/6; Cyropaedeia, Bk. 
1, 1/6; Hellenica, Bk. 3, 1/6; 
Bk.4, 1/6; Memorabilia, Bk. 1, 
3/6; Oeconomicus, 4/6. 


Anti- 


A detailed catalogue of the above can be obtained on application. 


14 ee UNI as TUTORIAL SERIES. 


Greek and atin. 


GRAMMARS AND READERS. 
Advanced Greek Unseens. Second Edition, Enlarged. 38. 6d. 


The Tutorial Greek Reader. With VOCABULARIES. By A. WAUGH 
YounG, M.A. Lond. Second Edition, Enlarged. 2s. 6d. 


Junior (or The Preceptors’)LatinCourse. By B. J. HAyEs,M.A. 2s. 6d. 


“* A good practical guide. The principles are sound, and the rules are clearly 
stated.’’—Lducational Times. 


The Tutorial Latin Grammar. By B. J. Hayes, M.A. Lond. and 
Camb., and W. F. Masom, M.A. Lond. and Camb, 3s. 6d. 

“Tt is accurate and full without being overloaded with detail. ‘Tested in respect 
of any of the crucial points, it comes well out of the ordeal.’”?—Schoolmaster. 

The Tutorial Latin Grammar, Exercises and Test Questions on. By 
F. L. D. RicHarpson, B.A. Lond., and A. E, W. HAZEL, 
LL.D., M.A., B.C.L. 1s. 6d. 

“This will be found very useful by students preparing for University examina- 
tions.””— Westminster Review. 

Latin Composition. With copious EXERCISES. By A. H. ALLCROFT, 
M.A. Oxon., and J. H. HAaypon, M.A. Lond. and Camb. 
Fifth Edition, revised. 2s. 6d. 

“Simplicity of statement and arrangement: apt examples illustrating each rule; 


exceptions to these adroitly stated just at the proper place and time, are among some 
of the striking characteristics of this excellent book.’’—Schoolmaster. 


Junior (or The Preceptors’) Latin Reader. By HE. J. G. Forsn, M.A. 
Lond. and Camb. 1s, 6d. 
‘A well graded and carefully thought-out series of Latin selections. The 
vocabulary is worthy of very high praise.””—Educational News, 


Matriculation Selections from Latin Authors. With Introduction, 


Notes, and Vocabulary. Edited by A. F. Wart, M.A. Oxon., 
and B. J. HAyvEs, M.A. Lond. and Camb. Qs. 6d. 


Provides practice in reading Latin in preparation for Examinations 
for which no classics are prescribed. 
“Tt is quite an interesting selection, and well done.”’—School World. 


“The selection is a good one, and the notes are brief and to the purpose.”’— 
Journal of Education. 


‘“¢ Well conceived and well carried out.”’— Guardian. 


The Tutorial Latin Reader. With VocABULARY. 2s. 6d. 


IN soundly practical work.”’—Guardian. 


Advanced Latin Unseens. Being a Higher Latin Reader. Edited by 
H. J. MAIDMENT, M.A., and T. R. Mrmis, M.A. 3s. 6d. 


“Contains some good passages, whic ‘h have been selected from a wider field than 
that previously explored by similar manuals. ”— Cambridge Review, 


The Tutorial Latin Dictionary. By F.G. Prarstowk, M.A. Lond. 
and Camb., late Iellow of Gate College, Cambridge. 6s. 6d, 


“A good specimen of elementary dictionary-making. __ Nducationat Times, 
“A sound school dictionary. ”—Speaker. 
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Roman and Greek history. 


The Tutorial History of Rome. (To 14 4.p.) By A. H. Attcrort, 
M.A. Oxon.,and W. F.Masom, M.A.Lond. With Maps. 3s. 6d. 
“Tt is well and clearly written.”—Saturday Review. 
“A distinctly good book, full, clear, and accurate. The narrative is throughout 
lucid and intelligible; there are no wasted words, and no obscurities, and the 
authors have taken obvious pains to bring their facts up to date.”— Guardian. 


The Tutorial History of Greece. (To 323 B.c.) By Prof. W. J. 
WoopuHousk, M.A. Oxon. 3s. 6d. 

“Prof. Woodhouse is exceptionally well qualified to write a history of Greece, 
and he has doneit well.’—School World. 

A Longer History of Rome. By A. H. Axtororr, M.A. Oxon., 
and others (each volume contains an account of the Literature of 
the Period)— ; 

3890—202 B.c. 3s. 6d. 78—31 B.c. 3s. 6d. 
202—1383 B.c. 3s. 6d. 44 B.c.— 188 A.D. 3s. 6d. 
133—78 B.c. 3s. 6d. 


“‘ Written in a clear and direct style. Its authors show a thorough acquaintance 
with their authorities, and have also used the works of modern historians to good 
effect.”’— Journal of Education. 


A Longer History of Greece. By A. H. Aticrorr, M.A. Oxon. 
(each volume contains an account of the Literature of the 
Period)— 

To 495 B.c. 3s. 6d. 404—362 B.c. 3s. 6d. 
495431 B.c. 3s. 6d. 362—323 B.c. 3s. 6d. 
440—404 B.c. 3s. 6d. Sicily, 491—289 B.c. 3s. 6d. 


‘For those who require a knowledge of the period (to 495 8.c.) no better book 
could be recommended.” —LHducational Times. 


The University Correspondent 
AND 
UNIVERSITY CORRESPONDENCE COLLEGE MAGAZINE 


Issued on the 1st and 15th of each month. Price 1d., by Post1}d.; 
Half-yearly Subscription, 1s. 6d.; Yearly Subscription, 2s. 6d. 


Eramination Directories. 


Matriculation Directory, with Full Answers to the Examination 
Papers. Published during the fortnight following each Examination. 
IGS: Wiley Wala,” IDX 5) OIE IDG) DOME, OO:GU0GS DOD 
BXOX@XG UXO NMI XOXO NV NONUNGDILT, | XCXERCV< | NEXEXAV IE es: 
each, net. No. XXXVII. (June 1904), 1s. met. Issues not 
mentioned aboye are out of print. 


The Organized Science Series: 
FOR THE SOUTH KENSINGTON 
BOARD OF EDUCATION EXAMINATIONS, 


GuyeraL Epvrror—WM. BRIGGS, LL.D., M.A., F.C.S., F.-R.A.S., 
Honorary Associate of Science of the Yorkshire College, Victoria University. 


FOR THE FIRST STAGE, 
I. First Stage Practical Plane and Solid Geometry. 2s. 
Ill. First Stage Building Construction. Second Edition, Revised 
and Enlarged. 2s. 6d. 
V. First Stage Mathematics (Kuclid and Algebra). 2s. 
VI.A. First Stage Mechanics of Solids. Fourth Edition. 2s. 
VI.B. First Stage Mechanics of Fluids. Second Edition. 2s. 
VIII. First Stage Sound, Light, and Heat. 2s. 
IX. First Stage Magnetism and Electricity. Revised Edition. 28. 
X. First Stage Inorganic Chemistry (Theoretical). 2s. 
XVII. First Stage Botany. Second Edition. 28. 
XX. and XXI.B. Modern Navigation. 6s. 6d. 
XXII. First Stage Steam. 2s. 
XXIII. First Stage Physiography. 2s. 
XXY. First Stage Hygiene. Second Edition. 2s. 
XI. First Stage Organic Chemistry, Theoretical. [ In preparation. 
XIV. First Stage Human Physiology. in preparation. 


X.P. First Stage Inorganic Chemistry (Practical). Second Ed, 1s. 
XI.p. Practical Organic Chemistry. 1s. 6d, 


FOR THE SECOND STAGE. 

V. Second Stage Mathematies (being the additional Aleebra and 
Euclid, with the Trigonemetry required.) Third Edition. 
3s. 6d. 

VI.A. Second Stage Mechanics (Solids), or Advanced. Part I. 
DYNAMICS. Third Edition, Revised and Eniarged, Part Il. 
Sratics., Third Edition, Revised and Enlarged. 88. 64. 
each Volume. 
VIII.c. Second Stage Heat, or Advanced. Third Edition. $88. 6d. 
IX. Second Stage Magnetism and Electricity, or Advanced. 38.64. 
X. Second Stage Inorganic Chemistry (Theoretical), or Ad- 
vanced. Second Edition. 38. 6d. 
XVII. oe Stage Botany. 3s. 6d. 
XX. and XXI.B. Modern Navigation. 6s. 6d. 
XXY. Second Stage Hygiene, or Advanced. 3s. 6d. 


X.P. Second Stage Inorganic Chemistry (Practical), or Advanced. 
28. 


XI.p. Practical Organic Chemistry. 1s. 6d. 


LONDON: W. B. CLIVE, 157 DRURY LANE, W.C, 
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